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PREFACE. 



'^It is the design of the following Work to supply a manual, 
^ by the cdd of which a Student may intelligently prosecute 
'^the study of Natural Philosophy in the earlier stages of 
'^his Mathematical course. 

I' 

y The Work is divided into two parts. The First Part 
^embraces the more elementary portions of Mechanics, and 
^can be read by a Student who has advanced as far as the 
earlier propositions of the Sixth Book of Euclid, and the 
Solution of Quadratic Equations. Those Sections in which 
Trigonometrical expressions are employed, are so arranged 
that they may be omitted on a first reading. In the Second 
Part, the subjects are carried on to the point at which a 
knowledge of the Diflferential Calculus becomes necessary. 

Several new Sections and additional Examples have been 
introduced in the present Edition. The changes thus made 
in the Work will, it is hoped, increase its utility, as well 
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vi PREFACE. 

for the purposes of general Education, as for those 
are preparing for University Examinations. 

The First Fart contains all the subjects in Mechanics 
Hydrostatics required for the B.A. and B.Sc. Examinat] 
in the University of London. In order to meet some re< 
changes made in the subjects of Examination, a Chaj 
has been added on the simpler cases of motion about cen: 
of force. These, as generally treated, demand a more 
tended knowledge of Algebraical Geometry than is explic: 
required from Candidates for these degrees. This I hi 
endeavoured as far as possible to avoid, and in an Appen 
have deduced the few expressions to which I have found 
necessary to appeal 

SAMUEL NEWTH 



New College, London, 
June, 1864. 
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STATICS- 



CHAPTER I. 

DBPINITIONS AND AXIOMS. 

1. Whatever is capable of producing motion in a body, or any 
change in the motion of a body, is termed force. 

In other words, force is the name we employ to express that 
unknown cause which, under any circumstances, can produce a 
change in the state, whether of rest or motion, of any material 
body. 

Whatever causes a change in the motion of a body must be 
regarded as of like nature with that which produces motion, and 
hence the same term (force) ^s applied to both, even although 
there are some forces which, while they are able to change the 
motion of a body, can never produce it Such, for example^ are 
friction and resistances of all kinds. Forces of this nature can, 
it is evident, never act alone, for some other force must be present 
in order to produce the motion which they change ; and hence, if 
hat one: force act upon a body, it must be one capable of producing 
motion. 

2. If one force only act upon a body, motion must necessarily 
foUow; but when two or more forces act upon the same body, 
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2 DEFINITIONS AND AXIOMS. 

their united effect may be such that no motion ensues. Wheneicer 
this is the case, the forces are said to be in equilibrium, 

3. That branch of mechanics which investigates the relations 
which exist between forces in equilibrium is termed Statics; and 
that which investigates the effects of forces not in equilibrium, 
but plroducing motion, is termed Dynamics. 

4. Whenever, motion is prevented by muscular effort, as for 
instance, when a weight is held in the hand and so prevented 
from falling to the ground, or when an elastic cord is stretched 
and its rebound prevented, a sensation is produced which we call 
pressure. But, just as the same word is used in several other 
cases both for the sensation and its cause — e,g, sound, smell, taste 
— so is the term pressure applied also to the force whose resulting 
motion has been thus prevented. In this sense, then, pressure is 
force considered as the cause of the sensation which is felt when 
motion is prevented by muscular effort. It is with this meaning 
that the term is commonly employed in mechanics, although 
extended to all forces when the motion they are capable of pro- 
ducing is in any way prevented, whether it be by muscular action 
or not. Thus, whether a weight be held in the hand or rest upon 
a table, in either case it is said to exert a pressure, and a pressure 
of the same amount. 

The commonest case of pressure is weight, and this supplies 
the most convenient standard of reference by which to compare 
different pressure& By means of weight, other pressures may in 
most cases be easily measured. Thus, when an elastic cord is held 
stretched by the hand, the pressure it exerts may be compared 
with others, by determining what weight will keep the string 
stretched to the same degree. | 

Since all questions considered in Statics refer to forces in equi- 
librium, all statical forces may be denominated pressures^ and 
consequently may be measured by weight. , 

5. Forces may differ from each other, not only in magnitude, 
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but also in direction, and hence may be conveniently represented 
bj straight lines; the direction of the lines representing the 
direction of the forces, and the lengths of the lines, each being 
measured by the same scale, the magnitudes of the forces. 

Two forces will be called concurrent, if they both act towards or 
from the same point. In the case of parallel forces, and of forces 
acting along the same straight line, this point is supposed to lie at 
an infinite distance. 

6. Force, when transmitted by means of a cord, is sometimes 
spoken of as the tension in the cord. 

7. The single force, which represents the combined effect of 
several forces, is termed their resultant; relatively to the resultant, 
these several forces are termed components or component forces. 
Composition of forces takes place when two or more forces are 
replaced by a single force equivalent to them, that is, when the 
resultant is substituted for its components. ResoluUon of forces 
takes place when a single force is replaced by two or more forces 
equivalent to it, that is, when the components are substituted for 
their resultant. 

8. A rigid body is one, the relative position of whose particles 
is supposed to be invariable. 

9« Axioms, i. If two non-concurrent forces acting in the same 
straight line are in equilibrium, they are equal. 

iL If two non- concurrent forces acting in the same straight 
line are equal, they are in equilibrium. 

ill The resultant of two forces acting in the same straight 
line is their sum when the forces are concurrent, and their difference 
when non-concurrent. 

iv. The resultant of two concurrent forces acting along different 
lines falls between them. 

y. The effect of any forces acting upon a rigid body is unaltered 
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4 DEFINITIONS AND AXIOMS. 

by the introduction or the removal of any number of forces tha^ 
are mutually in equilibrium. 

10. Transmibsibility of Force. A force acting upon a rigict 
body may he supposed to act at any pointy within the body, in the line 
of its direction. 

Thus, if a force P act upon a rigid body at A, and along the 
line AB in the direction of the arrow, we may suppose P to be 

applied at any other point — » ^ — » . , -* — 

A' in the line AB within A A' B 

the body. For at A' and B introduce two non-concurrent forces, 
each of the same magnitude as P. The forces at A and B are 
(Ax. ii.) in equilibrium, and may, therefore, by Ax. v., be re- 
moved. There will then remain only a force P at A' of the same 
magnitude as the original force, and acting in the same direction. 

11. If two forces be in equilibrium their directions must be exactly 
opposite. 

For, if possible, let two forces acting upon any body along the 
lines CA, BA, be in equi- C 
librium; since there is equi- 
librium, there will not less A 5 b 
be equilibrium, if any point be supposed fixed. Let d in the line 
AB be such a point, the force acting along AB will be met by the 
re-action of the fixed point d. The force CA will then remain 
alone, and will turn the body round the fixed point d, and there- 
fore there will not be equilibrium. Consequently, if two forces 
be in equilibrium, their directions must be exactly opposed, and 
hence, by Axiom i., they are also equal in magnitude. 

12. If any number of forces be in equilibrium, any one force 
must be equal in magnitude and opposite in direction to the 
resultant of the remaining forces. For if, instead of the remaining 
forces, we substitute their resultant, we shall have but two forces; 
namely, this resultant and the force in question, and these are 
in equilibrium^ and therefore are equal and opposite. 
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CHAPTER 11. 

ON THE COMPOSITION AND RESOLUTION OF FORGES ACTING UPON A 

POINT. 

13. Parallelogram of Forces. If two concurrent forces 
acting upon a point are represented in magnitude and direction by the 
two sides of a parallelogram, then will their resultant also be repre- 
sented in magnitude and direction by the diagonal drawn through the 
given point 

First, If two equal forces act upon a point, the direction of the 
rdBultant is that of the diagonal. 

Let AC, BO represent the magnitude and direction of two equal 
forces acting upon the point 0, the diagonal OD must be in the 
direction of the resultant : for since 
OADB is an equilateral parallelogram, 
the diagonal OD bisects the angle AOB; 
and since the forces acting upon are 
equal, there can be no reason why the 
resultant should pass nearer to the one 
than to the other; it must therefore 
pass at an equal distance from both: consequently it must pass 
along OD. 

Secondly. If the direction of the resultant be that of the 
diagonal, in the case of forces whose magnitudes are p and q, and 
of forces whose magnitudes are p and r, it is so also in the case of 
forces whose magnitudes are p and ^ + r. 

I^t AO, BO represent two forces of the inagnitudes .p and ^ + r 
respectively, acting upon the point 0, and suppose them to be kept 
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in equilibrium by some unknown force acting upon O. Let; 
00 = 2', then BC = r. 

Complete the parallelograms AO and DB. Draw the diagonals 
OD,OE,andCE. For 
the forces p and q in 
AO and CO substitute 
their resultant, which, 
by the hypothesis, is a 
force acting along OD. 
Suppose this force to 
act at D (Art. 10), then 
resolving it, we have a 
force p acting along 
the line DC, and a 
force q acting along 
the line DE. Let these two forces act at C and E respectively. 

Again, for the forces p in CD and r in CB, substitute their re- 
sultant, which, by hypothesis, is a force acting along CE. Let this 
force act at £» and resolve it. We shall have then at E a force p 
acting in EF, and two foreen q and r acting in EG. We have 
consequently, without disturbing the equilibrium, removed the 
original forces p and $ + r from to E. The resultant, therefore, 
of the given forces must pass through E. It must also pass 
through 0, and therefore must act along the diagonal OE. 

Thirdly. The direction of the resultant is that of the diagonal, 
in the case of any two cammensuritble forces. 

This has already been shewn to be true of equal forces, or of 
the forces p andp; and therefore, by the proposition just proved, 
(making q and r both equal to p) of forces p and 2/>, therefore also 
of p and 3p, and ao of ^ and mp. 

Again, the proposition being true of forces mp and p, and of 
foroes tnp and p, is true of forces mp and 2p, therefore also of mp 
and 3J9, and so of mp and np, m and n being any whole numbers. 

Fourthly. The proposition is also true of incommensurable 
forces. 
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Let AOy BO represent any two incommensurable forees acting 
upon the point 0. If their resultant do not act along the diagonal 
CO, suppose it to act along some other lino, 
DO. Take any sub-multiple of the line AG 
that is less than DC. Mark off successive 
portions equal to this along the line A& 
beginning at k. Some one division will 
ultimately fall between D and C. Let £ be 
this point Draw £F parallel to AG. Then 
AO and FG represent commensurable forces. 
Combining them, we have a force acting along EG. Instead, then, 
of the forces AG and £G, we have a force in EG and a force in BG 
represented in magnitude by BF. But, by hypothesis, the resultant 
of the forces AG and BG is a force in DO ; therefore the resultant 
of a force in EG and a force in BG is a force in DG, which falls 
without them, which is impossible. (Ax. iv.) Therefore the 
resultant of AG and BG cannot act along DG ; and in a similar 
manner it may be shewn, that it cannot act along aay other line 
above or below the diagonal CG ; consequently it must act along 
the diagonal. 

Fifthly. The diagonal represents the resultant in magnitude. 

Let OA, GB represent two forces acting upon G. Complete the 
parallelogram AGBC. Draw the diagonal GC and produce it 
through G. Make GD equal to GC. Through D draw a line 
parallel to OB, cutting 
AO produced in K 
Join BE, then GDEB 
is a parallelogram. 

TheresnltantofGA 
and OBactsalong GC. 
TheforcesGAandOB 
will consequently be 
kept at rest by aforce 
in OD equal to this resultant. Suppose such a force to act in 
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OD, then the point O will be kept at rest; but if three forces 
keep a point at rest, any one must be equal and opposite to the 
resultant of the other two. Therefore OA must be equal and 
opposite to the resultant of OB and the force in OD : conisequently 
£0 must be this resultant. 

But the resultant of any two forces falls along the diagonal of 
the parallelogram whose sides represent these two forces in ma^i- 
tude and direction. Therefore OD mnst represent the magnitude 
of the force in OX), otherwise the resultant of it and BO would 
not fall along OE. But the force in OD was taken equal to the 
resultant of the forces in AO and BO, and OD = 00 = the diagonal 
of the parallelogram AB. Therefore the resultant of any two 
forces is represented in magnitude, as well as in direction, by the 
diagonal of the parallelogram, whose sides represent the com- 
ponents. 



14. It follows, from the preceding, that whenever the directions 
and magnitudes of two forces acting upon a point are known, the 
direction and magnitude of their resultant can always be found 
by a geometrical construction. We have simply to draw from the 
given point two lines in the given directions, of such lengths that 
they shall represent the magnitudes of the two forces upon any 
scale whatever, and then, completing the parallelogram, the 
direction of the resultant is. that of. the diagonal drawn through 
the given point, and its magnitude is represented by the length of 
this diagonal on the same scale as the components. 

It also follows that the magnitude of the resultant of two 
forces acting upon a point can be determined by calculation, 
whenever the length of the diagonal of a parallelogram can be so 
determined. In certain simple cajses, this can be done without the 
aid of trigonometry. The following are some of these. 

Ex. 1. To find the magnitude of the resultant when two forces, 
P and Q, act upon a point at an angle of 90°. 
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Let OA and OB represent the forces P and Q. 
parallelograms, the diagonal 00 represents g 
the resultant. 

Since the angle BOA is a right angle, 
the angle OAC is a right angle; therefore, 
{Euclid i. 47,) 

OC» = OA«+AC. 

Hence, if R denote the resultant of P and Q, 

R2 = P«+Q», 
or, R =>/(P''+ Q*). 



Completing the 

c 





Ex. 2; To find the magnitude of the resultant when two forces, 
P and Q, act concurrently upon a point at an angle of 60°. 

Let OA and OB represent the 
forces P and Q. Completing the 
parallelogram, the diagonal OC re- 
presents the resultant or R 

Draw CD at right angles to OA 
produced, then, {Euclid il 12,) ^ A 

OC^ = OA* + AC* + 2.0 A. AD. 

But since the angle BOA is 60", the angle CAD is 60"^, and the 
triangle CAD is half an equilateral triangle ; therefore, 

AD = ^AC = |Q. 
Hence, R« =F+Q'-fPQ, 

or, R =V(P+Q*+PQ). 



Ex. 3. To find the magnitude of the resultant when two forces, 
P and Q, act concurrently upon a point at an angle of 45^ 

As in the last example, let OA and OB represent the given 
forces; then, as before, 

R» = P+Q2+2P.AD. 
B 5 



10 COMPOSITION OF FORCES. 

But since the angle BOA is 45°, the angle CAD is 45""; there- 
fore, also, ACD is 45*^. Whence DC = AD ; consequently, 

2AD« = AC' = Q«; 
:. AD = jQ^a. 
Hence, R« = P* + Q« + PQ v'a, 

or R =v'(P'+Q'+PQ>/2). 

15, If two forces, P and Q, cict concurrently upon a point at any 
angle 0, and if R be their resultant, then R* = P+ Q'+ 2PQ cos 0. 

For let OA and OB in the last figure represent the forces P 
and Q, then OC represents K 

By trigonometry, OC* = OA* + AC* - 2.OA.AC cos OAC ; 

R* = F + Q* - 2PQ cos OAC ; 
but OAC is the supplement of 0; therefore, cos OAC= -cos tf; 

R* = P+Q*4.2PQcostf. 

The result just obtained determines the magnitude of R; to 
determine its direction, we have, 

sin COA : sin OAC : : AC : OC; 

therefore, if RP denote the angle between R and P, 

A 

sin RP : sin : : Q : R; 

rp=Q4B-?. 

R 

. 1*1 T»/% P sin 

In like manner, sm RQ = — — — . 

R 

16. Since the components may be substituted for their resultant, 
their effects being equivalent, it follows from the parallelogram of 
forces, that for any force we may substitute two others, whose 
magnitudes and directions are represented by the sides of any 
parallelogram, which has the line representing the given force for 
its diagonal. And since an infinite number of parallelograms can 
be drawn, having a given line for their diagonal, any force can be 
resolved into two others in an infinite number of ways. 
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OOHPOBITEON OF FORCES. 11 

VJ. If three forces aet upon a point, and their resultant be 
required, find the resultant of any two of them; the composition 
of this resultant, with the third force, will give the resultant of 
the three given forces. In like manner, the resultant of aay 
number of forces acting upon a point may be found. Another, 
and sometimes more convenient, method is given in Article 24. 

18. Def The sides of any rectilinear figure are said to be taken 
in order, when taken as they would be traversed by a point moving 
oontinuously around the figure in either direction, that is to say, 
either as the hands of a watch revolve, or in the contrary direction. 
Thus, if ABCD be any quadrilateral, its sides taken in order are 
either AB, BC, CD, DA, or AD, DC, CB, BA. It will be some- 
times convenient to describe these relatively to each other, as in 
direct and reverse order respectively. 

19. 7/* two aides of a triangle, taken in order, represent in magni- 
tilde and direction two forces acting upon a point, then shall the 
third side, taken in reverse order, represent the resultant in magni- 
tude and direction, . 

Let the sides KL, LM, of the triangle KLM, represent in mag- 
nitude and ^.^^ 
direction the 
forces P and 
Q acting at 

any point 0, K ^ ^ O- 

then will KM represent in magnitude and direction the resultant 
of P and Q. Through draw OA equal and parallel to EL, and' 
pointing in the same way; also OB equal and parallel to LM, and 
pointing in the same way : then OA and OB represent P and Q 
respectively. Completing the parallelogram, the diagonal OC 
represents the resultant of P and Q. But since the lines OA, AC, 
are parallel respectively to EL, LM, and point in the same way, 
the angle OAC is equal to the angle ELM. Then in the triangles 
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KLM, OAC the sides KL, LM, and the angle ELM are equal 
severally to the sides OA, AC, and the angle OAC; therefore Kill 
is equal to OC. It can also be easily shewn that KM is parallel 
to OC; therefore the line KM represents OC, the resultant of P 
and Q, both in magnitude and direction. 




20. Triangle op Forces. If three forces^ represented in 
magnitude and direction hy the sides of a triangle taken in ordevy 
act upon a pointy they will he in equilibrium; and, conversely, if 
three forces acting upon a point, and in equilibrium, be represented 
in direction by the sides of a triangle taken in order, they will also 
be represented in magnitude by the sides of that triangle. 

First, Let three forces, represented 
in magnitude and direction by the 
sides of the triangle ABC, taken in 
order, that is to say, by AB, BC, 
and CA, act upon any point, these 
forces will be in equilibrium. 

For, by the preceding article, the A ^ g 

fesultant of the forces represented by AB and BC is a force repre- 
sented by AC; that is, a force equal and opposite to the force 
represented by CA. The forces are therefore in equilibrium. 

Secondly, Let any three forces, 
P, Q, and R, acting upon a point, 
be in equilibrium, and let the 
sides of the triangle ABC, taken 
in order, represent the direction 
of these forces, viz., AB the di- 
rection of P ; BC, that of Q ; and ^ .^ B 
CA, that of R Then will these sides, AB, BC, CA, represent 
severally the magnitudes of P, Q, and R 
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Let AB represent P on any scale, then must BC represent Q on 
the same scale. For, if possible, let some other length BD repre- 
sent Q ; then, since AB, BD, two sides of a triangle taken in 
order, represent in magnitude and direction two forces acting 
upon a point, the third sidd AD, by Art. 19, represents their 
resultant. But, by hypothesis, there is equilibrium ; and there- 
fore a force represented in direction by AD is balanced by a force 
represented in direction by CA, which is impossible. Therefore, 
BD cannot represent the magnitude of Q. In like manner it may 
be shewn, that no other length than BC can represent Q. Then, 
since AB represents P, and BC represents Q, it follows that CA 
represents R 

The triangle whose sides are severally equally inclined to the 
sides of the triangle ABC, is equiangular to ABC, and conse- 
quently its sides are in the same ratio. Hence, if three forces he 
in equilihriumy and any triangle he drawn whose sides are severally 
either parallel or equally inclined to their directions, the forces are 
to one another as the sides of the triangle. 



21. The following are examples of the application of the tri- 
angle of forces to the solution of mechanical problems. 

Ex. 1. A weight W is sustained by two cords of given lengths 
CA and CB, fastened to two points A and B, lying in the same 
horizontal line ; to determine the tensions in the cords, when the 
cords are at right angles. 

Let a and 6 be the lengths of the 
cords CA and CB, then since ACB 
is a right angle, AB =v^(a* + ft*). 

The point C is at rest under the 
action of three forces; viz., W acting 
vertically, and the tensions in CA 
and CBb In the triangle ACB, 
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AB is perpendiculax to W, 



BC 
CA 



9> 



>y 



tension in CA : W 



Similarly, 



tension in CA = 



tension in CB =s 



the tension in CA, 
the tension in CB; 
BC : AB 

W6 



m • 






y/ia'^b^)' 
Wa 



Ex. 2. Two cords bearing equal weights P, P, pass over pulleys 
placed at A and B in the same horizontal line, and are joined 
to a third weight W at C ; what must this weight be that C may 
rest at a given distance below AB ] 

Let the vertical line through 
C meet the line AB in D, thence 
since there is no reason why C 
should be nearer to A than to 
B, AB will be bisected in D. 
Let AB = 2a, and CD = b. 

Through D draw DE parallel 
to BC, then AC is bisected in K 

In the triangle CDE, 

DC is parallel to W, 

CE „ the tension in CA, 

ED „ the tension in CR 

Therefore by the triangle of forces, 

W : tension in CA : : DC : CE. 

But the tension in CA is equal to P, and EC = ^AC = |v'(«*+ ^Oi 

W : P :: 6: |->/(a»+6*)j 

2P6 




W = 



v^(a»4.6*y 



Ex. 3. A body whose weight is i68 lbs. rests upon two smooth 
inclined planes ; one of the planes rises 3 in 5, and the pressure 
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upon it is i6o lbs. : to determine the inclination of the other 
plane, and also the pressure upon it. 

Let AC, BC, be the two 
planes; the plane AC rising 

sins- 
Take AC = 5, and through 

A draw AD perpendicu- 
lar to CD, the horizontal 
line through C; then will 
AD = 3 ; and, therefore, DC 
=1^(25 — 9) = 4. Through A draw AB horizontallj, and through B 
draw BE perpendicular to CE; then BE = AD = 3 ; and if x stand 
forBC, CE = v^(«'-9). 

Three forces are in equilibrium; viz., W the weight of the body, 
and the resistances Bj, Hg. In the triangle ABC, 

AB is perpendicular to W, 

BC „ R^ 

CA „ B^, 

Therefore, by the triangle of forces, 

Ri : W : : CA : AR 
Bat, by hji)., Ri= 160, W= 168, CA^^s, and AB = DC + CE = 
4 + ^{x^ — 9). Hence, 

160 : 168 1:5: 4 + -^/(«* — 9); 

^/(^-9) = -^; 
4 

or the plane BC rises 3 in 3}, or 12 in 13. 
Also, Rj : Ri : : BC : CA; 

Kg ; 160 : : 3i 15, 



car. 



R^ = 104 lbs. 



22. If three forces acting upon a point he in equilibriuni, they 
are severally as the sine of the angle contained between the other two. 

Let P, Qy And R, be three forces acting upon a point, and in 
equilibrium. It has been shewn, in Art. 20, that if the sides of 
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the triangle ABC, taken in order, be severally parallel to ttk 
directions of these forces, then, 

P : Q : R :: AB : BC ; CA; 
but, by trigonometiy, 

AB : BC : CA : : sin BCA : sin CAB : sin ABC. 
But if PQ denote the angle between P and Q, PQ = iSo**- ABC ; 
and therefore sin ABC = sin PQ. Siinilarly, sin CAB = sin HP, 
and sin BCA = sin QR Therefore, 

P : Q : R : : sin QR : sin RP : sin PQ. 

23. Polygon op Forces. If any number of forces acting upon 
a point he represented in magnitude and direction by the sides of a 
polygon taken in order, they will be in equilibrium. 

Let forces represented by the sides of the polygon ABCDE, 
taken in order, act upon any point, ^ 

they will be in equilibrium ; for, by 
Art. 19, the resultant of the forces 
represented by AB and BC will be 
represented by AC. In like man- 
ner, the resultant of the fbrces re- 
presented by AC and CD will be 
represented by AD; or AD repre- 
sents the resultant of the forces A B 
represented by AB, BC, and CD. Substituting this resultant for 
its components, we have remaining three forces, represented by 
AD, DE, EA, three sides of a triangle taken in order; and, there- 
fore, by the triangle of forces, they are in equilibrium. 

24. If any number of forces be in equilibrium, a force equal 
and opposite to any one will be the resultant of the remaining 
forces. Hence any side of a polygon, taken in reverse order, will 
represent the magnitude and direction of the resultant of any 
number of forces acting upon a point, when these forces are repre- 
sented in magnitude and direction by the remaining sides of the 
polygon taken in direct order. 
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Thus, if AB, BC, CD, and DE in the last figure represent in 
magnitude and direction four forces acting upon any {>oint, the 
remaining side AE (not EA) will represent the magnitude and 
direction of their resultant 

Hence, to find the magnitude and direction of any number of 
forces acting concurrently upou any point, draw a line parallel to 
one of the forces, and representing it in magnitude. Through 
that extremity of this line which points in the same way as the 
force, draw a second line parallel to the next force, pointing in the 
same way, and representing it in magnitude. Through the ex- 
tremity of this second line, draw a third line parallel to the third 
force, pointing in the same way, and also representing it in magni- 
tude. Proceed in this way until lines have been drawn represent- 
ing all the forces. The straight line which completes the polygon, 
taken in reverse order, will represent the resultant in magnitude 
and direction. 



25. Ex. Three forces, P, Q, and 2P, act upon a point; the angle 
between the first and second is 90°, and the angle between the 
second and third is 30°, required the magnitude of the resultant. 

Through any point A, draw AB equal 
and parallel to P. Through B, draw BC 
equal and pi^rallel to Q; and through C, 
draw CD equal and parallel to the third 
force 2P. Join A, D, then AD represents 
the resultant. 

To find the length of AD, draw CE 
parallel to AB, and DE perpendicular 
to OK 

By construction, ABC is 90°, and BCD 
* 150°; .therefore the angle DCE is 60°, 
and the triangle DCE is half an equilateral triangle. Hence, CE 
is one-half of CD, that is, equals AB or P, and DE = F^s- Then, 
^smce CE is equal and parallel to AB, the figure EB is a parallelo* 
gram; and, consequently, the angle AEC is a right angle. But 




18 



OOMPOSITION OF FOBOB& 



the angle DEC is also a right angle, therefore the lines AE, ED 
are in the same straight- line. Therefore, 

AD = AE+ED, 
= Q + PV3. 

26. If three forces, acting upon a point, be represented in magnitude 
and direction by the three edges oj a parallelopiped, their resultant 
will be represented in magnitude an3 direction by the diagonal 

Let OA, OB, OC, the three edges of the parallelopiped BE, 
represent in magnitude and direction three forces acting upon O. 

Since AC is a parallelogram, the diagonal OE represents the 
resultant of the forces OA and 
OC. Compound this resultant 
OE with the third force OB, 
then since BE is a parallelo- 
gram, their resultant is repre- 
sented by OD; and therefore 
OD represents the resultant of 
the three forces OA, OB, OC. 

27. Lemma. No force can produce any effect in a direction perpen- 
dicular to its own. 

For there can be no reason why it should cause the body to 
move towards one side rather than towards the other; and, con- 
sequently, it will not cause the body to move to either side. 

28. To determine the total effect of a force in any given direction. 
Resolve the force into two other forces, one perpendicular to, 

and the other acting along, the given direction. It follows from 
the preceding Lemma, that the last-mentioned force is the thing 
sought 

Thus, let CD represent a given force, and it be required to 
determine its total e£fect in the direction 
AB. Draw the rectangle nm. Then the 
force CD may be resolved into two forces^ 
represented by Qn and Qm. The force C» 





0OMFO8ITION OF FOBOEB. 



19 



ptodaces no effect in the direction AB» and therefore Cm is the 
force required. 

Let P be the given force, and let CD = r, and Cm = a?, then the 
required force : P : : a? : r, 



or. 



X 



the required force = P. — * 



Let the angle DCm = 0, then the total effect of a force P, in a 
direction inclined to its own, at an angle 0, is P cos 0. 



29. Def. The product of a force, and the perpendicular distance 
of its direction from any given point, is termed the moment of the 
force about that point. 



30. The moments of two converging forces about any point in the 
direction of their resultant are equal; and, conversely, if the moments 
of two converging forces about any point in their plane be equals that 
point will lie in the direction of the resultant. 

Let P and Q be two forces acting respectively in the lines AO 
and BO, and let CO be the direction of 
their resultant In CO take any point 
D, and from D draw the perpendiculars 
DG and DH. Let DG ^p and DH = q, 
then shall Vp = Qg. 

Complete the parallelogram £F. The 
triangles DEG, DFH will be similar; 
andy therefore, 

^ : 2 : : DE : DF, 
or, : : DE : OE. 

But by the triangle of forces, Q : P : 

Q : P : : jt> : ^, 
and .*. Pp = Q2« 




DE : OE; therefore, 
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Again, let the moments of P and Q about the point D be equal 
that point will lie in the direction of their resultant. Let the 
same construction remain. Then because P/> = Q^, 

Q : P : : ^ : g'. 

But, because the triangles DEG, DFH are similar, p i q \\ 
DE : DF, 

Q : P : : DE : DF, 
or, Q : P : : OF : OK 

Then, since OF, OE, two sides of a parallelogram, represent 
P and Q in magnitude and direction, OD represents their resultant^ 
and therefore D is a point in the direction of the resultant, 

31. The propositions established in the last section enable us to 
decide whether the resultant of two converging forces does or does 
not pass through any given point, and hence furnish us with a 
ready means for the determination of the equilibrium of a body, 
moveable only about a fixed point, when acted on by two converging 
forces. In the case of such a body, it is clear that no motion can 
result from the action of any force whose line of direction passes 
through the fixed point. The eflfect of such a force is simply to 
press the body against the fixed point. It hence follows that no 
motion will ensue when two or more forces act upon the body, if 
their resultant passes through the fixed point This we have seen 
will happen in the case of two converging forces, when their 
moments about that point are equal, and only then. This, there- 
fore, is the necessary and sufficient condition of the equilibrium 
of a body, moveable about a. fixed point, when acted on by two 
converging forces. ' 

In the following chapter, a similar principle will be established 
for any number of forces, whether converging or parallel. 
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EXAMPLES. 

L Problems not requiring a knowledge of Trigonometry, 

1. Two forces of 7 and 33 lbs. act upon a point at an angle of 
60®, required the resultant. 

The resultant is 37 lbs. 

2. Two forces of 5 and 2 1 lbs. act upon a point at an angle of 
1 20°, required their resultant 

The resultant is 19 lbs. 

3. The resultant of two equal forces acting upon a point at an 
angle of 90° is 100 Iba, required the value of each component. 

Each component is 70*7107 lbs. 

4. The resultant of two equal forces acting upon a point at an 
angle of 135° is 10 lbs., required the value of each component. 

Each component is 13*0659 lbs. 

6. The resultant of two forces acting upon a point at an angle 
of 150'' is 19 lbs., one of the components is 11 lbs., find the other 
component. 

The component required is 16^3 lbs. 

6. Two forces of 9 lbs. and 56 lbs. acting upon a point are 
balanced by a force of 61 lbs., show that the angle between the two 
forces is 60*^. 

7. Two forces of 7 lbs. and 40 lbs. acting upon a point are 
balanced by a force of 37 lbs., show that the angle between thd 
two forces is 120°. 

8. Two forces acting upon a point at an angle of 120° have a 
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resultant whose magnitude is P>/3, and which makes an angle of 
30° with one of the forces, find the magnitude of the two forces. 
The two forces are P and 2P. 

9. Three equal forces acting upon a point are in equilibrium, 
show that the angle between any two of them is 120''. 

1 0. If two forces P and 3P act upon a point at an angle of 1 20°, 
show that the magnitude of the resultant is not affected by 
doubling the smaller force. 

1 1. Five equal forces act upon a point in such a way that the 
first is at right angles with the second ; the third is at right angles 
with the resultant of the first and second; the fourth, at right 
angles to the resultant of the first, second, and third; and the 
fifth, at right angles with the resultant of the othw four; required 
the magnitude of the resultant of the five forces. 

If P be the magnitude of each of the components, the resultant 
will be equal to 

12. If six equal forces act upon a rigid body along the sides of 
a regular hexagon, in such a way that the forces act concurrently 
at each angle, show that the forces will be in equilibrium. 

13. Three forces, whose magnitudes are severally 16, 63, and 
156 lbs., act upon a point at right angles to each other, required 
the magnitude of their resultant. 

Shew by the paraUelopiped of forces that the resultant is 169 lbs. 

14. Three forces, of 9, 15, and 28 lbs. act upon a point con- 
eorrenily; the angle between the first and second is 60'', and the 
third is at right angles with each of the other two : required the 
magnitude of the resultant 

The resultant is 35 lbs. 



COMPOSITION OF FORGES. 23 

15. A smooth ring, sustainiag a iweigbt W, is carried by a cord 
fiistened at two points, A and B, in the same horizontal line ; re- 
quired the tension in the cord. 

Let 26 be the length of the cord, and 2a the distance AB, then 
the tension in the cord will be equal to 

W6 

16. Required the horizontal force necessary to draw, on a level 
road, a carriage wheel over an obstacle of given height. 

Let W be the weight of the carriage, a the radius of the wheel, 

and c the height of the obstacle, then the required force will be 

equal to 

W. y/{2ac - c^ 

a — c 

17. Two strings, fastened to two pegs, A and B, in a vertical 
wall, of which A is the higher, are joined at the point C to a weight 
Wj the strings are of such lengths that BG is horizontal, and the 
angle BOA is 135°: fin^ the tensions in the strings. 

The tension in A€ is equal to W/^2, and the tension in BO is 
equal to W. 

18. Four equal forces aot concurrently upon a point, and in the 
same plane, the angle between the first and second, that between 
the second and third, and tliat between the third and fourth, are 
each equal to 72°: find the ipagnitude of the resultant. 

The resultant is equal to one of the components. 

19. A ball, whose weight is W, slides along a smooth rod, 
mdined at an angle of 30"^ witl\ the vertical line ; what force 
applied in the direction of the rod will keep the ball at rest, and 
what is the pressure upon the rodi 

The required force is equal to ^Wy/^ and the pressure upon the 
rod is equal to }W. 
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20. A heavy ball, which slides along a smooth rod, inclined t 
an angle of 45** with the yertical line, is kept at rest by a force 
acting along the rod, required the weight of the ball and ih 
pressure upon the rod. 

The weight of the ball is equal to 'Py/2, and the pressure upoi 
the rod is equal to P. 

ii. Problems requiring a knowledge €f Trigonometry. 

21. Two forces of 65 and 84 lbs. act upon a point at an angle of 
70°, required the magnitude of the resultant. 

The resultant is 122*54 lbs. 

22. Two forces of 20 and 64 lbs. act upon a point ; their resultant 
is 76 lbs., what is the angle between the two forces ? 

The angle between the forces is 60°, 

23. Two forces of 3 and 5 lbs. act upon a point; their resultant 
is 7 lbs., what is the angle between the resultant and the larger of 
the two forces ? 

The angle required is equal to 

24. One of two components is double the other, and their re- 
sultant is equal to half their sum; required the angle between 
them. 

The angle required is equal to 



•(-H) 



COSM ^ 



25, The resultant of two forces acting upon a point is equal to 
one half of one of them, and is at right angles with the other; 
required the angle between the two forces. 

The angle required is 150°. 



COMPOSITION OF FORCES. 25 

26. If X, Y, and Z be three forces acting upon a point, and the 
angle between X and Y be equal to a, and the angle between Y 
and Z be equal to fi, and if R be the resultant, then 

R* = XV Y'4. Z*+ 2XY cos a+ 2YZ cos P+ 2ZX cos (a + fi). 

27. A weight W, to which two cords are attached, rests upon a 
smooth horizontal table; one cord passes over a pulley placed at 
the edge of the table, and bears a weight Q ; the other cord passes 
over a pulley placed above the table, and bears a weight P; 
required the inclination of the latter cord to the table ) 

The inclination required is equal to 

Q 



COS 



■(§) 



28. One end of a cord is fastened to a fixed point A, the other 
is carried over a fixed pulley at B, and fastened to a weight P; 
what weight must be attached to the cord at a point C, midway 
between AB, that the part AC may rest horizontally 1 

Let AB be inclined to the horizon at an angle a, then the re- 
quired weight will be equal to 

2P sin a 
s/{5 - 4 cos a)" 

29. In the preceding, shew that the tension in AC is equal to 

P (i — 2 cos a) 
v^(5 - 4 cos a)' 

30. A particle, whose weight is W, rests against the circum- 
ference of a circular plate, whose plane is vertical ; a cord attached 
to the particle passes over a pulley placed vertically above the 
highest ppint of the circle, at a distance from the circle equal to 
the radius; required the position in which the particle will rest, 
and the pressure on the circle, when a weight P hangs from the 
cord. 
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In the position of eqnilibrianiy the inclination of the coi^d' tc 
the yertical line is equal to 

•^ i 8WP )' 
and the pressure on the circle is equal to 

31. The moment of the resultant of two converging forces 
about any point in their plane is equal to the moment of their 
resultant. 

Let P and Q be forces acting on the point O, and let R be the 
resultant, making the angles a and jS with P and Q respectively ; 
then, by the parallelogram of forces, the relations between P, Q, 
and R may be expressed by the equations 

R = P cos a + Q cos ^, (L) 
o = P sin a — Q sin p. (ii.) 

Let A be any point in the plane of the forces, and let the line 
AO be equal to c, and be inclined to the direction of R at an 
angle $, Multiply L by c sin 0, and ii. by c cos $, and subtract; 
then 

Re sin ^ = Pc sin (tf- a) + Qc sin {O + fi); 

whence, if p, q, and r denote the perpendiculars from A to P, Q, 
and R respectively, 

Rr=Fp+qq, 
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CHAPTER III. 

ON PARALLEL FORCES. 

4 

32. To determine the magnitude and position of the resultant of 
two concurrent parallel forces P and Q. 

In the directions of P and Q take any points A and B, and 
introduce at A and B two equal and 
opposite forces (m, m). The resultant 
of m and P is AD, and the resultant 
of m and Q is BE. Remove the 
points of application of these two 
resultants from A and B to C, and 
resolve them into their original com- 
ponents. We shall then have two 
equal and opposite forces m, m, which ^ 
will destroy each other, and two concurrent forces P and Q acting 
along CO. The resultant therefore is a force whose magnitude is 
P + Q acting along CO. 

Because the triangles DGA, AOC are similar, wi : P : : AO : OC; 

PxAO = wxOC. 
Similarly, Q x BO = m x OC, 

PxAO = QxBO. 

33. To find the resultant of two non-concurrent parallel forces P 
and Q. 

As in the former case,, take any two points A and B in the 
directions of P and Q, and introduce two equal and opposite forces 
(w, m), 

2 
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Compound these with P and Q. Produce the directions of the 
resultants till they meet in C. Remove the point of application 
of these resultants from A 
and B to C, and resolve 
them into their original 
components. We shall then 
have two equal and oppo- 
site forces (m, m) acting in 
a line parallel to AB, which 
will destroy each other, and 
along CO parallel to the 
directions of P and Q, two 
non-concurrent forces equal severally to P and Q. The resultant 
then will be a force P — Q acting along CO. 

Because the triangles DGA, AOC are similar, m : P : : AO : DC; 

PxAO = mxOC. 
Similarly, Q x BO = wi x OC, 

P X AO = Q X BO. 

34. From these investigations we see, in the case of two parallel 
forces; — That the resultant is always parallel to the components ; — 
That when the components are concurrent, the resultant is con- 
current with them, and equal to their sum ; but when the compo- 
nents are non-concurrent, the resultant is equal to their di£ference, 
and concurrent with the greater; — That if any line whatever (for 
the points A and B were taken quite arbitrarily) be drawn across 
the directions of the components, it will be cut by the resultant 
at a point such that the one force multiplied into its distance from 
the resultant measured along this line, equals the other force 
multiplied into its distance. 

35. In Art. 33, if the forces P and Q had been equal, the con- 
struction would have been impossible. The lines AD, BE would 
have been parallel, and consequently the determination of the 
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point C would have become an impossibility. The two forces will 
therefore have no resultant. Such a combination of forces is 
termed a couple. 



36. The resultant of any nundfer of concurrent parallel forces 
equals the sum of the components. 

Let Pj, Pj, Pg, P4, be the forces. Let Rj be the resultant of Pj 
and P^ then 

Let Bg be the resultant of R^ and Pg; then 

= Pi+P,+ P,. 

The resultant of R, and P^ will be the resultant of the given 
forces ; let this be R, then 

R = R,+ P„ 
= Pi+P,+ P,+ P,; 
and similarly of any other number of parallel forces. 

37. Hence the resultant of any number of parallel forces equals 
their algebraic sum. 

Let Pi, Pju &c. and Qi, Q2, &c. be any number of parallel forces, 
of which Pi, P2, <&a act in one direction, and Qi, Q2, &c. in the 
opposite direction. Let X be the I'esultant of P^, P^, &c. and Y 
the resultant of Qi, Q^ Ac. and let X be greater than Y. Then, 
unoe Pi, P^ Ac. are concurrent forces, 

X = Pi+Pg+&c. 

For a similar reason, 

Y = Qi+Q8+&c. 

If R be the resultant of the given forces, R must be the result- 
ant of X and Y; but these are non-concurrent forces, therefore 

R = X-Y, 
R = Pi+P,+ &c-Qi-Qj-<fec. 
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38. Ttffo concurrent parallel forces, P and Q, act at a distance a, 
from each other, to find the distance of the restdiant from either force. 

Let X be the distance of the resultant from P; then, since the 

resultant passes between P and Q, its distance from Q will be a — a:. 

Therefore 

Vx=q,{a-x\ 

or, (P + Q) a: = Qa, 

. ^_ Qg _Qa 

P+Q~'R' 

or the distance of the resultant from one of the components equals 

the distance between the components multiplied by th<e otiier 

component, and divided by the resultant 

39. Two non-concurrent forces, P and Q, act at a distance B.from 
each other, to find the distance of the resultant from either force. 

Let P be the greater force, and R their resultant, then R equals 
P - Q, and passes outside P. Let a; be the distance of P from the 
resultant, then a + a: is the distance of Q. Therefore • 

Par = Q (a + x), 
or, (P-Q)a?=Qa, 

. ^_ Qg _Q<g ; 

P-Q R' 

or, as before, the distance of the resultant from either component 
equals the distance between the components multiplied by the 
other component, and divided by the resultant. 

40. To resolve a given force P into two parallel forces, acting at 
given distances on each side of it 

Let a and h be the given distances, and let X and Y be the 
forces required, then P will be the resultant of X and Y; conse- 
quently X -f Y = P, and aX = 6Y ; 

fcX+6Y = P6, 
or, 6X + aX = P6, 

X-P-^,and.\Y = P-?^. 
a^ a+ 
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Heace, to find either compooeat, multiply the given force by 
thedi^taace of the otfier cpiaponetit, and divide by the diatanoe 
between the two compoaenta, 



41. To resolve a given force P into two jparallel forces, acting at 
given distances on the same side of it. 

Let a and b be the given distances, a being the greater, and X 

and Y the required forces. From Art. 34, it appears that X and 

Y will be non-concurrent, and that the force nearer to P, namely, 

Y, will act concurrently with P. Also, Y — X equals P, and aX 

equals 6Y; 

bY-bX = P6, 



or, aX — 6X = P6, 

X = P_1^, and.-. Y = P- 



a 



a — b' '' a — b ' 

or, as before, to find either component, multiply the given force 
hy the distance of the other component, and divide by the dis- 
tance bet^ween the two components. 



R 



P2 



42. The sttm of the moments of any two concurrent parallel forces, 
about any point in their plane lying without them, is equal to the 
moment of the resultant about that point 

Let F^ and P, be any two concurrent parallel forces, and let R 
be their resultant ; let p^, p^, and /• a c B o 

be their distances respectively from 
the point 0; then shall p 

Pi/)i+P8/?a = R^. 

For, si^ce R is the resultant of P^ | 

aadP» PixAC^PgxBC; 

or, PiPi^P8l>,^(Pi+P^A 

But R = Pi + Pj ; therefore, 
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43. The difference of the moments of any two non-concurrent 
parallel forces about any point in their plane, lying toithout them, is 
equal to the moment of the resultant about that point. 

Let Pi and P, be any two uon-concurrent parallel forces, R their 

resultant, and PxiP^o ^ their distances a Pe 

respectively from the point ; then 1 

shall ^ ^- L 

ViPi-V^Pt^^r. 






For, since R is the resultant of Pi 

and Pj, tP: 

Pi X AC = P8 X BC; 

Pi(r-pi) = P,(r-;>,); 
or, (Pi-P,)r=PiPi-P^«. 

But R = Pi - P, ; therefore, 

Rr = P,i?i - PjPj. 

44. If any number of concurrent parallel forces act in the same 
plane, the sum of their moments about any point in the plane lying 
toithout them is equal to the mom,ent of the resultant about thai point. 

Let the forces be Pj, Pj, P,, P4, <fec. and their perpendicular dis- 
tances from the given point p^y p^ p^ p^, &o. respectively. Let 
Ri be the resultant of Pj and P,, and its distance from the given 

point Tj, then, by Article 42, 

Rjri = ?iPi + P,Pj. 

Let B^ be the resultant of Ri and P„ and its distance from the 

given point r, ; 

B^r, = Riri+P,/?3, 

= Pi;?i+Pj^,+ PaP8, 
and similarly for the rest ; and hence if R be the resultant of all 

the forces, and its distance from the given point be r, then 

Rr = PlPi+ Pg^2+ PaP8+ 1*4^4+ <fec. 

45. If any number of parallel forces act in the same plane, the 
algebraic sum of their moments about any point in the plane lying 
without them is equal to the moment qf the resultant about that point. 
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Let P„ Pj, &c., Qi, Q^ &C., be any number of parallel forces 
acting in the same plane, of which Pi, P,, <&c., act in one direction, 
and Qi, Q,, &&, act in the contrary direction. Let/>|, p^, &c,, and q^, 
q^ (fea, denote the perpendicular distances of the forces from the 
given point. Let X be the resultant of Pi, P^, &c, and Y that of 
Qi» Q«> ^^'9 ^T^^ l^^ ^ ^T^^ y ^ ^^® perpendicular distances of X 
and Y from the given point ; then, by the preceding article, 

Xr = Pi Pi + Pg^g + &c, 
and Yy = Qi5i + Qj,2«+&c. 

But if R be the resultant of all the forces, it is also the resultant 
of X and Y; and hence, if r be the distance of R from the given 
point, by Art 43, Rr = X^c — Yy ; 

and, therefore, Rr = PiPi + Pa2?t + <fec. — Qi 5^1 — Qj q^ — &c. 

46. If any nund>er of parallel forces act in the same plane, the 
algebraic sum of their moments about any point in their resultant 
will be equal to zero. 

Let Pi, Ps, &o, be forces lying on one side of the resultant, and 

Pi9 Pv ^ their perpendicular distances from any given point in the 

resultant, and let Qi, Q^, <&& denote the forces on the other side, 

^^^ 9.\i %a ^ their distances from the same point. Then shall 

PiPi+P2/?2 + <kc.-Qi2i-Q2^8-<fec. = o. 

For, let P be the resultant of the forces Pi, Pg, <fec., and let p be 
its distance j&om the given point, then since this point lies without 
these forces^ and in the same plane, it follows, from Art 45, that 

Similarly, if Q be the resultant of Q^, Q.^, <kc., and q its distance 
from the given point. 

But the resTiltant of the given forces is the resultant of P and Q, 
and therefore Vp = Q^. 

P1P1+ P,/>a+ (fee. = Qi2i+ Q82a+ &c. 
or, Pii?i+ P,Pa+ &c. -Qi<?i-Q8<?2-&c. = o. 
A force which acts on one side of the given point tends to cause 
revolution about that point in a direction the opposite to that 

5 
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which it tends to produce when acting on the other side ; the 
moments Qi^i, &c., must therefore be taken with the contrary 
sign to that of V^Pi, &c. ; and hence the equation just deduced 
shews that the algebraic sum of the moments is equal to zera 

47. Conversely, if the algebraic sum of the moments of any 
number of parallel forces acting in the same plane, and not in 
equilibrium, about any point in the plane, be equal to zero, that point 
is in the direction of the resultant. 

Let Pi, Pg, &a, be the forces, and Pi, p^ ^,, their distances 
from a point in their resultant. 

If possible, let the sum of the moments about a point not in 
the resultant be equal to zero; then, if x be the distance of this 
point from the resultant, Pi — x, p^ — x, <fec., will be the distances 
•of the forces from this point ; and therefore, by hypothesis, 

Pi (i>i - «) + P2(if>a - ^) + <feo. = o. 
But, by the preceding article, 

therefore, subtracting, 

(Pi+p2+<fec.)a; = o; 

or, Ra? = o. 

But, by hypothesis, the forces are not in equilibrium, that is, R 

does not vanish; and therefore x=o, or the assumed point must 

be in the resultant. 

48. The resultant of any number of converging forces acting in 
the same plane passes through a giuen point in their plane, when 
the sum of the moments about that point is equal to zero. 

Let Pi, Pg, <kc., be any num- 
ber of converging forces acting in 
•the same plane, and pi, p^ ^c, 
be the perpendicular distances of 
their lines of direction from any 
point O. Let Oi, a^ <fec., be the 
angles which the directions of the 
fbrces make with any line passing through 0. Let the direction <xf 
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Fi meet this line at Ai. Resplve th,e force Pi into two foroes, one 
acting along, and the other at right angles to A^O ; these will be 
Pi cos Oi, and P^ sin o^ respectively. In like manner resolve the 
other forces. The several components acting along A^Qhave no 
tendency to produce motion about 0, and may therefore be 
disregarded. The other components, being all at right angles with 
OA, are parallel forces, and therefore, by the preoeding, their 
resultant passes through 0, if 

Pi sin Oj . AjO + Pi sin Oj . A^O + &c. = c- 

But AjO sin (h — Pi] and, similarly, kfi sin 03 = ^,, and so on. 
Therefore the resultant passes through 0, if 

^\P\ + P2i'a + ^^' = o- 

49. Def. The product of a force, and the perpendicular distance 
of its point of application from any given plane, is termed the 
moment of the force with respect to the plane. 



50. If any two concurrent parallel forces have their pointa of 
application on the same side of a given plane, the sum of the moments 
of the forces with respect to the plane, is equal to the moment of the 
resultant 

Let A and B be the 
points of application of 
any two concurrent pa- 
rallel forces. Pi and P^, 
and let R their resultant 
meet AB in 0. 

Let perpendiculars 
drawn from A, B, and O 
meet the given plane in 
M, N, and L. Let AM ^« 

= Ai, BN = A„ and OX. = h. Then shall RA = Pi Ai + P3 K. Draw 
AC and OD parallel to MN. 
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Then, since R is the resultant of the two concuirent parallel 
forces, Pi and Pg, 

R =Pi+P«; 
RA = PiA+P2A, 

= Pi(Ai + 0C) + P2(A,-BD), 
= Pi^i+P,A,+ Pi.OC-Pj.BD. 
But, since the resultant of P^ and P, passes through 0, 

Pi : P, :: BO : AO; 
and, since the triangles AGO, ODB are similar, 

BO : AO : : BD : 00; 
therefore. Pi : P, : : BD : OC, 
or, Pi.0C = P8.BD. 

Hence, RA = Pi Aj + Pg A^. 

51. If any two non-concurrent parallel farces have their points of 
application on the same side of a given plane, the diffej'ence of the 
moment of the forces with respect to the plane is equal to the mxmient 
of the resultant 

Let A and B be the points of application of two non-concurrent 
parallel forces, Pi and 
Pg, of which Pi is the 
greater; and let R, 
their resultant, meet 
AB produced in 0. 
Let perpendiculars 
from A, B, and 
meet the given plane 
in M, N, and L. Let 
AM = Ai,BN = Aj,and 
OL=:A; then shall 




P. 



RA = PiAi-P,A». 
Draw OD parallel to LN. Then, since R is the resultant of two 
non-concurrent parallel forces, 

R =P,-P,; 

RA = PiA-P8A, 

= Pi (Ai - AC) - P, (A, - BD), 
= PiAi^P,A8-Pi.AC+P..BD. 
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But, since the resultant of P^ and P, passes through 0, 

Pi : Pg : : BO : AO; 
and, since the triangles AOO, BOD are similar, 

BO : AO :: BD : AC; 
therefore, Pj : Pg : : BD : AC ; 

or, Pi.AC = P8.BD; 

and hence, RA = Tjhj^ — Pj^j. 

52. If any number of concurrent parallel forces have their points 
of application all on the same side of a given plane, the sum of the 
moments of the forces, with respect to the plane, is equal to the moment 
of the resultant 

Let the forces be P„ P2, Ps, &c., acting at points whose per- 
pendicular distances from the plane are h^, h^ h^, &c. 

Let the resultant of P^ and P, be R^ ; let it act at a distance Zi 
from the given plane; then, by Article 50, 

RiZj = PjAj + P^jj. 

Let the resultant of Ri and Pg be R^; and let it act at a distance 
2, from the given plane; then, 

R^ = Rl^l + PfiArj, 

= PA+PA+PA 

and in like manner for the rest. Hence, if R be the resultant of 
all the forces, and A the distance of its point of application from 
the given plane, 

RA = PA+ PA+ PA+ PA+ &c. 

53. The (dgdbraic sum of the m^oment of any number of parallel 
farces, with respect to a plane lying without their points of application, 
is equal to the moment of the resultant. 

For, let the notation Pj, Pg, h^ h^ &c., apply to forces acting 
in one direction; and Qi, Q2, h^, h^ <kc., to those acting in the 
opposite direction. Let R^, Rg, acting at distances z„ z^y be the 
respective resultants of each set of forces ; then, 

Ri^i = PA + PA + ^^* 
R^= QA+ QA+ &c. 
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Let R be the general resultant, acting at a .distance h; then, 
since Ri and Rg are non- concurrent (Ail). 51), RA = RjZj — Rjgjj ; 
.*. RA = PiAi+ PgAjj+ifcc. -QjAji-Qg^ — <kc. 

54. Tlie algebraic mm of the moments of. any number of parallel 
forces y unth respect to any plane whatever, is equal to the moment of 
the resultant with respect to that plane. 

Let the forces Pi, Pg, <&c., act on one side of the plane, at points 
distant severally from the plane h^, h^ <fcc. Let Q^, Qg, <fec., ^, k^^ 
<fec., apply to the forces on the other side of the plane. Let R, 
their resultant, fall on the same side of the given plane as the 
forces Pi, P2, <&c., at a distance h, 

. Let a second plane he drawn parallel to the given plane, beyond 
the points of application of the forces Qi, Q^, &o., and let x be 
the distance between the two planes. Then the distances of the 
points of application of the given forces from the second plane will 
be Ai + ar, Ag + ^> ^-t ^ — ^i» ^^Ki <fcc., and of the resultant A + a?. 
Hence, by the preceding Article, 

R (A + ip) = Pi (Ai + a?) + Pg (Ag + a?) rf ko, 

+ Qi (^ - ^1) + Q2 (^ - ^) + <fc<5. 
But R = Pi + Pj + &c. + Qi + Q2 + &c., and therefore 
Ra: = Pia: + P^a: + (fee. + Qja? + Qj^a? 4- &c. ; 
RA = Pi^i + PgAg + &c. - Qi^ — QgA;^ - &o. 

55. In the preceding, if the plane pass through the point of 
application of the resultant, A = o ; hence, in such a case, the 
algebraic sum of the moment of the forces equals zero. 
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EXAMPLES. 

i. Prchlems not 7'equinng a knowledge of Trigonometry, 

1. A bar AB, 5 feet 4 inches in length, rests horizontally upon 
two vertical props A and B; a weight of 320 lbs. is suspended 
from the bar at a distance of 27 inches from A: required the 
pressures upon the props. 

The pressure on A is 185 lbs., and the pressure on B is 135 lbs. 

2. Two weights P and Q, of which P is the greater, are sus- 
pended from the extremities of a straight bar; >\here must a 
third weight W be attached that the bar may balance about its 
middle point % , 

Let 2a be the length of the bar, then the weight W must be 
attached at a distance from the middle point, on the side of Q, 
equal to 

3. Three concurrent parallel forces, of 15, 20, and 24 lbs., act 
in the same plane upon a rigid body^ and at distances of 12, 14, 
and 30 inches respectively to the right of a certain point in their 
plane: required the distance of their resultant from the same 
point. 

The Tequired distance is 20 inches. 

4. If a weight W rest upon a triangular table ABC, at a point 
0, shew that the pressure on the leg A is to W as the triangle 
BOC iB to the triangle ABC. 

5. If the magnitudes of four concurrent parallel forces be 8, 
12, 15, and 25 respectively, and the distances of their points of 
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application from a given plane be 5, 10, 8, and 6, ivhat is the dis- 
tance of the point of application of their resultant from the same 
plane) 

The required distance is 7^. 

6. If the distances of the points of application of n equal con- 
current parallel forces from a plane passing through the point of 
application of the resultant form a descending arithmetical series, 
of which the first term is a, and common difference b, shew that 

a _ n— I 

1 ^* 

7. Resolve a given force R into three parallel components, P^, 
Pg, P„ acting at given points. Let z be the distance of the point 
of application of R from any line in the plane of the points, and 
z^, 2^ Z3 the distances of the given points from the same line, and 
let h, hif As, A, be the respective distances of the same points 
from any other line ; then shall 

^ (2iA, - hjz^) + (zgA, - A/a) + (zA - ^^1)' 

8. Shew that the resolution of any force into more than three 
parallel components, acting at given points in one plane, is an 
indeterminate problem. 

9. A bar is formed of imequal lengths of two substances, each 
of uniform thickness and density, the one weighing m oz. per inch, 
and the other n oz. per inch ; how far from the middle point must 
a fulcrum be placed that the bar may balance about it by its own 
weight 1 

Let a be the length in inches of the one part, and b that of the 
other, then the distance required is 

ab inr\)n 

2 ' ma + nb 
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10. A aeries of n equal weights are suspended from a weightless 
bar, in such a way that the distance between the first and second 
is a, that between the second and third 2a, that between the 
third and fourth 3a, and so on, the successive intervals forming 
an arithmetic series ; required the distance of the resultant from 
the first weight. 

Assuming that the sum of n terms of the series i + 3 + 6 + 

10 + (fee. + — i ^is — -t J-^ iy shew that the distance re- 

2 6 

quired is equal to 

(n'— i)a 



11. Weights P, 2P, 3P, (kc....wP are suspended at distances or, 
20, 3a, &c.,..na from one extremity of a weightless rod; required 
the distance of the resultant from that extremity. 

The distance required is 

(271+ i)a 



12. A straight weightless bar ABCD rests horizontally upon 
two pegs at B and C; required the pressures upon the pegs, when 
weights P and Q are suspended from A and D. 

Let AB = a, BC = c, and CD = 6/ then the pressure at B is 
equal to 

P(a+c)~Q6 
'c ' 

and the pressure at C is equal to 

Q(6 + c)-Pa 



iL Problems requiring a knowledge of Trigonometry, 

13. A weightless bar ACB, bent so as to form a right angle 
at C, is moveable about a fixed axis at C ; required the position of 
equilibrium, when weights P and Q are suspended from A and B. 
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Let AC = a,, and BO^b; then, if ^ be the incUiiatiou of AG to 

the horizontal line, • 

Pa 



tan 6 = 



Q6 



14. Weights P and Q, of which P is the greater, are suspended 
by cords from A and B, opposit«e points in the rim of a weightless 
hemispherical bowl, resting upon a horizontal table; required the 
position of equilibrium, both weights hanging outside of the bowl. 

The inclination of AB to the vertical line is equal to 

15. Two equal bars, AB and BC, of uniform thickness and 
density, rigidly connected at B, when suspended from A, rest with 
BC horizontal ; required the angle ABC. 

The angle required is equal to 



cos' 



ii) 



16. Two equal bars, AB and BC, of uniform thickness ancj 
density, rigidly connected at B, are suspended from A ; required 
the inclination of the bar AB to the vertical line through A, in 
the position of equilibrium. 

Let the angle ABC be equal to a; then the inclination required 
is equal to 

cot-'f 3 " °°' " V 
\ sm a / 
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CHAPTER IV. 



ON THE CENTRE OP GRAVITY. 

56. If any number of parallel forces act at given points in a rigid 
bodpy there is a point through which the resultant will alvjays pass, 
whatever the position in which the body may be placed. This point 
is termed the centre of the parallel forces. 

Let Pi, Pj, P3, P4 be parallel forces acting at A, B, C, D points 
in a rigid body. Join the points A, B, and in AB take m, so that 
Awi : mB : : Pg : P^, 
then, by Art. 32, the 
resultant of Pj and P3 
passes through 7W. Let 
X be this resiiltant, 
and join the points m, 
C; in mC take ?^, so 
that mn : wC : : Pg : 
X, then as before the 
resultant of X and Pg, 
that is of Pi, Pjj, and 
Pg passes through n. 
Let Y be this resultant, and join -n, D: in nD take 0, so that no : 
oD : : P4 : Y, then the resultant of Y and P^, that is of Pj, Pj, 
Pj, and P4, passes through 0. 

If, now, we suppose the body to be moved into a new position, 
-or what would be the same thing, if we suppose the direction of 
the several forces to be changed, and to assume the position repre- 
^Bented in the figure by p„ p„ p.^ and p^, then, since the magnitudes 
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of the forces are unchanged, the resultant of p^ and p^ will as 
before pass through m^ that of />i, p,, and p^ through ti, and that 
of jo„ p„ pg, and Pi, through o. The same will take place in any 
other position of the body, aud hence in all positions of the body 
the resultant of the several forces will pass through o, 

57. Gravity is the force which attracts every particle of matter 
towards the centre of the earth. The weight of a body is the 
total force with which that body is drawn towards the earth's 
centre; it is therefore the same as the resultant of the forces 
which, in consequence of the existence of gravity, act upon its 
several particles. These forces may, without sensible error, be 
regarded as parallel forces. The centre of these parallel forces is 
called the centre of gravity. 

The centre of gravity of a body is, then, the point through 
which will pass, in every position of the body, the resultant of all 
the forces which, in consequence of gravity, act upon its particles. 

58. It follows from the definition, that if the centre of gravity 
of a body be fixed, the body will rest in any position. For in 
every position the resultant of all the forces arising from gravity 
passes through the fixed point, and being met by the i*esistance 
of that point, equilibrium is preserved. 

59. Since the resultant may be always substituted in place of 
its component forces, it follows that in considering the influence of 
any weighty body in producing equilibrium, we may substitute a 
force equal to the weight of the body, and acting at its centre of 
gravity. 

60. If a body swpended from any point be at rest, the centre of 
gravity mtut lie in the vertical line drawn through this point. For 
there are two forces in equilibrium; viz., the weight of the body 
which acts vertically, and at the centre of gravity, and the re- 
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action of the fixed point By Art 11, these forces mnst lie in the 
same straight line, and therefore the vertical line through the 
centre of gravity must pass through the fixed point 

Hence, if a body be suspended successively from two different 
points, and the vertical lines passing through those points be drawn, 
the intersection of these two lines will be the centre of gravity. 



61. ii body placed- mth its hose upon a plane surface will Hand &r 
faUy according as the vertical line through its centre of gravity falls 
mthin or without the base. 

Let ABCD be any body, whose base AB rests upon a plane 
surface. Let the centre of gravity be at ^ 

g, so that the vertical Hne through g falls ^ • / 

within AB. The weight of the body act- f . / 

ing in this line is met by the resistance / i ^i ' / 

of the plane, and, consequently, will not / j /I 

cause the body to turn about either A / ,\, /■' 

or B. 

But if the centre of gravity be at g^, so that the vertical line 
drawn through the centre of gravity falls without the base, the 
weight of the body, acting in this line, is not met by the re-action 
of the plane. There cannot, therefore, be equilibrium, but the 
body will turn over on to the side BC. 

If the centre of gravity be at g^, so that the vertical line drawn 
through it pass through one of the extremities of the base, the 
body will rest ; for the weight acting in the vertical line is met by 
the resistance of the plane : a very slight disturbance wiU, how- 
ever, cause the body to fall over. 



62. The centre of any perfectly symmetrical figure must also 
be the centre of gravity; for there can be no reason why the 
centre of gravity should fall upon one side of that point more than 
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upon another. Hence, the centre of gravity of a line is its point 
of bisection ; of a parallelogram, the intersection of its diagonals; 
of a parallelopiped, the intersection of its diagonals ; of a circle 
and sphere, their centres. 

63. To find the centre of gravity of a triangle. Let ABC be the 
given triangle. Bisect AB in D and 
AC in E. Draw CD, BE. If we 
suppose the triangle to be made tip 
of an infinite number of lines paral- 
lel to AB, these lines will be bisected 
by CD. Consequently the centre of 
gravity of each of these lines will be 

in the line CD, and therefore the centre of gravity of the triangle 
will lie in the line CD. For similar reasons the centre of gravity 
must lie in the line BE. Therefore g, the intersection of these 
two lines, must be the centre of gravity required. 

Join the points D, E. DE will be parallel to CB, and the 
triangle ADE similar to the triangle ABC. Hence, 

DE : BC :: AD : AB; 

DE=pa 

But, by similarity of triangles, ^D : ^ : : DE : BC ; 

5rD = jDC. 
Henee, the centre of gravity of a triangle lies in the line joining 
any vertex with the bisection of the opposite side, at a distance 
from the side of one-third of this line. 

64. To find the centre of gravity of f<mr weights, P, 3P, 7P, and 
5P, suspended from the angular points of a square plate. 

Let ABCD be the square plate, and let the weights P, 3P, 7P, 
and 5P be suspended severally from the points A, B, C, D. Dmw 
the diagonals, AC, BD. Take N, so that CN = f AC, and M so 
that DM = f BD. Then AN = | AC, and BM = f BD. 
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The resultant of P at A, and 7 P at C, is a force 8P at N, 
since 7P x CN = P x AN. And 
the resultant of 3P at B and 5P 
at D is also a force 8P at M ; since 
5P X DM = 3P X BM. We have 
then, in the place of the original 
forces, two equal forces acting at 
M and N. Bisect MN at G, then 
the resultant of these equal forces 
will pass through G, and G is the 
centre of gravity required. 

S5. To find the centre of gravity of a trapezium. 

Let ABCD be the trapezium, in which the sides AB, CD are 
parallel. 

Bisect AB in E, and DC in H, and join HE. If the trapezium 
be supposed to be made up of an 
infinite number of lines parallel 
to AB, each of these lines will be 
bisected by EH, and consequently 
the centre of gravity of the tra- 
pezium must be in the line EH. 

Join DE, and take EM = J ED. ^ 
Similarly join HB, and take HN = J HB. Then M is the centre 
of gravity of the triangle ABD, and N that of the triangle BCD. 
Consequently the centre of gravity of the whole figure must be 
in the line MN; but it also lies in the line EH; therefore the 
intersection of these lines, or the point G, is the centre of gravity 
required. 

Let GE be called x, and GH y; and let AB = a, and DC = &. 
Draw Mm, Nn parallel to AB or CD. Then, since the triangles 
EMm, EDH are similar, 

Mwi : DH f: EM : ED; 
Mm = jDH = j^6. 
Similarly, Nn»i£B=>:^a. 




48 



ON THB GENTRB OF GRAVITY. 



Again, because the triangles MGm, NGn are similar, 

Gm : Gn : : Mm : Nw; 
GE-Em : GA-Hn : : Mm : N«. 

But Em and Hn are each equal to ^ EH, or ^ (^ + y) ; 

2a? — y : 2y — a; : : 6 : a; 
a: : y : : a + 26 : 2a + 6. 



66. To find the centre of gravity of a triangular pyramid. 

Let ABCD be any triangular pyramid. Bisect BC in E. Draw 
AE and DE. Take Em = 

jAE,andEn = jDE. Join ^ 

Dm and An. These lines 
will intersect in a point G, 
which is the centre of gra- 
vity of the pyramid. 

The pyramid may be con- 
ceived to be made up of an 
infinite number of planes 
parallel to ABC. Let ahc 
be such a plane. Then, 
since the parallel planes ^ 
abcy ABC are intersected by 
a third plane BCD, the intersections c6, CB are parallel. And 
since cb is parallel to CB, ch is bisected in e by the line DE ; for, 
by similarity of triangles, 










eg : CE : : Dc : DC, 


and 






c6 : CB : : Dc : DC ; 


• 
• • 






ce ', d> :: CE: CB; 


but 






CE = JCB; 


• 
• * 






ce = \d). 


The lines 


aey 


AE, 


are parallel, for they lie in the same plane 
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AED, and in the parallel planes abc, ABC. Then, by similarity of 

triangles, 

eg : Em :: De : DE, 

and ea : EA :: De : DE; 

eg I ea :: Em : EA; 

but Em = ^EA; 

eg = iea; 

therefore g is the centre of gravity of the triangle ahc. In like 

manner, it may be shewn that the centre of gravity of every 

plane parallel to ABC is in the line Dm. The centre of gravity 

of the whole pyramid must therefore be in the line Dm. For 

similar reasons it must also be in the line An. Therefore G, the 

intersection of these two lines, must be the centre of gravity of 

the pyramid. 

Join mn ; then, since Am : mE :: Dn : nE, mn is parallel to 

AD, and therefore 

mn : AD : : mE : AE ; 

but mE = JAE; 

mn = J AD. 

The triangles AGD, mOn, are similar ; therefore, 

mG : GD :: mn : AD; 
mG = JGD; 
mG = J Dm. 

Therefore the centre of gravity of the pyramid is one-fourth of 
the way up the line joining the centre of gravity of the base with 
the vertex, 

67. To find the centre of gravity of a pyramid whose base is any 
polygon. 

Divide the polygon into triangles ; and if planes be supposed 
to pass through the sides of these triangles and the vertex, the 
pyramid will be divided into triangular pyramids 

Let a plane be drawn parallel to the base, at a distance equal 
to one-fourth of the altitude of the pyramid, then (Art 66) the 

D 
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centre of gravity of each of the triangular pyramids will be in 
this plane. 

Again, join the vertex with the centre of gravity of the base. 
The centre of gravity of every section parallel to the base will be 
in this line. Hence, the centre Gi gravity of the whole pyramid 
will be in this line. 

Therefore the centre of gravity is in the line joining the vertex 
with the centre of gravity of the base, at a point whose distance 
from the base is one-fourth of this line. 



68. To find the centre of gravity of the perimeter of a triangle. 

Let ABC be the given triangle. Join o&c, the points of bisec- 
tion of the three sides. Draw 

am, bUy bisecting the angles cab, ^ 

ahc respectively. The point g, 
the intersection of these two 
lines wiU be the centre of gra- 
vity of the perimeter of the 
triangle ABC. For the three ' ' * 

Unes, AB, BC, CA, may be conceived to act at the points <?, a, 6, 
with forces represented by their several lengths. The triangles 
ahc, ABC are similar ; and, therefore, 

AB : BC : CA : : aft : 6c : CO. 

Hence, the force at c : the force at 6 :: oft : oc. But, since am 
bisects the angle hac, 

bm : mc :: ab : ac; 

force at c : force &th :: hm : mc 

Consequently the resultant of the forces at b and c passes through 

m, and may be represented in value hj ah + ac. The resultant of 

this force and the force at a, 'represented by be, must pass through 

g; for 

gm : ga i: mb : ah; 

but, mb : ab :: be : ab-hac; 

gm : ga:: be : a6+ac 
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The point g is also the centre of the circle inscribed in abc. Hence 
the centre of gravity of the perimeter of a triangle is the centre 
of the circle inscribed in the triangle formed by joining the biseo- 
tions of its sides. 



69. If the magnitudes and centres of gravity of the several 
parts of a body of uniform density are known, the centre of gravity 
of the whole body can be found by the proposition given in Art. 
63. 

For let M be the total magnitude of the body, and M^, M,, 
M,, &C.9 the magnitudes of its several parts. But instead of these 
bodies, we may suppose forces proportional to their weights to act 
at their respective centres of gravity. Since the density of the 
body is uniform, these weights will be proportional to the magni- 
tudes. Consequently, if h be the distance of the centre of gravity 
of the whole body from any plane, and Ai, Aj,, Agi &o-) ^^ known 
distances of the centres of gravity of the several parts from the 
same plane j 

ltfA = Ml Ai + Mj A^ + Mg ^8+ ^'wJ. 

, MiAi+MgAg +MaAa + jfeg 



Ex. 1. To find the centre of gravity of half a regular hexagon. 

Let ABCD be half a regular hexagon. Bisect AB in n, and join 
Dn, Cn. Then the given figure 
is divided into three equilateral 
triangles, whose centres of gravity 
are known. 

Bisect DO in m^ and join mn. 
Then the centre of gravity must p^ 
evidently be in this line, and will 
consequently be found, if we can determine its distance from AB. 

D 2 
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Let De= 3c, and let the area of each of the equilateral triangles 
be a. Then the area of the whole figure is 3a. The distance of 
the centre of gravity of the triangles ADn, BCw, from AB ; or, 
which is the same thing, its distance from a plane, drawn through 
A6 perpendicular to the plane of the paper, is c The distance 
of the centre of gravity of the triangle CDn frx)m AB is 2c, Then 
if h denote the distance of the centre of gravity of the whole 
figure from AB, 

30 T' 



Ex. 2. Let the upper face of a cube be the base of a square 
pyramid, to find the centre of gravity of the whole figure, the 
density being uniform. 

Let a = the edge of the cube, and h = the height of the pyramid. 
The centre of gravity must evidently lie in the line joining the' 
vertex of the pyramid with the centre of the base of the cube. 
Let the base of the cube be the plane frt)m which the distances of 
the centres of gravity are reckoned. 

The content of the cube is a", and the distance of its centre of 
gravity fix)m the base is ^a. 

The content of the pyramid is ^6, and the distance of its 
centre of gravity from the base of the figure is a + ^. Therefore, 
if h denote the distance of the centre of gravity of the whole 
figure from the same plane, 

_ 6a^ + 4ab + IP 
1 2a 4- 46 

70. In like manner the centre of gravity of any part can be 
found, when the centres of gravity of the whole and the remaining 
parts are known. 
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Ex. The exterior of a cup is a cylinder, and its interior is a 
cone ; required the depth of the centre of gravity. 

Let A be the area of the circle formed by the rim of the cup, 
a the height of the cup, and b the depth of the vertex of the 
cone ; theix the content of the cylinder \a Aa, and the depth of its 
centre of gravity is |a. 

Also, the content of the cone is ^A&, and the depth of its 
centre of gravity is ^. 

Therefore the content of the cup is A(a — ^) ; and if x be the 
depth of its centre of gravity, 

Aa' A6' 4, -,v 



x = 



12a —46 



EXAMPLES. 

1. Four heavy particles, whose weights are i, 3, 5, and 7 lbs., 
are placed along a weightless rod, so as to divide its length into 
three equal parts; required the distance of the centre of gravity 
from the middle point of the rod. 

Let a be the length of the rod, then the distance required 
will be 

2. Three heavy particles, whose weights are P, Q, and R, are 
connected at given distances by a weightless rod ; required the 
distance of the centre of gravity from the weight Q. 
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Let a be the distance between P and Q, and b the distance 
between Q and R j then the distance required is 

PqroR5 
P+Q+R' 

3. Find the distance of the centre of gravity of four-fifths of a 
regular pentagon from the centre of the inscribed circle. 

Let a be the radius of the inscribed circle^ then the distance 
required is ^ 

4. A bar, of uniform thickness and density, is bent so as to 
form four sides of a reguleq* pentagon; find the distance of the 
centre of gravity from the centre of the inscribed circle. 

Let a be the radius of the inscribed circle, then the distance 
required is ^a. 

5. Find geometrically the centre of gravity of half a regular 
octagon. 

6. Find geometrically the centre of gravity of a bent lever of 
uniform thickness and density. 

7. If from a square ABOD, whose diagonals intersect in 0, the 
portion AOD be taken away, the distance of the centre of gravity 
of the remainder from is equal to ^a (a being the side of the 
square). 

8. From a cone, whose height is 8 inches, a similar cone, 4 
inches in height, is cut ofif by a plane parallel to the base ; what 
is the distance of the centre of gravity of the frustum from the 
basel 

The distance required is if inch. 
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9. The height of a conical shell is 14 inches, and the external 
diameter of the base is double the internal diameter, what is the 
distance of the centre of gravity from the base? 

The distance required is 3|- inch. 

10. Upon a side of a square, describe an equilateral triangle, 
and let YN be the line joining the vertex with the bisection of the 
base ; then, if G be the centre of gravity of the whole figure, 

GN :VN :: 4-^3 : 4 Va- 



il. If from any pyramid whose height is a, a pyramid whose 

height is 6 be cut off by a plane parallel to the base, shew that 

the distance of the centre of gravity of the frustum from the 

base is equal to 

a—,b g* -f 2ab + 3 6' 



12. Let two spheres of the same density, whose radii are a and 
h respectively, touch one another externally; the distance of their 
centre of gravity from the centre of the sphere whose radius is 
a is equal to 
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CHAPTER V. 



ON THE SIMPLE MACHINES. 



71." A machine is an instrmnent, by the agency of -which one 
force can resist or overcome another force not immediately oppo- 
site to it in direction. 

72. The simplest of such instruments are sometimes termed the 
Mechanical Powers, but are more fittingly named as the Simple 
Machines. These are, the lever, tlie wheel and axle, toothed 
wheels, the pulley, the inclined plane, the wedge, and the screw. 
These differ from each other more in their structure than in the 
principles of their operation; for when in equilibrium, the wheel 
and axle, the toothed wheel and the pulley, may be reduced to the 
lever; and the wedge and the screw are but modifications of the 
inclined plane. 

The two forces which act upon either of these simple machines 
are, for the sake of distinction, called the power and the weight, 
the latter always denoting the force to be resisted or overcome. 

73. By the mechanical advantage of any machine is meant the 
ratio of the weight to the power, when in equilibrium ; thus, if a 
power of 2 lbs. sustain a weight of 30 lbs. the mechanical advan- 
tage is 30 -H 2, or 15. 

74. The Leveb. The lever is an inflexible bar, capable of free 
motion about a fixed axis, called the fulcrum. Unless the contrary 
be stated, the lever is usually supposed to be without weight. 
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Leyers are of three kinds, according to the relative position of 
the power, weight, and fulcruoL 

When the fulcrum is between the power and the weight, the 
lever is of the first kind. 

When the weight is between the fulcrum and the power, the 
lever is of the second kind. 

When the power is between the fulcrum and the weight, the 
lever is of the third kind. 

The beam of a balance is a lever of the first kind, an oar is a 
lever of the second kind, and the treadle of a lathe is a lever of 
the third kind. 

Scissors are double levers of the first kind, nut -crackers are 
double levers of the second kind, and spring shears are double 
levers of the third kind. 



75, To find the condition of equilibrium in the lever^ when the 
power and the weight act in parallel directions. 

It is evident that there will be equilibrium, if the resultant of 
the two forces passes through the fulcrum. Let P represent the 
power, and W the weight; let a be the distance from the fulcrum 
at which P acts, and b the distance at which W act& Then, since 
P and W are by hypothesis parallel forces, their resultant will pass 
through the fulcrum, if 

Pa = W6, 

whether the fulcrum be between the forces, as in levers of the 
first kind, or without them, as in levers of the second and third 
kinds. Hence, when the power and the weight are parallel forces, 
the condition of equilibrium in a lever of any kind, is that the 
power X its distance from the fulcrum = the weight x its distance 
from the fulcrum; and, therefore, the mechanical advantage 

distance of power from fulcrum 
" distance of weight from fulcrum* 

D 6 
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70. To find the condition of equilibrium in a lever acted upon by 
parallel forces, when the weight of the lever itself is regarded. 

Let P denote the power, and W the weight Let a = the length 
of the arm at which P acts, and & = the length of the arm at 
which W acta Let w = the weight of the lever, and c = the 
distance of its centre of gravity from the fulcrum. 

The weight of the lever may be regarded as a force w acting at 
the centre of gravity. By Art. 47, there will be equilibrium, if 
the algebraic sum of the moments about the fulcrum be equal to 
zero. 

First. Let the weight of the lever tend to produce revolution 
in the same direction as P, then 

Pa + wv — W6 = o. 

Secondly. Let the weight of the lever tend to produce revoln- 
tion in the same direction as W, then 

Pa — tw — W6 = o. 

77. To determine the condition of equilibrium in a lever, when the 
power and weight act in any direction whatever. 

Let P and Q be forces acting in any direction at the extremities 
A and B of any lever, which may 

be either straight, as in the figure, / *'n^ \ 

or bent in any manner. From the / *"•., ,..*^' \ 

fulcrum C let fall perpendiculars A^'— ' ^-^ \B 

upon the direction of the forces, / \ 

and let their lengths be p and q ^ \ 

respectively. Then (Art. 30) the resultant of P and Q passes 
through C, if Pp = Q?, 

which is, consequently, the condition of equilibrium required. 

GoR. If a and h be the arms of any lever, straight or bent, and if 
P and Q make angles a and /? respectively with the arms; then 
/> = a sin a, and 2^ = 6 sin )8; consequently, the condition of equi- 
librium is -n^ „. /N. „. o 

Pa sm a s: <jo sin p. 
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78. To determine the pressure upon the Julcrum of a lever. 

The pressure upon the fiilcram is in every caae the resultant of 

the forces acting upon the lever. When these are parallel and act 

concurrently, the resultant equals their sum; if not concurrent, 

the resultant equals their difference. Hence, the pressure upon 

the fulcrum, 

in levers of the first kind, is P + W, 

in levers of the second ..• . . W — P, 

in levers of the third P — W. 

If the weight of the lever itself be regarded, it must be added 

to or subtracted from the power, aocordii^ as it acts concurrently 

or non-concurrently with the power. Then, if w = the weight of 

the lever, the pressure upon the fulcrum, 

in levers of the first kind, is P+ W+ii^, 

in levers of the second, is...W — (P+m^), 

in levers of the third, is ,..(F±w) — W. 

79. An ordinary balance is, mechanically considered, simply a 
lever of the first kind, provided with pans suspended from its 
extremities. When the arms of the balance are equal, a body 
placed in one of the pans will be balanced by an equal weight in 
the other. When, however, the arms are unequal, the weight in 
one pan is not equal to that of the body in the other. 

80. To determine the true weight of a body by a false balance. 
Let w be the true weight of the body, and let x and y be the 

unknown arms of the balance. When w is placed in one pan, let 
it be balanced by a weight a ; and when placed in the other, by a 
weight 6. Then, since w and a, acting at the arms x and y, were 
in equilibrium, ^^^^^ 

And since w and 6, acting at the arms y and or, were in equilibrium, 

vyy = bXy 
v^<x!y==abxyy 
or, ti^ — abf OTW= ^/ab. 

That is, the true weight is a mean proportional between the two 
false weights. 
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81. The Steel-yard. The common steel-yard is a lever of the 
first kind, with very 
unequal arms, pro- 
vided with a move- 
able weight P, which 
may be suspended 
from any point in 
the longer arm. The 
longer arm is gradu- 
ated, and the weight 
of any body suspended from the shorter arm is indicated by the 
point at which P must be placed in order to balance it. 




82. To graduate the common 8teel-yard. 

First When the centre of gravity of the instrument (including 
both the beam and the scale-pan) is in the shorter arm. 

Let G be the centre of gravity, let D be the point at which P 
must be placed, in order to balance the instrument only, and E 
the point at which P balances the instrument, when a weight of 
I lb. is placed in the scale-pan; then, if successive distances, each 
equal to DE, be marked along the arm, they will denote the 
positions of P, corresponding to successive additions of one pound 
to the weight 

For, let w be the weight of the instrument ; then, since the 
instrument is balanced by P at D, 

P.CD = m;.GC (L). 

Again, since a weight of i lb. in the scale-pan is balanced by 

Pat E, 

P.(CD + DE) = w.GC+AC; 

whence, by subtraction, ' 

P.DE = AC (u.) 

Let a weight of n lbs. in the scale-pan be balanced by P at F, 
hen 

P(CD+DF) = ti^.GC + n.AC; 
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whence, by equations (i.) and (ii.), 

P(CD+DF) = P.CD + wP.DE; 
and, therefore, DF = n. DE ; 

that is, if n be 2, DF= 2DEj if n be 3, DF= 3DE, and so on. 

Secondly ; when the centre of gravity of the instrument is in 
the larger arm. 

Let G be the centre of gravity, falling now to the right of C. 
In this case the steel-yard will serve to weigh those bodies only 

whose weight is greater than ' . Let p be some whole num- 

ber of pounds greater than ' , and let p lbs. in the scale-pan 

be balanced by P at D, and let (p + i) lbs. be balanced by P at E ; 
then, as before, successive distances, each equal to DE, will denote 
successive'increments of i lb. in the weight. For, by hypothesis, 

P.CD+mGC = p.AC (i.) 

and P.CE-J-w. GC = (p+i)AC; 

P.DE = AC (il) 

Let a weight of (p+n) lbs. be balanced by P at F, then 

P(CD + DF) + w.GC = (p + n)AC; 
whence, subtracting (i.) 

P.DF = n.AC; 
and, therefore, by (ii.) 

DF = n.DR 

83. The Danish Balance. This instrument consists of a straight 
bar AB, having a j^ 

heavy knob A at ^^ -^ 



_ - ,1 -■ ' ' ' ' " 

one end, and at the ^*5^ ^ 

other end B a hook 

bearingascale-paiL 

The fulcrum C is 

moveable, and the bar is so graduated, that the weight of any 

body placed in the scale-pan is determined by the position of 0. 
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84. In the Danish Balance the distances of the fulcrum from the 
end of the bar, corresponding to successive equal increments of the 
weight, form a harmonic series. 

Let w be the weight of the instrument, and G its centre of 
gravity. Let C be the position of the fulcrum when the weight 
of the instrument balances a weight of n units placed in the scale- 
pan. Then nBC = w.GC, 

= mf(BG«BC); 

therefore, BC=— ^ — . 

w+n 

Consequently, the successive values of BO, corresponding to the 
values o, i, 2, 3, <kc. given to », are 

tir.BG w.BG w.BG M^. BG . 

y f f 9 &0. 

W W-\- I W+ 2 W+ 3 

The reciprocals of these quantities form an arithmetical series, 
and therefore the quantities themselves are in harmonical pro- 
gression. 



85. The Bent Lever Balance. This instrument, which is 
very convenient for determining expe- 
ditiously the weight of bodies within 
a moderate range, consists of a bent 
lever ACB, one end of which A bears 
an index, which moves over a graduated 
quadrant, and the other end B sustains 
the scale -pan. The thickness of the 
lever is greatly increased towards A, so 
that its centre of gravity shall be not 
flax from A. The quadrant may be 
graduated experimentally, by placing 
different weights successively in the pan, and marking off the 
points at which A rests. 

The graduation of the quadrant may be also determined by 
calculation. 
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Let be the angle between the arm AC and the upright stem, 

corresponding to any weight W. Let w be the weight of the 

bent lever, and w the weight of the scale-pan. Then, taking the 

moments about C, 

w.CD = (W4-m/)CR 

But if a be the length of the arm AC, and h that of the arm BC ; 

and, for greater simplicity, let the angle ACB be a right angle. 

Then CD = a sin ^, and CE =: 6 cos 0, Therefore, 

w,amiO=^ ( W + w') 6 cos 0, 

wa 
As $ approaches a right angle, its tangent increases rapidly; 
and, consequently, a lai^e increase of the weight will then occasion 
but a small increase in the angle, and hence the balance cannot be 
depended on for weights above a certain value. 

86. The Whbel and Axlb. The wheel and axle consists of a 
(^linder or axle firmly fixed to a wheel, and having a common axis 
with it. The weight is attached to a cord passing round the axle, 
and the power to a cord passing round the wheel. 

Let the figure represent a section of such a machine, where C is 
a point in the common axis, CA the radius 
of the wheel, and CB the radius of the axle. 
Let P be the power, and W the weight. These 
may be r^;arded as two parallel forces, and A 
if in equilibrium, their resultant must pass 
through C, and therefore we must have P x 
AC = WxBC, or Pxradius of wheel = Wx 
radios of axle. Hence the mechanical ad- 
vantage in the wheel and axle is found by 
dividing the radius of the wheel by the radius 
of the axle. 

The wheel and axle admits of various modifications in form. 
Instead of the wheel, the power may be applied by means of a 
winch, as in the windlass; or by means of bars, inserted into holes 
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pierced in the axle, as in the capstan. In these cases we have, 
instead of the wheel, one or more of its radii, and the mechanical 
advantage is still as before, the radius at which the power acts, 
divided by the radius at which the weight acts. 




87. The advantage in the wheel and axle may be increased 
either by increasing the radius of the wheel, or 
by diminishing the radius of the axle. If, how- 
ever, the wheel be very greatly increased, the 
machine becomes too unwieldy to be serviceable, ^ 
and if the axle be much diminished, it becomes 
too weak to sustain the weight. These difficul- 
ties in the way of an indefinite increase of the 
mechanical advantage are overcome by the simple 
device of a compound axle, one-part of which is 
of smaller radius than the other. One end of 
the cord, sustaining the weight, is wound round the thicker part 
of the axle, and the other end, in a contrary direction, round the 
thinner part. As the power descends, some part of the cord 
unwinds from the thinner axle, while another part is woimd up 
around the thicker axle ; but as more of the cord is wound up 
than is let out, the weight is raised by the action of the machine. 
Let P be the power, W the weight, r the radius of the wheel, a 
the radius of the thicker axle, and h the radius of the thinner 
axle. Since the whole weight is supported by the two parts of 
the cord, the tension in the cord = JW. 

The power and the tension in the cord passing to the thinner 
axle both act on the one side of the axle, and the tension in the 
cord passing to the thicker axle acts on the other. By Art 46, 
there will be equilibrium, if the sum of the moments of the 
former about a point in the axis equals the moment of the latter; 

Pr+^W6 = iWa, 



or. 



Pr = jW(a-6)j 
P : W : : a — 6 : 2r. 



Whence it appears^ that the mechanical advantage is equal to 
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twice the radius of the wheel divided hj the difference of the radii 
of the axles. Part of this advantage is owing to the introduction 
of the pulley, which it will be presently seen doubles the advan- 
tage of the machine. Consequently, the advantage of the wheel 
and axle alone is equal to the radius of the wheel divided by the 
difference of the radii of the axles, or the machine is equivalent to 
a simple wheel and axle, having an axle equal to the difference 
between the thicker and thinner parts of the compound axle. 

88. Toothed Wheels. A toothed wheel is a circular plate of 
wood or metal, having its circumference indented or cut into equal 
teeth all the way roimd. If two such wheels, having their teeth 
of the same magnitude, and at the same distance apart, be so 
placed that a tooth of one may lie between any two of the other; 
then, if one of them be turned round by any means, the other will 
be turned round also. 

If the teeth be large, the amount and direction of the pressure 
which the one wheel exerts upon the other will, unless the teeth 
be made of a peculiar shape, vary considerably as the wheels 
revolve; but if the teeth be small in comparison with the size of 
the wheel, this variation may be disregarded, and the mutual 
pressure may, without any great error, be treated as constant in 
magnitude and direction. 

89. To find the ratio of the power and weight in toothed wheels^ 
when the teeth are email. 

Let the power and the weight both act at 
axles of equal radius, and let c be this radius. 
Let a be the radius of Fs wheel, and h the 
radius of W's wheel. 

Since the teeth are small, the pressure of 
the one wheel upon the other may be re- 
garded as constant, and as acting in the 
direction of the common tangent to the two 
wheela Let Q denote this pressure. Then, 
since P and Q are in equilibrium, Pc= Qa. 
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Similarly, Wc = Q6 ; 

.'. multiplying crosswise, PQ6c = WQa<;; 

or, "B :W :: a :b. 

But since the teeth in each wheel are of the same magnitude and 
at the same distance apart, the number of teeth in each wheel will 
be proportional to the circumference, and consequently to the 
radius. Therefore, P : W : : number of teeth in Fs wheel : 
number of teeth in W's wheel 

90. The Pullet. A pulley consists of a small wheel, which 
moves freely about an axis, and allows a cord to pass over any part 
of its circumference. Unless it be otherwise stated, the wheel is 
supposed to revolye without friction, and the cord to be perfectly 
flexible. 

With a single fixed pulley, there is neither gain nor loss of 
power; for, as the tension in every part of the cord is the same, 
if a weight W be suspended at one extremity, an equal weight 
must be applied at the other to maintain equilibrium. Hence, in 
this case, P = W. 

The effect of a fixed pulley is simply to change the direction of 
a force. 

91. To find the ratio of the power and weight in a single move- 
ahle pulley y when the cords are parallel. 

Let the weight W be attached to the moveable pulley B, and 
let B be sustained by a cord ABC, one extremity 
of which is fastened at A, and the other, after 
passing over the fixed pulley G, sustains the 
power P. 

Let there be equilibrium; then the weight W 
is sustained by the tension in BA and the tension 
in BC. But since the cords are parallel, these 
tensions may be regarded ajs two parallel forces, and therefore W 
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must equal their sum. But the tenaioa of the cord is the ume 
throughout, and is equal to P; 

W = aP,orP = iW. 

92. The fbUowiog corabinationa of pulleys are termed reepeo- 
tively, the firet, second, and third STstem of pulleys. 

In the first system of pulleys, each pulley hangs by a separate 
cord, one end of which is fastened to a fised beam, and the other 
to the piilley above it. (See fig. Art 93.) 

In the second Bystem of pulleys, the eame cord passes round all 
the pulleys, which are arranged in two blocks, one of which is 
fised, and the other bears the weight. (See fig. Art. 95.) 

In the third system of pulleys, each oord is attached to the 
■weight. (Bee fig. Art. 96.) 

93. To find the ratio of the power and weight in thejirst it/slem 
of palliyt, when the weight of the puUeya is disregarded. 

Let A, B, C be three moveable pulleys, and let P and W be in 
equilibrium. 
By article 91, 

tension in AB-^W, 
tension in BC = ^ tension in AB = ^W, 
tension in CF - J tension in BC = ^W. 
But, by Art 90, tension in GP = P, therefore, when there are 
three moveable pulleys, P = JW or W = 8P. 
Similarly, if there be four pulleys, 'W= i6Pj 
if five, W = 33P, and so on. Hence, in the 
first system of pulleys, when the weight of 
the pulleys is disregarded, the weight is found 
by doubling the power as many times as 
there are pulleys, and the power is found by 
halving the we^t as many times as there 
are pulleys. 

Or, if n be the number of moveable pulleys, 
p=!]!^, orW = 3-P. 
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94. To find the ratio of the power and weight in the first system 
of pullet/Sy when the weight of the pulleys is regarded. 

The total weight acting at each pulley is the tension of the 
string attached to the blocks together with the weight of the 
block. 

The entire weight at A is the weight W, together with the 
weight of the pulley A; one-half of this sum will give the tension 
inAB. 

The entire weight at B is the tension in AB, together with the 
weight of the pulley B ; one-half of this sum will give the tension 
inBC. 

The entire weight at C is the tension in BC^ together with the 
weight of the pulley C ; one-half of this sum will give the tension 
in CF, which is equal to the power P. 

Hence, when W is given to find P, to W add the weight of the 
lowest pulley, and divide by 2 ; add the weight of the next pulley, 
and again divide by 2. Eepeat this process as many times as 
there are moveable pulleys, the result will give P. 

If P be given, W is found by the inverse processes. Double P, 
and subtract the weight of the highest pulley. Double again, and 
subtract the weight of the next pulley, and so on as many times 
as there are moveable pulleys. 

If n be the number of moveable pulleys, whose weights are 
severally w^w^ &o. . . . w^ 

2* 2 2 

— (W + Wj + 2W^ + &C. + 2^^W^, 

2 

Hence, if all the pulleys be of the same weight, w, 

T> W-f- (2"— l)lP -TTn- nT> / « \ 

P = }i L-., or W =2"P-(2*-l)w. 

2* 

95. To find the ratio of the power and weight in the second system 
of pulleys. 
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Since there is but one oord, and F is attached to one extremity 
of it^ the tension in every part is equal to P. 
Hence, if n be the number of the portions of 
this cord in contact with the lower block, the 
weight supported will be rtP; therefore, in 
this system, 

W = nP, orP = iW. 



n 



If the weight of the lower block be w, the 
total weight supported is W-^w, therefore, 
if the weight of the block be regarded, 

W+t(; = nP, or P = i(W+w). 




n 



7i 



\ 



rh 



B 



96. To find the ratio of the power and weight m the third system 
of pulleySy when the weight of the pulleys is disregarded. 

Let there be thi*ee pulleys A, B, C ; then 
tension in ka = P, 
tension in B5 = pressure on A = 2P, 
tension in C<? = pressure on B = 4P. 
But as the weight is supported by the tensions in 
the three cords Aa, B5, and Cc, and since the cords 
are parallel, W must equal the sum of the tensions; 
therefore, 

W = P+2P + 4P = 7P. 
Similarly, if there be n pulleys, 

W= P+ 2P+ 2^*?+ &c. + 2"-*P, 

= (2»-l)P. 



d) 




Dp 



97. To find the ratio of the power and weight in the third system 
of pulleys, when the weight of the pulleys is regarded. 

The tension in Aa (fig. Art 96) equals the power. The tension 
in B6 equals twice the power increased by the weight of the 
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lowest pulley. The tension in Cc equals twice the tension in B5, 
increased by the weight of the second pulley. The weight W will 
be equal to the sum of the three tensions. 

Hence generally, add together as many terms of the following 
series as there are pulleys; viz., the power, twice the power + 
the weight of the lowest pulley, twice the preceding + the weight 
of the next pulley, and so on ; this sum will be equal to the weight 
supported. 

If there be n pulleys, whose weights, beginning with the lowest 
are severally w^, w^, 6cc.,..w^ then 

W=:(2*-i)P+(2'^^-i)«?i+(2*^— r)w8 + <fea... + «Vi' 
Or, if all the moveable pulleys be of the same weight w, 

W = (2*- i)(P + w;)-^^. 

98. To find the ratio of the power and weight in the single move- 
able pulley, when the cords are not parallel. 

Let 2a be the angle between the cords, ^x 
The pulley is at rest under the action \ 
of three forces; namely, the weight W \ 

and the tension in the two parts of \ 

the cord, which tension is equal to P. ff^fl^ 

Then, by Art 22, T 

P : W : : sin a : sin 2a : : I : 2 cos a; 
W = 2P cos a, 

99. Hence, if two moveable pulleys be combined, as in the first 
system, with the cords inclined at angles 2a and 2/3 respectively, 

W = 2*. P cos a cos fi. 
For, if T be the tension in the cord bearing the lower pulley, 
then, by the preceding Article, 

W=2Tcosa, 
and T=2Pcos^; 

therefore, W »: 2'. P eos a oos )8L 
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And SO generally, if there be n moveable pulleys, and the angles 
between the cords are 2a|, 203, 203 2a^ respeotively ; then, 

W = 2* P cos tti, cos Oj cos a^. 

Hence, if o^, a,, <kc., be equal to one another, 

W = P. (2 cos a)*. 




100. The Inclined Plane. To find the ratio of the power and 
weight in the inclined plane, when the power acts parallel to the 
plane. 

Let W be a weight resting upon the inclined plane AC, and 
supported by a power P acting parallel 
to the plane. The forces in equilibrium 
are gravity, the power P, and the re-action 
of the plane acting perpendicularly to the 
plane. Make Ab = AB, and Ac = AC, then 
the triangle Abe is in all respects equal to 
the triangle ABC. In the triangle A&c, 

be is perpendicular to the direction of the power P, 
Ac „ „ the direction of gravity, 

Ab „ „ the re-actibn of the plane; 

/, by Article 20, P : W : : ftc : Ac, 
or, P : W : : BC : AC. 

That is, P is to W as the height of the plane is to its length. The 
mechanical advantage, or the ratio of W to P is, consequently, the 
ratio of the length of the plane to the height. In a similar man- 
ner the pressure on the plane may be determined. This is equal 
and opposite to the re-action of the plane. Let R denote this re* 

action, 

R : W : : A6 : Ac, 

: : AB : AC. 

That is, the pressure on the plane is to W as the base of the plane 
is to its length. 
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101. To find the ratio of the power and the weight in the inclined 
plane, when the power acts horizontally. 

In this case W is kept at rest by three 
forces; viz., the force of gravity acting 
vertically, the power actmg horizontally, 
and the re-action of the plane acting per- 
pendicularly to the plane. The sides of 
the triangles ABC are severally perpen- 
dicular* to the directions of these forces; viz. — 

BC is perpendicular to the direction of P, 

AB W, 

AC R 

Therefore P : W : : BC : AB; or the power is to the weight as 
the height of the plane is to the base. 

Hence the mechanical advantage is the ratio of the base to the 
height. 

Also, R : W : : AC : AB; or the pressure on the plane is to the 
weight as the length of the plane is to the base. 



102. Two weights, connected by a cord which passes over a pulley 
at the summit, rest upon a double inclined plane; to find their ratio 
when in equilibrium. 

Let I and V be the length of the two planes supporting respec- 
tively the weights W and P. Let h be the common height of the 
planes. If T denote the tension in the cord, then, since W is 
supported on an inclined plane by a force T acting along the plane, 
by Article 100, 

T :W ::h :l; 
Similarly, T :P ::h:l', 

F :W ::l' :l 

That is, the two weights are in the same ratio as the lengths of 
the planes on which they respectively rest. 
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103. To find the vertical and horizontal pressures, when a farce 
acts perpendicularly to a given inclined plane. 

Let R in the figure of Art. 101 represent the given force, W and 
P vertical and horizontal forces in equilibrium with R, and conse- 
qnently equal and opposite to the vertical and horizontal pressures 
exerted by R 

But W : R : : AB : AC j therefore, 

the vertical pressure = R x base of the plane 

length of the plane 

And P : R : : BC : AC; therefore, 

the horizontal pressure = R x height of the plane 

length of the plane 

104. To find the pressure upon an inclined plane in terms of the 
power and the mechanical advantage. 

Let P-be the power and a the mechanical advantage. Let R 

denote the pressure on the plane, 6 the base of the plane, h the 

height, and I the length. Then, if the power acts along the 

plane. Art. 100, 

R :P ::6 : A ::V(^-A*) : A; 

B.-P >/(^"A') 



=Mp-0^ 



and, therefore, since a = ^ 

h 

R=PV(a'-i). 

Again, if the power act horizontally, by Art. 101, 

R: P ::? :A :V(6'+A«) : /*; 

h ' 



but a = Tj ft^<i> therefore, 



-M^O^ 



R=P>/(a'+i). 

E 
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105. To find the ratio of the power and the weight in the inclined 
plane, when the power ads in any direction whatever, and also to 
find the pressure on the plane. 

Let the power be inclined to the 
plane at an angle ft Then, by the 
triangle of forces, 

P : W : : sin RW : sin PR. 

But RW=i8o^-a, and PR=9o°-tf; 
therefore, 

P : W : : sin a : cos 0, 

P. COB e 



or. 



W = 



sin a 




To find the pressure on the plane, we have 

R : W : : sin PW : sin PR, 

A 

but PW = 90** + a + ^; therefore, 

R : W : : cos (a + 6) : cos 0, 
^_ W. cos (a+^) 



or 



cos 6, 



li 



106. The Wedge. To find the ratio of the power and the resis- 
tance in an isosceles wedge. 

Let ABC be the section of an isosceles wedge introduced into 
the cleft DFE, and let the points DE 
be similarly situated on the two sides 
of the wedge. The resistance on each 
side of the wedge will be the same, and 
if R = the total resistance, the resis- 
tances at D and E will each = ^R; and 
they act peipendicularly to the sides of 
the we^ge. Let a power P act at the 
point H, the centre of the back of the 
wedge. The directions of these three 
forces when produced will meet in a 
point G; they may, therefore, be considered as three forces acting 
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upon a point, and in equilibrium. The sides of the triangle ABC 
are severally perpendicular to the directions of the three forces, 
and therefore, 

P -.^R :: AB : AC; 

P : R : : ^AB : AC. 

That is, the power is to the total resistance, as half the back of 
the wedge is to the side of the wedge. 

107. The Screw. Let AB be a cylinder, and AD a rectangle, 
whose base AC is equal to the circum- 
ference of the cylinder. Let the side CD 
be divided into any number of equal parta 
Join AG, and through the points F, E, D, 
draw FH, EI, DK parallel respectively to 
AG. Then, if the rectangle AD be wrapped 
round the cylinder, the parallel lines AG, 
HF, <fec., will trace out the continued spiral 
line called the screw. 

Hence, any resistance to be overcome by a screw may be re- 
garded as a weight resting upon an inclined plane, whose base is 
equal to the circumference of the cylinder, and whose height is 
equal to the distance between the threads of the screw. 

When the screw is used for mechanical purposes, the power is 
always applied in a direction perpendicular to the axis of the 
cylinder, and consequently parallel to the base of the inclined 
plane forming the screw line ; and, therefore, 

P : W : : height of inclined plane : the base ; 
that is, P : W :: distance between the threads of the screw : 
circimxference of the cylinder. 




E 2 
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EXAMPLES. 

i. Problems not requiring a knowledge of Trigonometry, 

1. A bar of uniform thickness and density, whose weight is 6 lbs., 
and length 4 ft. 2 in., is used as a lever of the first kind; the 
fulcrum is 10 inches from one end of the bar; what power will 
sustain a weight of 25 lbs. ? 

The power required is 4 lbs. 

2. A bar of uniform thickness and density, weighing 2 lbs. per 
foot, is used as a lever of the first kind; the fulcrum is 9 inches 
from one end of the bar; what must be the length of the bar 
when its weight balances a weight of 36 lbs. suspended at the end 
of the shorter arm ? 

The length of the bar is 6 feet. 

3. In a weightless lever of the first kind, a power P acting at 
an arm a, sustains the same weight as the power Q acting at an 
arm h ; required the length of the lever, and the weight sustained. 

The length of the lever is equal to 

a^(P--Q) 
Pa~Q6 ' 

and the weight sustained is equal to 

Pa-Q6 
h — a 

4. Two men, able to exert forces of 260 and 300 lbs. respectively, 
work the handle of a winch and axle. The radius of the axle is 
5 inches, what must be the length of the arm of the winch that 
the men may be just able to raise a weight of 2 tons. 

The required length is 3 ft. 4 in. 



ON THB SIMPLB MACHINES. 77 

o. A weight of lo lbs. is suspended from a single moveable 
pulley, the cords are inclined at an angle of 30°; required the 
tension in the cord. 

The required tension is 5 {y/6 -\/2) lbs. 

6. Five pulleys, each weighing 3 lbs., are arranged according to 
the first system; what weight will be supported by a power of 
20 lbs. ? 

The required weight is 547 lbs. 

7. In the first system of pulleys, if p be the power necessary to 
balance the weight of the blocks, and if a be the mechanical 
advantage of the system, when the weight of the blocks is disre- 
garded ; then will, 

W = a(P-p). 

8. In the first system of pulleys, composed of blocks of equal 
weight, shew that the power required to balance the weight of the 
blocks approaches more and more nearly the weight of one of 
them, as the number of blocks is increased. 

9. A weight 2P is supported on an inclined plane by two equal 
forces P and P, one acting horizontally and the other along the 
plane; required the inclination of the plane. 

The plane rises 4 in 5. 

10. A weight 2P is supported on an inclined plane by two equal 
forces P and P, one acting horizontally and the other making with 
the plane an angle equal to the inclination of the plane ; required 
the inclination of the plane and the pressure upon the plane. 

The inclination of the plane is 45^, and the pressure upon the 
plane is equal to P^2. 

11. K the arms of a lever of the first kind, of uniform thick- 
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ness and density, be a and % and if the weights P and W be in 
equilibrium, what is the weight of the lever) 
The required weight is equal to 

2 ( W6 -- Pa) , 
a — 6 

12. If the same bar be used as a lever of the second kind, 
having, as before, the shorter arm equal to 6, and if the weights 
P and W be in equilibrium when the weight of the bar acts con- 
currently with W, what is the weight of the lever 1 

The required weight is equal to 

ft 

13. If P and W be in equilibrium in the simple wheel and 
axle, and if P be caused to descend, shew that P x distance 
through which P moves = W x distance through which W moves. 

14. Shew the same in the case of the compound wheel and axle. 

15. If two weights P and W, connected by a cord which passes 
over a pulley at the summit, are in equilibrium upon a double 
inclined plane, shew that, when the weights are put in motion^ 
P X vertical height through which P moves = W x vertical height 
through which W moves. 

16. In a single moveable pulley, if the angle between the cords 
be 6o^ shew that W =V3 • ^* 

17. If three pulleys, whose weights are ti^i, v>^ and w^ be 
arranged according to the first system, and P and W be in equi- 
librium, shew that if P descend through a space a, and x^y x^ x^ 
be the spaces through which the pulleys severally rise in conse- 
quence; then. 

Pa = Wa?i + Wia?i + w.x^ + w^a?,. 
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18. When a weight is supported upon a plane whose inclination 
is Oy what angle must the direction of the power make with the 
plane that the resistance may be equal to the power ? 

The required angle is equal to 90° — 20. 

19. If the inclination of a plane be 30% and the direction of 
the power make with the plane an angle of 30°; shew that 

P : W : : I : ^3. 



iL ExampUi requiring a hMwUdge of TrvgoMfrndry. 

20. If P and Q, connected by a string passing over a fixed 
pulley, be in equilibrium on a double inclined plane; if a and fi 
be the inclinations of the planes, and and ^ the angles which the 
two portions of the string make with the planes; then, 

P cos ^ sin )3 
Q cos^* sin a 

21. A weight (m+ n) P is supported upon an inclined plane by 
two forces, one mP acting horizontally, and the other tzP making 
an angle with the plane equal to the inclination of the plane ; 
required the inclination of the plane. 

The inclination of the plane is 45^ 

22. A weight of 13 lbs. is supported upon an inclined plane by 
a power of 10 lbs., making an angle with the plane equal to half 
the inclination of the plane; required the inclination of the plane. 

The inclination of the plane is equal to 



-IHI) 



23. A cord fastened at A passes under a moveable pulley bearing 
a weight P, it then passes over a fixed pulley at B, and passing 
under a second moveable pulley bearing a weight Q, is finally fas- 
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tened to a fixed peg at C ; required the tension in the cord when 
the angle at one of the moveable pulleys is double the angle at 
the other. 

Let P be greater than Q, then the tension required is equal to 

4 

24. Find the pressure on the axis of a winch and axle. 

Let P be the power, a the mechanical advantage, and 6 the 
angle between the arm of the weight and the arm of the power, 
then the pressure on the axis is equal to 

Ty/^o^ - 2a cos + i). 
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CHAPTER VI. 

ON COMBINATIONS OF THE SIMPLE MACHINES. 

108. To find tJie mechanical advantage of any combination of 
machines, 

lu a combination of machines, the weight of the first machine 
is the power of the second, the weight of the second the power 
of the third, and so on. Let a, b, c, be the separate advantages 
of three machines in combination. Let P and Q be the power 
and weight in the first, Q and E those in the second, R and W 
those in the third ; then^ 

Q = aP, 
and R = 6Q, 

and W = cR, 

Multiplying together QRW = abc PQR ; 

W = abcT. 
Therefore abc represents the mechanical advantage of the com- 
bination; that is, the advantage of the combination is equal to the 
product of the separate advantages of the component machines. 

In like manner it may be shewn that the mechanical advantage 
of the combination of any number of machines is equal to the 
product of the separate advantages of the component machines. 

109. The Knee Lever. This is a combination of levers, used 
in some forms of the printing press, and in other cases where a 
very great pressure is required to act through a very small space. 
It consists of a bar ACB, moveable about a fixed pivot at B, and 

B 5 
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fastened to a second bar at C. The bar CD is connected by a 
pivot at D with a moveable plate EF. The lengths CB and CD 
are so taken that the two bars are 
nearly in the same straight line, K 

when the plate EF is in its lowest 
possible position. The power is ap- 
plied at A, at right angles to AB, 
and the plate is in consequence 
pressed down with a very great force. 

Let W be the thrust transmitted P 
along the bar CD; then, since CD 
is nearly perpendicular to the plate 
when the instrument is in operation, 
W will very nearly represent the 
effective pressure on EF. 

To determine the ratio of W to P, draw BG at right angles to 
DC produced. The bar AB is in equilibrium under the action of 
the force P, and a force equal and opposite to the thrust in CD, 
that is, a force W acting in the direction CO; wherefore, taking 
their moments about the fixed point B, we have, 

WxBG = PxAB; 

AB 




W = Px 



BG- 



But when the bars are nearly in the same straight line^ BG is 
very small, and consequently — - is very large. 



110. If the larger arm of AB be a, and the shorter h, and if, 
when the instrument is in operation, the angle ACD be 0, then 

b sin $' 

and therefore the mechanical advantage is equal to 

a 
bmiff 
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111. The Weighing Machine. This is a combination of 
leyers, so arranged as to 
furnish a convenient means 
for determining the weight 
of carriages and other heavy 
bodies. In a rectangular 
framework ABCD are placed 
four equal levers of the 
second order, having their 
fulcra at A, B, C, and D, 
and their other extremities 
connected together at 0, 
and also fastened there by ^ 
a pivot to a lever KL. This 
lever is also of the second 
order, having its fulcrum 
at L, and is connected by " 

a rod KM with a small balance MN. At E, F, G, and H, are four 
pins, severally equidistant from A, B, C, and D. Upon these pins 
a platform (not represented in the figure) rests, and upon the plat- 
form the body to be weighed is placed. When used for weighing 
carriages, the framework is sunk below the road, so that the plat- 
form may be on a level with the road. In place of the balance 
MN, a small steel-yard is frequently used. 

In determining the mechanical advantage of this machine it 
must be observed, that the four levers, AO, BO, CO, DO, are not 
in combination, but are simply a contrivance for the convenient 
support of the weight. The mechanical advantage is simply that 
of one of them. For let W be the entire weight on the platform, 
and let V, X, Y, and Z, be the parts of it, acting severally at the 
points E, F, G, and H, and let m be the advantage of each of the 
four levers; then, 




Y at E will be balanced by — at 0, 

m 
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X at F T^ill be balanced by — at 0, 

971 



Y„ G 



Z„H 



>l 



99 



99 



M 



-.,0, 
m 

^ O 



Hence^ the entire pressure at is equal to 

V+X + Y + Z. 



m 

that is, is equal to — . 

m 

Hence, the instrument is equivalent to a combination of only three 

levers. Let A and a be the lengths of the longer and shorter 

arms of the lever AO, B and b those of the lever KL, and C and c 

those of the lever MN; then, 

mechanical advantage = — x -r- x — , 

a c 

ABC 

" abc ' 



112. The Screw Pbess. This instrument is a combination of 
the screw and the lever, the 
power being applied at the 
extremity of a lever, connected 
with the screw at right angles 
with its axis. The fulcrum of 
the lever is at the axis of the 
screw, and the pressure exerted 
by it is at the circumference of 
the screw. The lever is con- 
sequently a lever of the second 
kind, having its shorter arm 
equal to the radius of the 
screw. 

Let r be the radius of the screw, d the distance between the 
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threada, and I the distance of tfae point at which the power acts 
from the axis of the screw; then, 

adTantaire of lever =^~, 
r 

advantage of screw = ^^; 

therefore, , . , airf 

advantage of press = -— -. 

Hence, the advantage of the press is equal to the circumference 
described by the power divided by the distance between the 
threads. 

113. Hunter's Screw. In the common screw press, the me- 
chanical advant^e is increased either by increaaiug the length 
of the lever, or by diminishing 
the distance between the^ threads. 
Practically, however, the increase 
cannot be continued indefinitely 
by either method. If the length 
of the lever be too great, the 
instrument is unwieldy; and if 
the threads be too fiue, they will 
not be strong enough to sustain 
the pressure exerted upon them. 
These difficulties are overcome by 
the screw nveuted by Mr. Hunter, 
and called after his nama 

Instead of the single screw of 
the common screw press, be substituted two screws, one of which 
worked within the other. The lat^r screw, aa in the common 
press, works threugh a nut; and the smaller screw ia fastened to 
the moveable plate. The distance between the threads of the 
smaller screw is less than that between the threada of the larger 
screw. 

To determine the mechanical advantage of the combination. 
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Let P be the power applied at the end of the lever, and let W be 

the resistance sustained by it. 

Eesolve P into two forces X and Y, acting respectively at the 

circumferences of the two screws; then, if I be the distance of P 

from the common axis of the screws, r and / the radii of the 

screws, by Art. 43, 

P/ = Xr-Yr' (i.) 

But since a weight W is sustained by a power X acting at the 
circumference of the larger screw, if d be the distance between 



the threads. 



X = 



Wd 
27rr 



(u.) 



In like manner, if d^ be the distance between the threads of 



the smaller screw, 



Y = 



Wd' 



2vr 



(iii.) 



Substituting in equation i. the values given by il and iii., then 

Wd Wd' 



Vl = 



therefore. 



27r 2ir 
W^ 2irl 
P d^ 



or the mechanical advantage is the circumference described by 
the power divided by the difference in the intervals between the 
threads of the larger and smaller screw. 

114. The Endless Screw. This instrument is a combination 
of the screw, and the wheel and axle. 
The screw is worked by a winch ; and 
the threads of the screw, instead of 
working in a nut, press against the 
teeth formed on the circumference 
of the wheel. 

Let I be the arm of the winch, d 
the distance between the threads of 
the screw, R the radius of the wheel, 
and r the radius of the axle ; then, 
by Art 112; 
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adTtmtage of winch and screw = — j-, 
and, by Art. 86, 

advantage of wheel and axle = — , 

therefore, 

advantage of endless acrew = _. _. 
d r 

Let n be the number of teeth in the circumference of the 
wheel, then, since the teeth of the wheel are to work in the screw, 
agR _ ■ 

and, therefore, 

aa-R _ 
d "**' 
consequently, 

advantage of endless screw — —. 



115, The Crahb. This machine, used for raising and lowering 
heavy weights, is a combina- 
tion of wheels and axles. A i 
common fomi is represented 
in the figure. This conaista of 
a winch and axle, and of two 
wheete and axles. The axle of 
the winch, and the axle of the 
first wheel, are furnished with I 
teeth,* as are also the two | 
wheels. The power is applied 
at the handle of the winch, 
and the weight is sustained by 
a rope or chain passing round 
the axle of the second wheel. 

* A toothed axle is oonmioalf called a piai/m, and its teeth ire termed Uatti. 
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Let I be the length of the arm of the winch, and a the radius 
of its axle, then 

advantage of winch and axle = — . 

a 

Let Ri be the radius of the first, and r^ the radius of its axle, 
then 

advantage of first wheel and axle = — ^ 

Let R| be the radius of the second wheel, and r, the radius of 
its axle, then 

advantage of second wheel and axle = --^. 

Consequently, 

advantage of crane = — 1_*. 

If Nj, N^ be the number of teeth respectively in the two wheels, 
and n^ n^ those in the axles of the winch and of the first wheel, 
then 

fit Tj Tl^Tlg 

.and therefore 

advantage of crane = — ^ — ^ — ?-. 



EXAMPLES. 

1. In a screw press, the length of the lever is I ; what must be 
the distance between the threads of the screw in order that the 
greatest possible mechanical advantage of the combination may 
be A] 

The required distance is equal to 

27rl 

X' 
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2. In a weighing machine, the arms of the lever AO (see fig. 
Art. Ill) are 8 feet and i foot, the arms of the lever KL are 8 
feet and 6 inches, and the arms of the balance are 14 inches and 
I inch; what weight on the platform will be sustained by i oz. in 
the scale-pan. 

The weight sustained will be i cwt. 

3. In a Hunterian ^crew, the larger screw has 10 threads to an 
inch,- and the smaller screw has 11 threads to an inch, and the 
length of the lever is 10 inches; required the mechanical 
advantage. 

The mechanical advantage is 6911*5 nearly. 

4. In the common screw press, determine the pressure upon the 
threads when a power P acts at the extremity of the lever. 

Let a be the advantage of the press, and 6 that of the lever, 
then the required pressure is equal to 

5. In a crane, the number of teeth in the two wheels are 30 
and 40, the number of leaves in the two pinions are 6 and 10, the 
arm of the winch is 2 feet, and the radius of the weight-bearing 
axle is 3 inches; required the mechanical advantage. 

The advantage is 160. 

6. Determine the pressures on the three axes of a crane when 
the power and the weight are both at right angles with the line 
joining the axes. 

Let a be the advantage of the winch and axle, then the pressure 

on their axis is equal to -n / \ 

^ P(a+i); 

let h be the advantage of the first wheel and axle, then the 

pressure on the axis is 

Pa(6-i-i); 

and let c be the advantage of the second wheel and axle, then the 

pressure on their axis is 

Pa6(c+i). 
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7. If a weight be raised by an endless screw^ the mechanical 
advantage of which is a, shew that the space described by the 
power is equal to a times that described by the weight. 

8. In a weighing machine, the advantage of the lever AO (see 
fig. Art 111) is Oj the advantage of the lever KL is h, and the 
advantage of the lever MN is c; determine the pressures upon 
the different fulcra^ when a weight W is placed upon the platform 
80 as to press equally upon the four pins E, F, G, H. 

The pressures at A, B, 0, and D are each equal to 

W(a-i) 

The pressure at L is equal to 

W(6-i) 

and the pressure at the fulcrum of MN is equal to 

W(c+i) 
ahc 



DYNAMICS 



CHAPTER VIL 

ON THE LAWS OF MOTION. 

116. When forces not in equilibrium act upon a body, motion 
must ensue. The degree of rapidity with which the body moves 
is termed its velocity. 

117. Velocity may be either uniform or variable. Velocity is 
uniform when the body describes all equal spaces in equal times, 
and may therefore be measured by the space described in a unit 
of time. It is customary to take a second for the unit of time, 
and a foot for the unit of measure. Thus, if a body moving with 
a uniform velocity have passed through looo feet in 8 seconds, its 
velocity is iooo4-8, or 125 ; and generally, if « be the space in 
feet through which a body has passed in t seconds, then if v denote 
the velocity, 

8 

Velocity is variable when cdl equal spaces are not described in 
equal times. When a body in motion has a variable velocity, its 
velocity at any moment may be measured by the space which 
would be described in a unit of time, if at that moment the 
velocity were to cease to vary. 
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118. First Law op Motion. A body in motion^ not acted on hy 
any external force, will continue to move in a straight line, and tdth 
a unifoitn velocity. 

This is equivalent to the assertion, that matter possesses no 
inherent power of changing the direction or the state of its 
motion. 

The truth of this law must be decided by an appeal to experi- 
ment. The powers with which matter has been endowed can 

« 

evidently be learnt only by observation. Every attempt to prove 
their existence by d priori demonstration will be found to assume 
in some way or other the property under consideration. 

The first law of motion cannot, however, be established by any 
direct experiment, for the prescribed conditions can under no cir- 
cumstances be fulfilled. No where can we find a body which is 
not acted on by some external force. Every particle of matter is 
subject to a variety of external influences. Thus, if a ball be 
rolled along the ground, it is acted on by the attraction of all 
surrounding matter, by the resistance of the atmosphere, and by 
the force of friction ; and it moves neither in a straight line, nor 
with a uniform velocity. It is found, however, that the more we 
lessen the influence of external force, the more nearly does the 
motion become direct and uniform. 

If a ball be rolled along a smooth pavement, it will move for a 
longer time, and in a line more nearly straight than when thrown 
with the same velocity along a rough road ; and still more so if 
rolled along a sheet of ice. 

If a weight suspended by a thread from any point be made to 
oscillate, it will after a time come to rest. One of the external 
forces acting upon the body is the resistance of the air. If this 
be diminished by causing the body to move within the exhausted 
receiver of an air pump, the oscillation will continue for a longer 
period; and the more perfect the vacuum the longer will the 
motion continue. 

On a railway, after a train has acquired the desired velocity, 
it is uo longer necessary for the engine to work, except so &r as 
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to overcome the effects of external forces, such as the friction of 
the rails and the resistance of the atmosphere. 

The most convincing evidence of the truth of this law is found 
in the accordance of the consequences deducible from it with 
observed phenomena. It is impossible to doubt the correctness 
of a principle, upon the assumption of which the motions of the 
moon can be predicted with almost unerring certainty, and the 
time of an eclipse foretold within the fraction of a second. 

119. It follows from the first law of motion, that if a force con- 
tinue to act upon a body, the velocity of the resulting motion will 
undergo continual change. 

On this account force, when generating motion in a body, is 
termed accelerating force, and that, too, whether its effect be to 
increase or to diminish the velocity of the body. 

If the change in the velocity resulting from the action of any 
force be uniform ; that is, if in all equal periods of time there be 
an equal increase or an equal diminution in the velocity, then the 
force is called a unif(yrm decelerating force, and the force itself is 
measured by the velocity it generates (or destroys) in a unit of 
time. Thus, when we speak in Dynamics of a force 32, we mean 
a force which generates in each second of time a velocity of 32 
feet per second ] that is, in one second it generates a velocity 32, 
in two seconds a velocity 64, in three seconds a velocity 96, and 
so on. And hence, generally, if / represent any force measured, 
as just explained, by the velocity it generates per second, then if 
V be the velocity at the expiration of t seconds, 

v=ft, 

120. Forces which act during an extremely short time only, as, 
for example, when a body is set in motion by a sudden blow, or a 
ball is fired from a cannon, are termed impulsive foixes. It will be 
seen hereafter, that although under the action of an impulse, it 
sometimes appears that motion is conununicated instantaneously, 
yet that this is not really the case. The force, in fact, acts through 



t 
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a finite though short interval of time, and throughout that period 
the velocity of the body undergoes continual change. These suc- 
cessive changes, however, take place with such immense rapidity, 
that they cannot be brought under examination. We concern 
ourselves, therefore, only with the velocity and direction of the 
motion which takes place after the force has ceased. 

121. Second Law of Motion. When a force acts upon a body 
in motion, the change of motion produced is the same, both in magni- 
tude and direction, as if the force acted on the body at rest. 

Thus, if a body move along the line AB with such a velocity 
that it would describe the space AB in one 
second ; and if, when it arrives at A, a force 
act upon it such as of itself to cause a body 
to pass from A to C in one second, then, at 
the end of the second, the body will be found 
at D; the change of motiou represented by 
BD being the same in magnitude and direction as if the force had 
acted upon the body when at rest. Each force produces its full 
effect in its own direction. 

This law is proved by such experiments as the following :— 

If a ball, lying on the deck of a vessel moving steadily through 
the water at a uniform rate, be struck with a blow of any magni- 
tude and direction, its motion along the deck is the same as if the 
yessel had been at rest. 

If a stone be dropped from the top of the mast, when a vessel 
is moving uniformly in any direction, and with any velocity, it 
will fall at the foot of the mast, just as it would if the vessel had 
been at rest. 

If from any point a ball be let fall, and another ball be at the 
same instant projected forward horizontally with any velocity what- 
ever, both balls will strike the ground at the same time. Here the 
ball at rest and the ball in motion are acted upon by the same 
vertical force, namely, the force of gravity, and both are caused to 
pass through the same vertical space in the same time. 
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If a person in a railway carriage throw a ball perpendicularly 
upwards, it will not fall towards the back of the carriage, but will 
drop into the hands of the individual who projected it. 

122. The force acting upon the moving body, in these and 
similar experiments, is either an impulsive force, or the force of 
gravity. Within the limits taken in the experiments, the force of 
gravity does not sensibly vary either in magnitude or direction. 
It is, therefore, only when a force acts for an indefinitely short 
time; or, if acting throughout a measurable interval, is uniform 
both in magnitude and direction, that the second law of motion 
can be regarded as established by such experiments as those 
described above. It is important that the student give particular 
attention to this, inasmuch as the general terms in which it has 
become customary to enunciate this law might otherwise lead him 
into error. 

123. The Third Law of Motion. When pressure communicates 
motion to a body, the accelerating force varies as the ratio of the 
pressure and mass. 

Thus, if a pressure of la lbs. communicates motion to a mass 
weighing 20 lbs., and a pressure of 8 IbSb communicates motion to 
a mass weighing lo lbs., the third law of motion declares that the 
force when 1 2 lbs. moves 20 lbs. : the force when 8 lbs. moves 10 lbs. 
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124. The force of gravity, usually represented by g, is found by 
experiment to be a uniform accelerating force, generating a velo- 
city of about 32 feet per second (more accurately 32*2). 

When a body falls by its own weight, the force which produces 
motion is the force of gravity, and hence by an easy deduction 
from the third law of motion, as stated above, we obtain the ac- 
celerating force when a pressure P communicates motion to a mass 



96 
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M ; for force when P moves M : force when P moves P (that is, g) 

::P-T-M :P-T-P. Therefore 

p 

force when P moves M = a — . 

M 

It is under this form that the third law of motion is most con- 
veniently verified experimentally. The mode in which this is done 
is explained in the following article. 



125. Attwood's Machine. This consists of two pillars, one of 
which is graduated, supporting a pulley arranged 
so as to work with as little friction as possible. 
An open ring A and a stage B slide along the 
graduated pillar, and by means of screws can be 
fixed at any part of it. P and Q are two equal 
cylindrical weights, connected by a cord passing 
over the pulley. C is a pendulum beating 
seconds. 

P and Q, being equal, will have of themselves 
no tendency to motion ; but if a small bar be 
placed upon P, P will descend with an accelerated 
velocity, until it reach the ring A, which, al- 
lowing P to pass through, but intercepting the 
bar, removes the cause of acceleration. P will 
then, in accordance with the first law of motion, 
move uniformly with the velocity it had acquired on reaching A ; 
and if the stage B be so placed that P may strike it exactly one 
second after reaching A, the distance AB will measure the velocity 
generated during the interval the bar was resting on P. If then 
the bar be allowed to rest on P for exactly one second before 
reaching A, we obtain the means of determining the velocity 
generated in one second; that is, the measure of the accelerating 
force. This will always be found to be that given by the formula 
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Thus, if the two weights are together equal to 15^ oz., and if 
the har weigh ^ oz., then, since the pressure communicating motion 
is ^oz., and the mass moved is 16 oz., the accelerating force is 
affirmed by the third law, as expressed in the formula just quoted, 
to be ^ -f- 64, or ^ ; that is, it generates per second a velocity of 
J ft. or 6 in. If then P, with the bar attached, fall for one second 
before reaching A» (and it will be found by trial that in order to 
this P must move from a point just 3 in. above A), then the dis- 
tance AB, over which it moves in the next second, will be found 
to be 6 in. 

126. Def, The product of the mass of any body, and the accele- 
rating force acting upon it, is called the moving force of the body. 

Hence the third law of motion may be enunciated thus : when 
pressure communicates motion to a body, the moving force varies as 
the pressure. 

For, let a pressure P communicate motion to a body M, and a 
pressure P' to a body M' ; then if / and /' be the accelerating 
forces, ♦ 

Therefore, W^^li'' 

or, /MP' =/MT ; 

whence, /M : /M' : : P : P'. 
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CHAPTER VIIL 



ON THE COMPOSITION AND RESOLUTION OP VELOOITIEa 

127. If two uniform velocities he simultaneously impressed upon 
a body, the resultant motion is uniform and in a straight line; and 
if two sides of a parallelogram represent the impressed velocities in 
magnitude and direction^ the diagonal will represent the magnitude 
and direction of the resultant velocity. 

Let a body move uniformly 
along AB, with a velocity 
which would carry it from A 
to B in the time T. When 
the body is at A, let a velo- 
city be impressed upon it 
such as of itself would cause 
the body to move uniformly from A to C in the time T; then, 
drawing the parallelogram ABDC, by the second law of motion, D 
is the position of the body at the end of the time T. 

The motion of the body is along the straight line AD ; for let 
t denote any time whatever, and take kh so that 

A5 : AB :: « : T; 
then, since the velocity in the direction AB is uniform, A6 is the 
distance over which the body would move along AB in the time t. 

Complete the parallelogram KhdCy then, by similarity of tri- 
angles, 

6(£ : BD : : A6 : AB; 
that is, Ac : AC : : A6 : AB, 

or, Ac : AC : : t : T. 
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Therefore Ac is the distance over which the body would move 
along AC in the time t ; and hence, by the second law of motion, 
the body will be found at d, a point in the line AD. And this is 
true for all values of t; therefore the body will always be found 
in the line AD. 

Again, the motion along AD is uniform ; for 

Ad : AD :: Ah : AB; 
or, Ad : AD :: t : T; 

or the space described is proportional to the time, that is, the 
motion is uniform. 

Also, if AB, AC represent the spaces over which the impressed 
velocities would carry the body in one second, then AD is the 
space actually described by the body in one second ; that is, the 
diagonal represents the magnitude of the resultant velocity. 

128. Conversely/; if any uniform velocity be represented by the 
line AD, it may be resolved into two velocities, in the direction 
AB and AC, whose magnitudes are represented by the lines AB 
and AC. For if any other lengths than AB and AC be taken to 
represent the component velocities, the resultant velocity will not 
be represented by AD. 

129. It follows, from Art. 127, that if any number of uniform 
velocities be simultaneously impressed upon a body, the resultant 
motion will be uniform and in a straight line. The magnitude 
and direction of the resultant motion will be found by first taking 
the resultant of any two, then of this resultant and a third, and 
80 on, until all the velocities have been compounded into one. 

130. If any two velocities^ whether uniform or variable, he simul- 
taneously impressed upon a hody, the actual velocity of the hody at 
that instant will he represented in magnitude and direction hy the 
diagonal of the parallelogram whose sides represent the impressed 
velocities. 

F 2 
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This has been already proved, when both of the impressed 
velocities are uniform. 

If one or both are variable, then let the lines AB and AC (fig. 
Art. 127) represent the velocities with which the bodies would 
have moved, if at the instant of reaching A all acceleration of the 
velocity were to cease. These, then, being uniform velocities, the 
line AD will represent, upon the same hypothesis, the actual 
velocity of the body at the same instant ; that is, if all acceleration 
were to cease, the body would move in the direction AD with a 
velocity represented in magnitude by the line AD; and when a 
body moves with a variable velocity, the velocity at any instant is 
measured, both in magnitude and direction, by the path the body 
would describe in the succeeding second, if at that instant all 
variation, both in magnitude and direction, were to cease. 

131. Hence, if the velocity of a moving body at any instant be 
represented by any straight line in magnitude and direction, it 
may be resolved into two other velocities, represented in magni- 
tude and direction by the sides of any parallelogram which has 
the given line for its diagonal. 



132. The most frequent application of the preceding proposi- 
tions is in the case in which the component velocities act in 
directions at right angles to each other. 

Thus, let two velocities Vj and V^, g 
simultaneously impressed upon a body at ) k 
0, in directions at right angles to each 
other, be represented by the lines OA and 
OB ; then, if v be the resultant velocity, 
V is represented by the line OC. But 
since OC» = OA*+OB«, 




ii» = Vi«+Y 



2. 



and if the angle COA be a, 



tan a = ==?. 
^1 



ON THE COMPOSITION AND RESOLUTION OP VELOCITIES. 101 

Again, if OC represent any velocity v, and it be required to resolve 
this velocity into two velocities, acting in directions at right 
angles to each other, namely, in the directions OA and OB; then, 
if Yi and Yg be these components, 

Vi = v cos a, 
and Vg = v sin a. 



133. If two uniformly ctcceUrated velocities he simultaneously 
impressed upon a body, the resultant motion will be in a straight line^ 
and with a uniformly accelerated velocity; and if the sides of a 
parallelogram represent the magnitudes and directions of the impressed 
velocities, the diagonal will represent the magnitude and direction of 
the resultant velocity. 

Let two velocities be impressed upon a body at A (fig. Art. 127), 
one of which would, if acting alone, cause the body to move from 
A to B in T seconds, with a velocity whose acceleration is f feet 
per second; and the other of which would, if acting alone, cause 
the body to move from A to C in T seconds, with a velocity whose 
acceleration is f^ feet per second; then, by the second law of 
motion, the place of the body at the end of T seconds is at D. 

But since the spaces described in equal times by bodies moving 
with uniformly accelerated velocities, that is, under the action of 
uniformly accelerating forces, are in proportion to the forces 

AB : AC : : /i : /, 

Let Ab be the space which would be described along AB in any 
time t, and complete the parallelogram Abdc; then, 

Ab : Ac :: AB : AC, 
whence, A6 : Ac :: /^ : /,; 

and therefore Ac is the space which would be described in the 
direction AC in the time t Consequently, by the second law of 
motion, the place of the body at the end of any time ^ is at t^; 
that is, is in the line AD. The motion of the body is therefore in 
the straight line AD, 
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The resultant velocity is also uniformly accelerated; for since 

Aef : Aft :: AD : AB. 

kd^ the space described by the body in any time f, varies in the 
same way as A6, the space described in the same time by a body 
moving with a uniformly accelerated velocity. 

Ako, if AB and AC represent the impressed velocities /i and f^y 
AD shall represent the resultant velocity. Let / be the resul- 
tant force ; then, since AD is the space described under the action 
of /, in the same time as the space AB would be described under 
the action of /j ; therefore, 

AD : AB : : / : /i, 
or AD represents / as AB represents /i. 

134. Since uniform accelerating forces are measured by the 
velocity generated in one second of time, it follows from the pre- 
ceding, that two uniform accelerating forces, acting together upon 
a body, may be compounded into a single uniform accelerating 
force, represented in magnitude and direction by the diagonal of 
the parallelogram, whose sides represent the magnitude and direc- 
tion of the component forces. And, conversely, a uniform accele- 
rating force, represented by the diagonal of a parallelogram, may 
be resolved into two uniform accelerating forces, represented by 
the sides of the parallelogram. 

135. Z>€/. If a force act upon a body, and from any cause the 
motion of the body be not iu the direction of the force, then the 
force which at any instant would, if it acted in the direction of 
the motion, produce the actual change which takes place, is termed 
the effective accelei'ating force at that instant ; and the force which 
really acts upon the body is distinguished as the impressed accele- 
rating force. 

136. To find the effective accelerating force when a uniform accele- 
rating force f acts upon a body constrained to move along a given 
line. 
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Let 00 (fig. Art 132) be the direction of / and also represent 
it in magnitude, and let the body be constrained to move along 
OA; then, completing the parallelogram OAOB, the force / may 
be resolved into forces represented by OA and OB. By the con- 
ditions of the problem, all motion in the direction OB is prevented, 
the latter component may therefore be disregarded. The other 
component OA acts in the direction of the motion, and is, there- 
fore, the force required. Hence, 

the eflfective accel force : / : : OA : OC; 

or, effective acceL force =/. __. 

•^ OC 

If a be the angle between the direction of the force and the line 

of motion, then 

effective acceL force =/. cob o. 



EXAMPLES. 

1. A body moves in a direction inclined to the vertical line, at 
an angle of 60° with a velocity of 100 feet; required the hori- 
zontal and vertical velocities. 

The horizontal velocity is 5o>/3 feet, and the vertical velocity is 
50 feet 

2. A moving body has, at a given instant, a vertical velocity of 
28 feet, and a horizontal velocity of 96 feet; required its actual 

velocity at that instant 

The required velocity is 100 feet 

3. A moving body has, at a given instant, a vertical velocity 
of 86-6 feet, and a horizontal velocity of 50 feet; required the 
direction of its motion at that instant 

The body is moving in a direction inclined to the vertical line 
at an angle of 30° nearly. 



1 
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4. Three equal yelocities are simultaneously impressed upon a 
bodj, one vertically, another horizontally, and the third in a 
direction inclined to the vertical line at an angle of 30**; inquired 
the actual velocity of the body. 

Let each of the impressed velocities be equal to Y, then the 
actual velocity is equal to 

VV(4+>/3). 

5. Upon a body placed at A, one of the comers of a regular 
hexagon ABCDEF, velocities are simultaneously impressed such 
as would separately carry the body at a uniform rate to the other 
comers in three seconds; in what time will the body arrive at D) 

The body will arrive at D in one second. 

6. In the preceding, if each of the impressed velocities had 
been equal, what would have been the magnitude of the resultant 
velocity? 

Let y be the magnitude of each of the impressed velocities, 
then the resultant velocity will be equal to 

V. (2 + >/3)- 
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CHAPTER IX. 

ON UNIFORM ACCELERATING FORCES AND GRAVITY. 

137. To find the space described in t seconds^ when a body fnoves 
from rest under the action of a uniform accelerating force. 

Let /denote the force, and s the space described. Let the time 
be divided into n equal periods, each of which will consequently 

be equal to — . By Art 119, the velocity at the end of the first of 

these periods will be ^, at the end of the second — ^, at the end 

n n 

of the third, 5Z:, and so on. 

n 

If during these intervals the body be supposed to move uni- 
formly with the velocity acquired at the end of each, then (since 
space = vel. x time, when velocity is uniform) the space described 

in the first interval will be ^, in the second -^, and so on ; the 
sum of this series will be the whole space described. Therefore, 

,=^,+£^+3j|:+&e. +!^ 

re rr rr rr 

='^ (1 + 2 + 3 + <ba + n) 

rr 

f^ w (n + i) 
n'* 2 

2 2n 

The error arising from supposing the velocity to be uniform 

F 5 
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through each of these intervals will diminish, if the length of the 
intervals be diminished; that is, if n increase, and the more n 
increases, the more nearly shall we approach to the actual space 

described. As n increases, the value of — diminishes without 

limit ; and, therefore, 

138. By the preceding, the space described in n seconds is \fn*, 
and the space in n — i seconds is ^f{n —if) the difference between 
these is the space described in the nth second ; therefore, 

space in nth. second = i/{w' — (n — i)^}, 

= i/(2w - 1). 
But 271—1 is the nth odd number, therefore the place described 
in the nth second equals |/ multiplied by the nth odd number. 

139. To find the relation between the space described and the 
velocity acquired by a body moving from rest under the action of a 
uniform accelerating force. 

By Art. 119, v-ft^ and by Art. 137, s = \f(^. Squaring both 
sides of the former, and multiplying both sides of the latter by 
2/, we obtain 

and 2/« =f^i^, 

v^ = 2/«. 

140. The three equations obtained in Articles 119, 137, and 
139; namely, 

V' = 2fs, 

express the relation between each pair of the three quantities; viz., 
the space described, the velocity acquired, and the time, when a^ 
body moves from rest, under the action of a uniform accelerating 
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force. If any one of these quantities be known, either of the other 
two may, bj means of one or other of these equations, be found 
directly. When gravity is the force considered, these equations 
are written 

t;' = 2gs, 

141. The following are examples of the application of these 
formulae to cases in which a body falls freely under the action of 
gravity. 

Ex. 1. A stone falls from rest under the action of gravity; find 
the space described in 5 seconds. 

In the formula, « = ^t*, make < = 5 ; then 

«= i6*i X 25 = 402*5 feet. 

Ex. 2. Find the velocity which a stone will acquire by falling 
through 1 6 10 feet. 

In the formula, t;*= 2^«, make «= 1610; then 

v*=64'4 X 1610, 

= 103684 ; 
v=>/io3684 = 322. 

Ex. 3. How long must a body fall under the action of gravity 
to acquire a velocity of i28*8 feet per second? 

In the formula, v=^gt^ make v= 128*8 ; then 
128*8 = 32*2 X t\ 

^ = 1 28 '8 -^ 32 '2 = 4 seconds. 

Ex. 4. How far must a body fall under the action of gra^y to 
acquire a velocity 96*6 ? 

In the formula, v* = 2^5, make v = 96*6 ; then 
(96*6)^ = 64*4 x«; 
«= 144*9. 
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142. If the space described under the action of a uniform accele- 
rating force he divided into any number of parts, the square of the 
time of describing from rest the whole space is equal to the sum of the 
squares of the times of describing from rest the several parts. 

Let the space described in the time T, under the action of apy 
force/, be a^-\- ag+ <fec.... + a^\ then, since s = \ft^y 

•p = --(ai + aj + <fec. . .. + a„). 

But if t^, t^ &c., be the times of describing from rest the dis- 
tances a^, a^ ko.y then 

/2_202 



"2 



2a, 



/ 
Substituting these in the first equation, we have 

CoR. Hence, if T be the time of describing the whole distance, 
and t^ the time of describing from rest any part of the distance, 
then, if t^ be the time of describing from rest the remaining part, 

Ex. 1. A stone can fall from a certain height to the ground in 
lo seconds; if it be arrested at the end of 8 seconds, and after- 
wards let fall, how long will it be in descending the remaining 
distance? 

Let t be the time required, then, by the proposition just de- 
monstrated, 

^=Io»-8^ 

= 36, 
or, < = 6. 

£x. 2. A stone falls to the ground in 6 seconds; how long was 
it in passing over the third tenth of the entire distance ? 
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Lot t be the time of desoribing the first tenth, then, by the 

proposition given above, 

io^* = 36, 

5 
Hence, the time of describing three- tenths of the distance is 

3n/ion/3 
and the time of describing two-tenths is 

therefore the time of describing the third tenth is 

i(>/3o->/2o). 

143.' To find the tension in the string and the accelerating force 
when a weight P, hanging freely, draws a weight Q along a smooth 
horizontal plane. 

Let T be the tension in the string, and / the accelerating force. 

The pressure causing motion in P is P — T; therefore, by 

Art 124, 

. P-T 

The pressure causing motion in Q is T; thei*efore, also, 

T 

Solving these equations, we obtain 

T- PQ 

PTQ' 
and 

•^=^p:fQ- 

144. To find the accelerating force and the tension in the string 
when a weight P draws a weight Q over a fixed pulley y neglecting the 
inertia of the pulley. 
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Let T be the tension in the string, and / the accelerating force. 
The pressure causing motion in P is P — T; therefore, by- 
Art 124, 

. P~T 

The pressure causing motion in Q is T — Q, therefore 
Solving these equations, we obtain 

T_ *PQ . 

PTQ' 

and hence, 

P-Q 



f=9' 



P+Q' 



145. The following are examples in illustration of the preceding. 

Ex. 1. A weight of 9 ounces draws a weight of 7 ounces over a 
fixed pulley, find the space described from rest in t seconds, 
neglecting the inertia of the pulley. 

By Art. 144, the accelerating force = ^^^~^^ = 4 nearly. 

9+7 

Substituting this in the general formula « = ^/^5^ we have 

8=2t\ 

Hence, in one second, the space described is 2 feet, in two seconds 
8 feet, in three seconds 18 feet, and so on. 

Ex. 2. A weight of 9 lbs. is drawn along a smooth horizontal table 
by a weight of i lb. hanging vertically by a string passing over a 
pulley at the edge of the table ; find the space described from rest 
in 3 seconds, the velocity acquired in 4 seconds, and the space 
described in the 5th second. 

By Art. 143, the accelerating force = ?— — = 3*2 ; 

9+ I 

•therefore, the space described in 3 seconds = i '6 x 9= 14-4 feet, 
and the velocity acquired in 4 seconds = 3*2 x 4= 12-8. 
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The space described in the 5th second is \f multiplied by the 
5th odd number, or 9 ; therefore, 

the space described in 5th second = i '6 x 9= 14*4 feet. 

Ex. 3. A weight of 10 lbs. draws a weight of 8 lbs. over a fixed 
pulley ; required the tension in the string, and the time of raising 
the lighter weight to a height of 64 feet 

By Art. 144, 

the tension = ^ - 8# lbs. 

10+8 * 

Also, if / be the accelerating force, 

^ ^•10+8-9 

Substituting this value for/, and 64 for «, in the equation s = ^ft\ 
we have 

^4-jg<, 

^ = 36 nearly, 
or, t = 6 seconds. 



146. If a body he projected with a given velocity V, and he acted 
on in the same direction hy a uniform accelerating force f, to find 
the velocity acquired and the space described in a given time t. 

From the second law of motion, it follows that the velocity 

will equal the velocity of projection together with the velocity 

generated by the force ; and, therefore, if v denote the velocity 

required, 

v = N+ ft. 

And similarly, the space described is equal to the space due to 
the velocity of projection together with the space due to the 
action of the force. The space described by a uniform velocity Y 
in t seconds is equal to Y^, and the space due to the action of a 
uniform accelerating force in t seconds is equal to \ft\ Therefore 

8 = Nt + ift\ 
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147. If a body be projected with a given velocity V in a direc- 
tion opposite to that in which the accelerating force acts, the 
expressions deduced, as in the preceding Article, will be 

Squaring both sides of the first equation, we have 

v' = Y^-2Yfi+pe, 

148. To find the height to which a body will rise when projected 
vertically with a given velocity V. 

Here the direction of Y is opposite to that of the force of 
gravity, or g, and hence, if v denote the velocity acquired when 
the body has described the space «, by the preceding Article, 

t/* = V - 2 ^«. 

But when the body has attained the highest pointy its velocity 
at that instant will be zero ; and, therefore, if « be the height of 
this point, 

o = V— 2^«; 
2g8 = N\ 

By comparing this result with the expression i^= 2^« in Art. 139, 
we see that the height to which the body will rise is the same as 
the distance through which it must fall to acqmre the velocity of 
projection. 

149. To find the time during which a body will rise when projected 
vertically with a given velocity V. 

Since at the instant of attaining the greatest height t; = o, then 
(Art 147), 
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V 
From the general formula v = gt. it follows that — is also the 

9 
time during which a body must fall to acquire the velocity V, and 

hence from this and the preceding section we see, that, on its 

return to the point whence it was projected, the body will have a 

velocity equal to the velocity of projection, and that the times of 

descent and ascent will be equal 



150. The following are examples in illustration of Articles 
146-9. 

JEx. 1. A body is projected vertically upwards with a velocity of 
loo feet per second, to find how high it will rise. 
By Art 148, 2^« = V*; therefore in this case, 

loooo ^^ o 
« = _ =155*28. 

644 

Ex. 2. A body is projected vertically upwards with a velocity of 

161 feet per second, to find how long it will continue to ascend. 

Y 

By Art. 149, ^ = — , therefore in this case, 

t = = 5 seconds. 

32 -2 

Ex. 3. A stone is projected vertically upw&rds, and returns to 
the same spot after an interval of 12 seconds; find the velocity of 
projection, and the height to which the body has risen. 

The velocity of projection is equal to the velocity acquired by 
the body during the time of descent, or 6 seconds; and, therefore, 
if V be the velocity of projection, since v = gt, 

V = 32*2 X 6 = 193*2 feet per second. 

The height to which the body has risen is equal to the distance 
through which it falls from rest during six seconds ; that is^ 
the height required = ^ x 6", 

= i6-i X 36 = 579*6 feet. 
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Ex. 4. A ball is projected vertically with a velocity i6o feet per 
second, and two seconds afterwards another ball is projected in 
the same direction with a velocity 224; when and at what height 
will the balls meet 1 

Let the balls meet x seconds after the projection of the second 
ball, then a; + 2 is the time the first ball has been moving. 

The spsuse described by the first ball in ^ + 2 seconds is (Art. 

147,) 

160 (a: + 2) — 16 {x + 2)*. 

Similarly, the space described by the second ball in x seconds is 

2240?- i6a^. 

But since the balls meet, these two quantities must be equal; 

224a; - 16a;' = 160 (a? + 2) — 16 (a? + 2)*; 
1 28a: =256; 
a?=2; 

or the balls meet 2 seconds after the projection of the second balL 
To find the height, substitute 2 for x in either of the expressions 
for the space described by the balls; eg,, 224a?— 16a:', then 

height = 224 X 2 — i6 X 4 = 384. 



161. To find the force which accelerates a body down an inclined 
plane. 

Let a weight W rest upon an inclined plane, whose length is I 
and whose height is h. W would be kept at rest on this plane by 

a force acting along the plane equal to W- (Art. 100). Therefore 

V 
•L 

W J is the pressure which causes the body to move down the 
plane. Hence, by the third law of motion, 

accelerating force = g . —I = ^. 
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152. Bequired the time of descent when a body falls down an 
inclined plane. 

By the general formula, s = \f^. Let h = height of the plane, 
and I = its length. Then, in this case, s = ly and by the preceding 

Article, / = —-, and therefore 

V 



t 



=va> 



^153. To find the velocity acquired by a body falling down an 
inclined plane. 

By the general formula, v = ^(2/«). As in the preceding 

Article, s = l, and /= ^. Therefore 

v=»y{2gh). 

But >s/{2gh) expresses the velocity which a body acquires in 
falling freely under the action of gravity through a distance A; 
therefore the velocity acquired by a body falling down an inclined 
plane is the same as that acquired in falling through the perpen- 
dicular height. Consequently, whatever be the length of the 
plane, the velocity acquired is the same, if the height remains the 
same. 

154. The results of the three preceding Articles may be also 
deduced as follows : — 

Let a be the inclination of the plane, then the angle between 
the direction of gravity and plane is 90° — a; and therefore, by 
Art. 137, the effective accelerating force is 

g sin a. 
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To find the time of descent, substitute this value for /, and I 
for 8, in the general formula s = ^f^; then 

l^^g Bta a. f; 



therefore, 



^ V^rsma/ 



, since sm a = - . 

c 



Also, if V be the velocity acquired in falling down the plane, sub- 
stituting for 8 and / the values mentioned above in the formula 

^=n/(2/«), 

v= »y{2g sin a. Z), 

155. If a circle he placed with its plane vertical^ the times of 
descent down all chords drawn through its highest or lowest points 
are equal. 

Let ABC be any circle whose plane is vertical. Let AB be the 
vertical diameter, and AC any chord drawn 
through A. Let t be the time in which a 
body falls down AC, then (Art. 152), 

The triangles ACD, ACB are similar, there- 
fore 

AD : AC : : AC : AB, or ^^ 




AD 



= AB; 



t 



-VC-f) 



As this result is independent of the position of the point C, it 
follows that the times of descent down all chords drawn through 
A are equal 

And similarly, if BC be any chord drawn through B, the time 
of descent is 
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But _— - = AB; therefore, as before, the time of descent is 



BD 



^im 



156. If two circles, ihe planes of which are vertical, touch one 
another internally at their highest points, and any chord of the 
larger circle he drawn through the point of contact, the time of 
descent down that part of the chord which is exterior to the smaller 
circle is the same for all such lines. 

Let two circles touch one another internally at A, and let A be 
their highest point. Let AB be a diameter 
of the larger circle, and AP any chord. 

Let T be the time of descent down AP, 
and t the time of descent down AQ, then, 
by Art. 142, the time of descent down QP 
is equal to 

But, by Article 155, T is the time of 
descent down AB, and t is the time of 
descent down AC; therefore the time of descent down CB is 
equal to 

Hence, the time of descent down QP is equal to the time of 
descent down CB. 




157. In a similar manner it may be shewn, that if two circles 
touch one another internally in their lowest points, and any chord 
of the larger circle be drawn through the point of contact, the 
time of descent down that portion of the chord which is exterior 
to the smaller circle is invariable. 



158. By aid of the property of the circle demonstrated in 
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Art. 155, mauy problems relating to planes of quickest and slowest 
descent may be readily solved. The following are examples. 



Prob. 1. To find the line of quickest descent from a circle to a 
point without it, the point and the circle being in the same vertical 
plane, and the point lower than the highest point of the circle. 

Let AC be the given circle, having 
its centre at D, and its highest point 
at A, and let B be the given point. 
Join the points A, B ; the line BC is 
the line required. 

Through B draw a line parallel to 
AD, and meeting DC produced in 
E. Then, since the triangle ACD is 
isosceles, 

Z ACD=Z CAD; 
and, since the lines BE, AD are parallel, 

ZEBC= ZCAD; 
therefore, Z. EBC = Z_ ACD = /_ ECB ; 

and EC = EB. 

Hence, a circle described with E as a centre and EB as a radius, 
will touch the given circle in C ; and, since EB is vertical, it will 
have its lowest point at B. 

Consequently, the time of descent down CB is less than that 
down any other line drawn from B to the given circle. For let 
LB be some other line. The time of descent down CB is equal to 
the time of descent down MB, and is therefore less than the time 
of descent down LB. 




Pror 2. To find the line of quickest descent from a given, 
circle to a given line without it, the line and the circle being in 
the same vertical plane. 
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Let ABD be the given circle, having its highest point at A, and 
OF the given line. 

Thrqugh A draw AC, making equal angles with OF and the 
horizontal line through A ; then BC shall be the line required. 

Through A and C draw a circle ACE, having its highest point 
at A. It can easily be shewn 
that this circle will touch the line 
CF in C. 

By the previous problem, BC is 
the line of quickest descent from 
the given circle to the point C. 
In like manner DF is the line of 
quickest descent from the given 
circle to any other point F in the 
Hue CF. 

The time of descent down DE 
is less than the time of descent 

down DF ; but, by Article 156, the time of descent down BC is 
equal to that down DE. Therefore, the time pf descent down BC 
is less than down DF. Consequently, BC is the line of quickest 
descent from the given circle ABD to the given line CF. 




159. To find the tension in the string, and the accelerating force, 
when a weight P, hanging freely, draws a weight W up an inclined 
plane (the string connecting them passing along the plane) ; and 
also the time in which P will draw W along the whole length of the 
plane. 

Let T be the tension in the string, and / the accelerating 
force. 

The pressure causing motion in P is P — T ; hence, by Article 
124, 

P-T 



f-9' 



( T\ 
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The pressure of W in the direction of the plane is W^ (Art 
100), and the pressure causing motion in W is T — Wj; hence, 

T-W4 /T h\ 

Equating these two values of /, we have 

T^ A T. 

W I'^^V' 

TfP+W)_A-fZ 

""pw T' 

and • T._ ^W(h+l) 

'''''^ •• ^" (P+W)Z- 

Substituting this value for T in the first equation, we obtain 

^ Z(P+ W) • 

Let t = the time in which P will draw W along the whole length 
of the plane. In the general formula, 8 = if^; for s substitute Z, 
the length of the plane, and for / the value just determined ; then 

^"^•/(P+W)-? 



'-^"/{-g-m^} 



EXAMPLES. 

1. If a body be projected vertically upwards with a velocity of 
I GO feet per second, when will it attain the height of 156 feet ? 

In 3 and 3^ seconds. 

2. A body projected vertically upwards is at the same height at 
the expiration of 4 and 5 seconds, what was its greatest elevation 1 

The greatest elevation is 326 feet 
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3. A body projected vertically upwards is at the same height at 
the expiration of 2 and 3 seconds, required the velocity of pro- 
jection. 

The velocity of projection is 80*5 feet. 

4. A ball is projected vertically upwards with a velocity of 160 
feet per second, when must another ball be projected in the same 
direction with a velocity 224, in order that the balls may meet at 
the height of 384 feet) 

The second ball must be projected 2 or 4 seconds after the first, 
or 6 or 8 seconds before, 

5. Two balls are projected vertically at the same instant, one 
upwards with a velocity Vj, and the other down with a velocity 
Vjj, when will they be equally distant from the point of projection? 

The time required is — ? seconds. 

6. A ball is projected horizontally with a velocity V, required 
its velocity at the end of t seconds. 

The required velocity is ^^ (V* + ^ f). 

7. A body slides by its own weight down a perfectly smooth 
inclined plane, rising 5 in 48; what is the space described in 3 
seconds? 

The space described is 15 feet. 

8. A body slides by its own weight down a smooth inclined 
plane, whose length is 100 feet and height 9; what is the time of 
its descent? 

The time of descent is 8^ seconds. 

9. A body is projected with a velocity of i6'i feet per second, 
up a smooth inclined plane rising i in 5, required the time and 
length of its ascent 

The time of ascent is 2^ seconds, and the length 2o|^ feet 

o 
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10. A body is projected up a smooth inclined plane, whose 
length is 30 feet and height 8 feet ; what must be the yelocity of 
projection that it may just reach the top of the plane? 

The required velocity is 227 nearly. 

11. Two weights, Wi and W^, placed upon a double inclined 
plane, are connected by a string passing over the summit ; what is 
the accelerating force, when W^ draws up Wg, the lengths of the 
planes being li and ^j^, and the height hi 

oh W I — W I 
The accelerating force is equal to f— . J^.^ ' \ 

12. In the preceding, let Wi = 3o, Wg=io, ^^ = 60, ^3=75, 
A-= 48 ; what is the time in which Wj moves down its own plane? 

The time required is 2*92 seconds. 

13. From a given point draw a straight line down which a body 
will descend to a fixed line in the shortest time possible. 

14. Two circles, the planes of which are vertical, are so placed 
that the lowest point of one is in contact with the highest point 
of the other; shew that the time of descent from any point in the 
former to any point in the latter, along a straight line passing 
through the point of contact, is invariable. 
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CHAPTER X. 



ON PROJECTILES. 

160. Def. The angle of elevation of a projectile is the inclina- 
tion of the direction of projection to the horizontal plane through 
the point of projection. 

161. A hody is projected with a given velocity V, at a given angle 
of elevation a, to determine the magnitude and direction of its velocity 
at the end of t'\ 

Let A be the pointy and AT the direction of projection. Make 
AT = V^, and through T draw TP vertically downwards, and equal 
to \g^y or the space due to the 
action of gravity in i'. Then, by 
the second law of motion, P will be 
the place of the body at the end 
of i\ 

Through P draw PQ parallel to 
AT, and equal to V and PS, vertically 
downwards, and equal to gt^ or the 
velocity generated by gravity in f. 
Complete the parallelogram QS, then, by Art. 130, the diagonal 
PR represents the required velocity in magnitude and direction. 
Let V represent this velocity, and 6 the angle between its direction 
and the downward vertical line, then 

t>» = PQ^ + QR* - 2PQ . QR cos PQR, 

= V*+ ^i» - 2 V^^ sin a. 

o 2 
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AlsOy 

PR ' 
_ V COB a 

V 

162. To determine the least velocity of a projectile, and the time 
of attaining it. 

Let V be the velocity of projection, and a the angle of eleva- 
tion, then, by the preceding, the square of the velocity at any 

time t is 

V + g^ — 2Ygt sin a. 

By substituting V*(cos'a + sin'a) for V, this expression may be 

written in the form 

V* cos^ a + (<5^ — V sin a)l 

This expression has its least value when its second term is equal 
to zero, or gt = V sin a ; hence, 

least velocity = V cos a, 
time of reaching it = — ?ELfS. 

Cob. The value of the least velocity just found is equal to the 
horizontal component of the velocity of projection ; whence it may 
be inferred that the body is moving in a horizontal direction at 
the instant of attaining its least velocity. This may also be 
deduced from the expression already found for determining the 
direction of the velocity. For substituting V cos a for v in the 

expression . . Vcosa , 

sin 6 = > we have 

V 

/i V cos a 
sm = =- = 1, 

Vcosa 

or the direction of the velocity is inclined to the vertical line at 
an angle of 90""; that is, is horizontal. 
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163. To determine the elevation of a projectile at any given 
instant of time. 

Let V be the velocity of projection, and a the angle of elevation. 

Then, in fig! Art 161, PN represents the elevation at the end 

of f. 

Elevation =TN-TP, 

= V<sina-J^. 

164. To determine the greatest elevation of a projectile and the 
time of reaching it. 

By the preceding, 

elevation =?M8ina-^ 

__ y sin' g -- (Y sin a—gty 

This expression has its greatest value when the second term is 
equal to zero or ^^ = V sin a ; hence 

V^sin'a 



the greatest elevation = 



the time of reaching it = 



^9 
V sin a 



Cor. By a comparison of this result with Art. 162, it is seen 
that at the instant of reaching the greatest elevation, the projectile 
is moving with its least velocity. 

165. Dbfs. The range of a projectile is the distance between 
the point of projection and the point where the body strikes any 
plane passing through the point of projection ; and the time of 
flight is the time the body takes in describing its path between 
these two points. 

166. To find the time of flight and the range of a projectile on a 
horizontal plarhe. 
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Let y be the velooity of projection, and a the angle of elevation. 
Then, by Art. 163, the elevation of the body at the time t is 

V^sino-^^F^*. 

This expression is equal to zero, or the body is in the horizontal 

plane through the projection when either < = o, or < = 

The former of these values denotes the instant of projection, the 
latter, the instant of returning to the horizontal plana Hence, 

X' jf a' ui. 2V sin a 
time of night = . 

9 
From fig. Art 161, it will be seen that AN, or the horizontal 
distance described in the time t, is equal to Y^ cos a; therefore, 

horizontal range = V cos a x time of flight, 

_ 2V* sin a cos a 

V* sin 2 a 



9 

Cor. 1. By comparing the results of the present section with 
those of Art. 164, it will be seen that the time of flight is double 
the time of reaching the greatest elevation, and consequently that 
the times of ascent and descent are equal Also, that the ratio of 
the horizontal range to the greatest elevation is constant for the 
same angle of elevation, being equal to 

4 cot a. 

CoR. 2. Since sin 2a has its greatest value when = 45**, it 

follows that, with a given velocity of projection, the horizontal 

range is the greatest when the angle of elevation is 45"^, and hence, 

V being the velocity of projection, 

Y» 
greatest horizontal range = — 

9 

167. Some of the preceding results may be simplified by the 
following device: Let h represent the distance through which a 
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body must fall under the action of gravity to acquire the velocity 

of projection, then, Art. 139, Y^^2ghy and hence 

greatest elevation = h sin'a, 

horizontal range = 2^ sin aa, 

greatest horizontal range = 2h, 

168. Given, the time of flight of a projectile, on a horizontal 
plane, to find the greatest elevation. 

Let T be the time of flight, then 

2V sin a _« 

Vsina = i^; 
greatest elevation = , 

Hence all projectiles, having equal times of flight on a horizontal 
plane, attain to equal elevations; and, conversely, if the greatest 
elevations are equal, the times of flight are equal also. 

169. To determine the path described under the action of gravity 
by a body projected with a given velocity in a given direction. 

Let the body be projected from A in the direction AT, with the 
velocity V. Let AT be the distance due 
to the velocity of projection in any time t, 
whence AT = Vt Draw the vertical line 
through T, and let TP = ^^<^ = the space 
due to the action of gravity in the time t 
Then, by the second law of motion, P will ^ 
be the place of the body at the end of the time t 

Let y and x be the co-ordinates of P, referred to AT and the 
vertical line through A as axes. Then 

y=AT = V<, 
x = T? = ^gf', 

2V* 

/, eliminating t, y* = a?, 

or the path of the projectile is a parabola. 
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170. To find the eqvLation to the path of a projectile when the 
axes of co-ordinatea are the horizontal and vertical lines drawn 
through the point of projection. 

Let AN, NP (fig. Art. 169) be the co-ordinates of P, and let 
AN = y, NP = ar, and the angle TAN = a, 

y = AT cos a = V^ cos a 
a? = TN-TP = V^Bina-|^j 
/. eliminating f, 

sina.y gf 

cos a 2V* cos* a 

& V* sin 2a 2 V' cos' a 
or, f- _ y=- x\ 

9 9 

whence it appears that the path of the projectile is the parabola 

whose UUiLS rectum is 

2 V* cos® a 



171. If, as before, h be the distance through which a body must 
fall vertically under the action of gravity to obtain the velocity 
V, then since V = igh, the equation to the path of the projectile 
becomes 

y® — 2^ sin 2a . y = — 4A cos* a . x. 

Again, if h' be the distance through which a body must fall to 

acquire a velocity equal to the horizontal component of the velocity 

of projection, or V cos a, so that V*pos*a = 2^A', the preceding 

equation becomes 

y* — 4A' tan a . y = — 4A' . x. 

Hence, the lotus rectum of the parabola described by a projectile 
is four times the space through which a body must fall to acquire 
the horizontal component of the velocity of projection. 

172. The values already obtained (Art 167) for the greatest 
elevation and the horizontal range, may also be deduced imme- 
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diately from the equation to the path of the projection. By Art 
171, 

y' — 2^ sin 2d . y = — ^h cos' a , x] 

(y — A sin 2a)' = — 4^ cos' a . x^-h^ sin' 2a, 

= — 4^ cos' a {x — h sin' a), 

which is the equation to a parabola, having its vertex at a point 
whose co-ordinates are h sin' a and h sin 2a. Therefore (fig. Art. 
169), CD = Asm' a, 

AD = A sin 2a; 

but CD is the greatest elevation, and AD is half the horizontal 
range. 

173, The distance of the point of projection from the directrix of 
the parabolic path ia equal to the apace due to the velocity of pro- 
jection. 

The distance of the point of projection from the directrix is 
equal to the distance between the directrix and the horizontal 
plane through the point of projection. The latua rectum of the 
parabolic path is 4A cos' a, and consequently the distance of the 
directrix from the vertex is A cos' a. But the distance of the 
vertex from the horizontal plane is A sin' a; therefore 

height of directrix = A cos' a + A sin' a, 

= A. 

Any point in the path of a projectile may be regarded as the 
point of projection, if the body be supposed to be projected from 
it with the velocity and in the direction which it has at that point. 
Hence it follows from the preceding, that the velocity of a pro- 
jectile at any point in its path is equal to that acquired by a body 
falling to the point from the directrix. 

174. To find the range and time of flight of a projectile on an 
inclined plane. 

o 5 
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Let the body be projected from A with a yelocity Y, in a 
direction making an angle a with the 
horizontal line. Let j8 be the inclina- 
tion of the plana By the equation to 
the path of the parabola (Art. 171), 

AC* - 2/i Bin 2a . AC = — 4^ cos' a . BC. ^ " c" 

But AB cos /3 = AC^ and AB sin p = BC. Therefore, substituting 

AB cos*j8— 2^ sin 2a cos )3= — 4A cos' a sin )3; 

A -p _ 2^ sin 2a cos j8 — 4A cos' a sin /8 

cos'p 

_ 4A COS a . sin (a — P) 
cos'/3 ' 

which is the range required. 

Let T be the time of flight; then, as in Art. 170, 

AC = Vcosa.T. 
But AC = AB cos j9, therefore 

m_ 4^.sin(o-ff) 
Vcos/S ' 

_ 2Vsin(a-)8) 
^ cos j8 

175. To find the direction in which a lody must he projected with 
a given velocity in order to strike a given fixed mark. 

Let B (fig. Ari 174) be the mark, and let AC = 6, and BC = c. 

Let V be the velocity of projection, and a the angle its direction 

makes with the horizontal line. Then, if the mark be struck at 

the end of the time t, 

Vcosa.< = &, 

and Vsin a.<-J^ = ci. 

Therefore, eliminating t, 

5tana-j^ / =c. 
V'cos'a 
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Whence, 6taaa-^;^(i + tan* a) = c, 

576 tan' a- 2V. tan a+ ?I!^ + ^' = o : 



taixa=:?!MI^iL?Z!^z:^). 

gb 
Or, if2^A = V», 

tan ^^ ^h±^(4h'-4hc-h^) 



EXAMPLES. 

1. The horizontal range of a projectile is 1000 feet, and the 
time of flight 10 seconds; required the velocity of projection. 

The required velocity is 189*6 feet peif second. 

2. The greatest elevation attained by a projectile is equal to its 
horizontal range ; required the angle of elevation. 

The required angle is tan*'^4. 

3. In what direction must a body be projected with a velocity 
y, that its range on a plane whose inclination is p may be the 
greatest possible ) 

The required angle of elevation is equal to 45° + ^fi. 

4. Shew that the greatest possible range, on a plane whose 
inclination is /3, of a body projected with a velocity due to the 
height h is 

I + sin /3* 

5. The horizontal range of a projectile is equal to the space due 
to the velocity of projection ; what is the angle of elevation I 

The angle of elevation is 15^ 
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6. If a body be projected from a height h! above a horizontal 
plane, with a velocity due to the height A, and at an angle of 
elevation equal to a, what is its range along the plane % 

The range is equal to 

h sin 2a + 2 cos ay/{h^ sin' a + hV), 

7. If any number of bodies be projected with the same velocity 
Vy in different directions from the same point, shew that their 
locus at the end of the time t is the sphere whose radius is vtj and 
whose centre is at a distance \gf vertically below the point of 
projection. 

8. Two bodies projected from the same point, at angles of ele- 
vation ax, a,, respectively, and with velocities due to the heights 
h^ h^ strike an inclined plane at the same point, find the inclina- 
tion of the plane. 

The inclination of the plane is equal to 

I hi sin 2ai — A, sin 2a<2' 



tan-^P^ ^ ^^^ 2ai-Aa sm 2a8 \ 
\ 2 hy cos' a^ — Ag cos' Oa/ 



9. Two bodies projected from the same point, at angles of ele- 
vation ai, Og, respectively, and with velocities due to the heights 
hi, h^ strike the same point in a vertical wall, find the distance of 
the wall from the point of projection. 

The required distance is equal to 

tan a^ — tan a^ 



j^h^h^. 



Ag sec' Oi — hi sec' a^ 



10. A ball is projected with a velocity of g66 feet ; what must 
be the angle of elevation that its horizontal range may be 9660 
yards? 

The required angle is 45**. 

11. The greatest horizontal range of a projectile is 805 feet; 
what was its velocity of projection 1 

The required velocity is 161 feet per second. 
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12. Giyen the horizontal range and the time of flight to deter- 
mine the angle of elevation. 

Let R be the horizontal range and T the time of flight, then, if 
a be the angle of elevation, 

tan a= — . 

2R 

13. If any number of bodies be projected from the same point 
in the same direction, but with diflerent velocities, shew that the 
locus of their points of greatest elevation is a straight line through 
the point of projection inclined to the horizontal line at an angle 
whose tangent is j^ tan a (a being the angle of elevation of the 
projectiles). 

14. Two bodies are projected at the same instant from dififerent 
points in the same horizontal plane; the sines of the angles of 
elevation are inversely proportional to the velocities of projection; 
shew that their elevations are equal at every instant of their flight. 

15. If two bodies, projected at the same instant, from diflerent 
points in the same horizontal plane, have at any instant equal 
elevations, shew that their elevations are equal at every instant 

16. If any number of bodies be projected from the same point 
with the same velocity in diflerent directions in the same vertical 
plane, shew that the locus of their points of greatest elevation is 
an ellipse whose semi-major axis is h and semi-minor axis ih (h 
being the height through which a body must fall to acquire the 
velocity of projection). 

17. In the preceding, shew that the locus of the foci of the 
parabolic paths is a circle whose centre is at the point of projection, 
and whose radius is equal to h. 
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CHAPTER XL 

ON THE FREE CUBYILINEAR MOTION OF A PARTIOLEy AND ON 
MOTION ABOUT CENTRES OF FORCE. 

176. By the first law of motion, a body in motion, unacted upon 
by any force, will move on in a straight line. Curvilinear motion 
can therefore result only from the continued action of one or more 
forces, and these forces are either partly or wholly employed in 
overcoming at each instant the tendency of the body to rectOinear 
motioa Let a single force be conceived of as producing, in this 
respect only, the same effect as the force or forces really acting upon 
the body. The direction of this force must at each instant be at 
right angles with the tangent to the path in which the body is 
moving. A force equal and opposite to this is taken to represent 
the tendency of the body to rectilinear motion, and is called the 
centrifugal force. 

177. To find the centrifugal force when a body is moving in a 
curvilinear orbit with a velocity v. 

Let the body when moving with the ^ ^ 

velocity v be at the point P, and let 
PR be the tangent and PC the normal 
at P. Let / be the force which acts 
upon P in the direction of the normal, 
then, by definition, the centrifugal 
force is a force equal and opposite to / 
Let Q be position of the body after 
a short interval t, and draw QR paral- *• *^«ir.L.«»*** 

lei to PC, then if /be supposed to be uniform during the interval t^ 




• 



• 
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the secoDd law of motion is applicable (see Art. 122), and PB is the 
space due to the velocity at P, and PX or QR the space due to the 
force /• Therefore upon this supposition, 

and QR = i/t5«, 

. " . 2QRty» 

whence /= g^g . 

The error arising from the supposed uniformity of / is diminished 
the nearer Q is taken to P ; hence, ultimately, 

/= limit of. ^Q^/. 
•^ PR« 

To determine the value of this limit, let the circle PQ^ be drawn 
passing through the points P, Q, and touching the line PR in P. 
Let RQ produced meet the circle in q. Then, Euclid, iii. 36, 

PR« = RQ. %, 

PR« R^' 

But, as Q approaches P, R^' becomes more and more nearly equal 
to the diameter of the circle, and the circle itself to the circle of 
curvature. (See Appendix.) Hence, if p be the radius of curvature, 

limit of p^, = limit of ^, 



2p 

Therefore, 

P 
CoiSL 1. Hence, if F be the force which acts upon a particle 
moving finely in a curvilinear orbit, and ^ be the angle between 
the direction of F, and the normal at any point P, then 

F cos <^ = — . 
P 

F= ^ 



pCOB^ 



w^m 
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Cor. 2. Let PV be the chord of curvature, (?. e., the chord of 
the circle of curvature,) drawn through 
P in the direction of the force, then 
PV = PI cos <t>=2p cos <^, and hence by 
the preceding corollary, 

2 
= 2F. 

4 

Comparing this with formula, '^-2f%^ Art. 139, we see that 
when a body moves in a curvilinear orbit under the action of any 
force, the velocity at any point is that which would be acquired 
by a body falling through one-fourth of the chord of curvature 
drawn in the direction of the force, under the action of the force 
at that point supposed to be uniform. 




178. To determine the law of force when a particle moves in a 
circular orbit under the action of a force at right angles to one of 
the diameters. 

Let AM be the given diam- 
eter, P any position of the 
particle, and F the force at P. 
Then, if G be the centre of 
the circle and r its radius, 

1^ 



r= 



rcos^ 




But, by hypothesis, the force always acts in a direction at right 
angles to AM, it can therefore produce no acceleration in the 
direction of AM, and henC'C the velocity of the particle in this 
direction must be constant Let Y represent this constant velocity, 
and through P draw the tangent PT, then PT is the direction of 
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the velocity v, and v cos PTM is its component in the direction of 



AM, therefore, 


V = v cos PTM, 




= v cos ^; 


whence. 






V«r^ 




r* cos '«^' 




ya^ 




PM»' 


• 
• • 


Fx ■' 



p5F 

or the force varies inversely as the cube of the distance from the 
diameter AG. 

V PM 

Cor. Since v = and cos 6 = — , 

cos<^ r ' 

we have 

Vr 

"=PM' 
I 



PM' 

or the velocity varies inversely as the distance of the particle 
from the diameter AG. 



179. To determine the law of force when a particle moves in a 
parabolic orbit under the action of a force at right angles to the 
axis. 

In the fig. of preceding Art. let AM be the axis of the parabola, 
PG the normal, And PT the tangent at P, then as before, 

F= ^ 
and v = 

whence F = 



p cos <l> 

V 

cos<f> 

f)COS'<^* 



1 
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Let 40 be the latus rectum of the parabola^ and let r be the 
foca] distance of P; then (see Appendix) 

PM 



P 
and cos ^ = 



and F = i^^ 

PM» 

Cor. Since v = -, and cos ^ = 



cos <^' V(<^^)' 



2y^(cr) 
PM • 



180; To determine the law of force when a particle moves in an 
elliptic orbit under the action of a force at right angles to the major 
axis. 

Using the same notation as in the preceding, we have as before 

p cos'<^ 

Let a and b be the semi-axes of the ellipse^ and r, / the focal 
distances of P, then (see Appendix) 

A . a PM 

and cos 9 = ^ • 



Therefore, F = 



6 V(^y 

a«PM»' 



PM» 
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^ o- V J . a PM 

CoR. Sjnoe v= r, and cos <^= j-. -p—r:', 



cos^ 



b ^{7ry 



aPM • 



181. A central force is a force which always tends towards a 
fixed point or centre. Central forces, when attractive, are some- 
times called centripetal forces. 



182. " If a body move in any orbit about a fixed centre of force y 
the areas described by lines drawn from the centre to the body lie in 
one plane, and are proportional to the times of describing theiny 
(Newton, Principia; book i. sect. 2, prop, i.) 

Let S be the centre of force ; and suppose a body unattracted by 
the force in S to describe the straight line AB with a uniform 
velocity in t". Then, if suffered to pro- 
ceed, it would move on uniformly in the 
direction of AB produced, and describe 
Be = AB in the next interval of r" ; but 
at B suppose an instantaneous impulse 
communicated to it in the direction BS, 
which causes it to move in the direction 
BC ; then, by the second law of motion, 
if Qc be drawn parallel to BS, the body 
^t the end of the second interval will 
be found at C. Draw SA, SB, SC, Sc. 
Since Qc is parallel to BS, the triangles 
SBC, SBc, are equal; and since Be = AB, 
the triangles SBc, SAB are equal. Therefore the triangles SBC, 
SAB are equal, and are in the same plane, since no force has acted 
to draw the body out of the plane SAB. Similarly, if impulses be 
communicated at the end of every interval of t", in directions 
tending always to S, causing the body to describe CD, DE, &a, in 
the third, fourth, &c., intervals, the triangles SCD, SDE, <fec., will 




--'Y 
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be each equal to SAB, and in the same plane with it ; also their 
bases AB, BC, CD, &o., are described in equal times. Therefore, 
the area of any number of these triangles, or the polygon 
SABCDE, varies as the time of describing it. Now let the number 
of intervals be increased, and the magnitude of each diminished 
indefinitely, then the polygon approximates to a curvilinear area, 
the sum of the impulses to a continued force always tending to S, 
as their limits, and what was proved of those quantities is true of 
their limits, and therefore the curvilinear area described in any 
time is proportional to the time. 

Cor. 1. If V be the velocity of the body at A, and p the per- 
pendicular force S upon the tangent at A, then 

area described in f = ^ptv. 

For, draw SY perpendicular to AB, then since AB is ultimately the 
tangent, SY is ultimately equal to p. Let t = nr, and, as before, 
let AB be the space described in the interval t, with the velocity v, 
then AB = rr, and 

area described in r" = J SY x AB, 

= iSYxvr, 

But, by the preceding proposition, the area described in t" is n 
times the area described in r"; therefore, 

area described in ^' = J^ SY x vnr, 

= iSYxvt, 

= ^ pvt ultimately. 

Coa 2. If A be equal to twice the area described in i", then, by 

preceding corollary, 

h=pv, 
and hence 

h 

P 
or the the velocity at any point varies inversely as the perpen- 
dicular upon the tangent at that point. 
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183. ^* If a body moving in a plane curve describe areas pro- 
portional to the times by lines drawn from the body to any point, 
the body is acted on by forces all tending to that point" (Newton, 
Principia; book i. sect. 2, prop, ii.) 

Let S (fig. Art. 182) be the point about which areas proportional 
to the times are described, and suppose, as in the preceding pro- 
position, that a body, unacted upon by any force, describes the 
straight line AB in r". In AB produced, take Bc = AB, then, if 
Bufifered to proceed, the body would be at c at the end of the next 
interval of t"; but, at B, suppose an impulse communicated which 
causes it to describe BG in the second interval, such that the tri- 
angle SBC is equal to and in the same plane with the triangle 
SAB. Join C, c and S, c. Then, since the triangles SBc, SBC are 
each equal to the triangle SAB, they are equal to each other, and 
therefore Qc is parallel to SB, and therefore, by the second law of 
motion, the impulse communicated at B is in the direction BS. 
Similarly, if D, E, &c., be the places of the body at the ends of 
the third, fourth, <fec., intervals of r", so that the triangles SAB, 
SBC, SCD, <&c., are all equal, all the impulses communicated may 
be shewn, in like manner, to tend to S. 

Now, suppose the number of intervals increased, and the mag- 
nitude of each diminished indefinitely, then the limit of the 
polygon is the curvilinear area, and that of the sum of the 
impulses a continued force tending to S, therefore the body is 
acted upon by a force tending to S. 

184. If a body move in any orbit about a centre of force (S), and 
if p be the radius of curvature at any point (P), p the perpendicular 
from the centre upon the tangent at the given point, and h twice the 
area described in i", then if F be the central force, 

F = ^l^- 

for, let PG be the normal, and PY the tangent at P, let SY be 
perpendicular to PY, and the angle SPG = ^ Then, by Art 177, 

Cor. 1, F = __!?__ 

p cos <f> 
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But (Art. 182, Cor. 2), t; = -; therefore, ^ 

P 

F= ^* 




p^p COS 4> 

p" p SP cos <^' 
= —^ — , Since SP cos ^ =p. 

By aid of this expression, the law of force can be readily found, 
when the orbit in which a body is moving about a centre of force 
is given. The following sections are examples of its application to 
such problems. 

185. To find the law of force when the body moves in a circle 
under the action of a force tending to a given point. 

Let S (fig. Art. 184) be the given point, and PVI the given 
circle whose radius PG = a. Then, in this case, p = a, and therefore 

* =— g — . 

fr a 

Let PS produced meet the circle in V; then, since SP cos ^=jc), 
and 2a cos <^ = PV, 

SP.PV 

whence 

8^V 



or. 



^ SP.PV 



F« 



SP . PV» 



186. To find the law of force when a body moves in an ellipse 
under the action of a force tending to the centre. 



i 
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If a, h are the semi-axes of the ellipse, and r, t^ the focal dis- 
tances of any point, then (see Appendix) 



and since S is at the centre, 



p-' 


" ab ' 


p- 


ah 


p^p-- 


= a«6», 


F: 


A».SP. 



or F X SP, 

that is, the force varies directly as the distance. 

OoB. 1. Hence if /n be the value of F at the unit of distance, 
or, as it is termed, the absolute force, then 

F = /Li.SP, 

and t.^^. 

CoR. 2. Let P be the periodic time, or the time of describing 
the complete ellipse, then, by Art. 182, 

P _ area of ellipse 
i" space described in i" 

p_ 2irah . 
but if /x be the absolute force, h = ab ^^i^ therefore, 

or the periodic time is independent of the dimensions of the 
ellipse, and hence, if several bodies move in different ellipses 
about the same force in the centre, the times of their revolutions 
will be the same. 

187. To find the law of force when a body moves in an ellipse 
under the action of a force tending towards one of the foci. 
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Let a and h be the semi-axes of the ellipse, r and r' the focal 
distances of any point, the former being measured from that focus 
towards which the force is directed; then, (see Appendix) 



and as before. 



P = V(J): 



^ ab ' 



F = 



a a 



52 •sp2, 



or, 



F oc — . 
SP 



Cor. If P be the periodic time, then, as before, 

but if /JL be the absolute force, /i = — ; and, therefore, 

p_ 2^ a* 

Hence, if several bodies move in different ellipses, about the 
same force in the focus, the squares of the. periodic times are as 
the cubes of the major axes. 

188. The values of p and p being the same for the hyperbola as 
for the ellipse, it follows that the investigations of Arts. 186, 187, 
will serve also for the cases of a body moving in a hyperbolic orbit 
about a force directed severally to the centre and the focus. 

189. To find the law of force when a body moves in a parabolic 
orbit about a force tending towards the focus. 
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Let 4C be the latus rectum of the parabola, and r the focal dis- 
tance of any point, then (Appendix) 



=K9 



8 



and 



p^p = 2C)^ = 2<J . SP'. 



2c' SF' 



or 



Foe 



SP*' 



Cor. Smce v = -, and p =^/{cr), therefore, 

P 

h 



v = 



or, v»oc i, 

' r 

that is, the square of the velocity varies inversely as the distance. 
The following problem is of especial importance in the theory 
of undulations. 



190. A body moves in an elliptic orbit under the action of a force 
directed towards the centre to find the position of the body at any 

time t. 

Let APB be the ellipse, P the 
position of the body at the time 
e, and, for greater simplicity, 
suppose the time to be reckoned 
from the instant when the body 
was at B. Then (Art. 182), 

t _2 area BCP 
P" h 

With C as a centre, and CA as a radius, describe the circle 

H 
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AQE, and let the ordinate through P meet this circle in Q. Let 
a and b be the semi-axes of the ellipse^ and x the abscissa of the 
point P. Then, 

area BCMP = - area ECMQ, 

a 

= -(CMQ + ECQ), 
a 



therefore, 



~a\ 


^2 2 J 


r 


_x . 


MP ^ ah 8m-»(f) 

2 2 




- area CMP +'^'^"(•1 

2 




areaBCP 


= area BCMP - aiea 


CJMP, 


ab 


sin-Kf); . 

2 




t^^ 


8in->(f). 






h 





But if /Li be the absolute force, then (Art. 186, Cor. 1) h = ahs/fi, 
therefore 

and hence 

x = a sin ^fi . ^. 

Cor. As this result is independent of the minor axis of the 
ellipse, it remains true, whatever value we may give to h. We 
may, therefore, suppose 6 to vanish, and we have the case of a 
body moving in a straight line, under the action of a force varying 
directly as the distance. 
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EXAMPLES. 

1. To find the law of force when a particle moves in a parabolic 
orbit under the action of a force parallel to the axis. 

The force is a constant force. 

2. To find the law of force when a particle moves in a hyperbolic 
orbit under the action of a force parallel to the major axis. 

3. To find the law of force when a particle moves in a parabolic 
orbit under the action of a force parallel to a given straight line. 

Draw a tangent to the parabola parallel to the given line, and 
let y be the ordinate of the particle referred to this tangent, and 
the diameter through the point of contact as axes, then 

4. Several bodies move in parabolic orbits under the action of 
the same force in the focus, shew that the square of the time of 
moving from the vertex to the extremity of the latus rectum 
varies as the cube of the latus rectum. 

5. A body moves in a parabola under the action of a force 
directed to a given point in the axis produced, find the law of 
force. 

Let S be the centre of force, A the vertex of the parabola, P 
any position of the body, and M the point where the ordinate 
through P cuts the axis, then 

SP 



Foe 



(2SA-SM)'' 



6. A body moves in a parabola about a force in the focus, shew 
that the centre of the circle which passes through the body, the 

H 2 



148 ON THE FREE CUBVILINEAR MOTION OF A PARTICLE, ETC. 

focus, and the vertex, moves uniformly with a velocity equal to 
3-8ths of the velocity of the body at the vertex. {Newton^ Prin- 
dp, i. prop. XXX.) 

7. A body moves in an ellipse under the action of a force 
directed towards one of the extremities of the major axis^ find the 
law of force. 

Let S, the centre of force, be thiB origin, and SM the abscissa of 
the point P, then 

V^ SP 



HYDROSTATICS. 



CHAPTER XII. 

ON THB FUNDAMENTAL PBOPEBTIES OF FLUIDS. 

191. A fluid is a body, all of whose parts oan move freely 
amongst theinselve& Motion consequently can be caused amongst 
the particles of a fluid body, by the application of the slightest 
conceivable force. 

192. The science which treats of the equilibrium of forces acting 
upon fluid bodies is termed Hydrostatics. 

193. Fluids are divided into liquids and aeriform fluids. An 
aeriform fluid is distingaished from a liquid by the existence of an 
expansive or repulsive force amongst its particles, in consequence 
of which they tend in a greater or less degree to move off from 
one another. 

194. When a fluid is at rest, any portion of it may be supposed 
to become a solid, without disturbing the equilibrium. 

Since all the particles of the fluid are at rest, it is clear that 
they will not less be so, if any number of them be rigidly con- 
nected with each other, and so deprived of the power of relative 
motion. 

195. WTien pressure is communicated to a fluid mass in equi- 
librium, it is transmitted equally and in all directions. 




150 ON THE FUNDAMENTAL PROPERTIES OP PLUID& 

In the sides of a closed vessel of any shape, let a number of 
apertures of equal area be made, and let 
these apertures be supplied with pistons 
exactly fitting them. Let the vessel be 
filled with water, and let the pistons be 
maintained by some mechanical contri- 
vance in their respective positions.* If any one of the pistons be 
pressed in with a force P, it is found that all the other pistons 
experience a similar pressure, and that a corresponding force P 
must be applied to each of them, in order to retain them in their 
places. Thus the pressure communicated to the fluid has been 
tmnsmitted in all directions, for all the pistons experience it, 
whatever their position, and whatever the shape of the vessel ; and 
the transmitted pressure is equal to that communicated. 

These results are the same, whatever the number of the pistons, 
and wherever placed. It follows, therefore, that every portion of 
the surface of the containing vessel, equal in area to that of the 
piston, experiences a pressure P. Thus, if the area of a piston is 
one square inch^ and a pressure of i lb. is exerted upon it, a 
corresponding pressure of i lb. is experienced by every square inch 
of the surface of the containing vessel; and similarly with any 
other pressure. 

196. If A and B, the areas of whose lower surfaces are a and h 
respectively, be two pistons fitted into the upper surface of a 
vessel filled with fluid, and if Q be the pressure experienced by B, 
when a pressure P is exerted upon A ; then, 

Q : P :: 6: o. 

For, in consequence of the pressure upon the piston A, a pressure 
P is transmitted to every portion of the surface of the containing 
vessel, whose area equals a, and therefore to every unit of area a 
pressure is transmitted equal to P ^ a. 

Since the lower surface of* B contains h units of ai-ea, the whole 

* For the reason of this proTision, see Art. 207. 
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pressure experienced hy B ia "Pb -^ cu But, by the hypothesis, Q 
denotes this pressure, therefore Q = P& -f- a ; that is, 

Q : P:: 6: a, 

pressure on B _ area of B 

pressure on A ~ area of A* 
As an illustration, let the lower surface of the piston A be a circle 
whose diameter is i inch, and that of B a circle whose diameter is 
I foot, then 



or. 



area of B 12' 
area of A i' 



and, therefore, 



pressure on B 



= i44i 



pressure on A 
or, pressure on B = 144 x pressure on A ; 

so that if a weight of i lb. rest upon the piston A, a weight of 
144 lb& must be placed upon the piston B in order to maintain 
equilibrium ; and conversely, if 144 lbs. press on the piston B, the 
equilibrium may be maintained by a pressure of i lb. on A. 

197. Bbamah Press. This powerful machine, invented by Mr. 
Bramah, is an interesting 
application to practical 
purposes of the charac- 
teristic property of fluids. 

C and D are two cylin- 
drical vessels, connected 
with each other by means 
of the pipe db, A and 
B are two solid pistons 
working in water-tight 
collars cc, dd. The pis- 
ton B, the diameter of 
which is much groater 
than that of A, supports 
a plate £, upon which the substance to be pressed is placed. A is 
csapable of being worked up and down by a lever GH, having its 
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fulcrum at G. L is a pipe leading into a reservoir I, a is a valve 
opening upward, and b a valve opening into the vessel D. 

Let the vessel CD be supposed to be filled up with water, when 
the pistons are in the position represented in the figure. Let A 
be forced down with a pressure P, then, by the preceding Article, 
B is forced up with a pressure equal to 

Ti area of B 
area of A 

If B yield to this pressure, the piston A will descend, and a 
portion of the water in C will be forced into the vessel D. The 
return of the fluid will be prevented by the valve h. If the 
piston A be now raised, fresh water will be pumped up into the 
vessel C from the reservoir I, and if A be again forced down with 
a pressure P, B will be again forced up with the same pressure as 
before. This process may be continued as long as the substance 
yields to the pressure exerted upon it. 

The pressure upon B may at any time be removed by unscrew- 
ing the plug e, by which the water is allowed to flow back into the 
reservoir. 



198. In consequence of the immense pressures exerted by the 
Bramah Press, especial care is necessary to 
prevent the escape of the water between the 
piston and the cylinder in which it works. 
This is eflected by the following contrivance. 
An annular piece of leather, after being well 
soaked, is formed into a collar, by doubling 
Jt over the rim of a metal cylindrical ring, in 
the manner shewn at c c, which represents 
one -half of the collar and ring. The collar, 
along with the ring, is placed in a recess cut 
in the part of the cylinder in which the pis- 
ton works, as shewn at d d. When the press ^j 
is at work, the water forces its way through 



E 
f 


B 


E 
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the crevice E E, and enters the recess d d. The pressure of the 
water acting against the under surfaces of the leather, forces it 
on one side of the ring against the piston, and on the other side 
against the cylinder, and by this means the escape of the water 
is effectually prevented. In fact^ the greater the pressure, the 
more firmly is the leather pressed against the piston and the walls 
of the cylinder; so that, by this ingenious contrivance, the greater 
the danger of leakage, the greater is the protection provided 
against it. 

199. The safety valve is another important application of the 
same principle. A portion of the boiler of a steam-engine, whose 
area contains a square inches, is furnished with a valve opening 
outwards. The valve is so contrived as to admit of being loaded 
with certain weights. If a weight of aP lbs. be placed on the 
valve, it is pressed down with a pressure of P lbs. to the square 
inch. If then at any time the pressure of the steam be greater 
than P lbs. to the square inch, the valve will be forced open, and 
the steam will escape; and since the pressure of the steam is the 
same on every inch of the surface of the containing vessel, no 
portion of the boiler will experience a greater pressure than P lbs. 
to the square incL So that if P be less than the pressure per 
square inch which the weakest portion of the boiler can bear, the 
boiler can never burst 



EXAMPLES. 

1. If two circular pistons, whose diameters are in the ratio of 
3:7, are inserted in the sides of a closed vessel filled with a 
weightless fluid, what pressure will be necessary to keep the smaller 
piston in its place when the larger piston is pressed in with a force 
of 245 lbs. 1 

The pressure required is 45 lbs. 

H 5 
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2. Two circular pistons are inserted in the sides of a closed 
vessel, what must be the ratio of their diameters, in order that 
when the vessel is filled with any fluid, and a pressure of 9 oz. is 
applied to the smaller piston, a pressure of 64 lbs. may be trans- 
mitted to the larger 1 

The diameters must be in the ratio of 3 : 32. 

3. A piston, whose area is 4 square inches, is inserted into one 
side of a cubical vessel filled with water; required the pressure 
upon the entire surface of the vessel when the piston is pressed in 
with a force of 2 lbs., the edge of the vessel being 15 inches. 

The required pressure is 6 cwt. i lb. 

4. The diameter of the head of a cylindrical cask is 20 inches, 
and the height of the cask is 30 inches; what is the total pressure 
upon the surface when a piston of one inch in diameter is pressed 
in with a force P 1 

The required pressure is 3199 P. 

5. The diameter of the large piston in a Bramah press is 25 
inches, of the small piston ^ inch, the lever is 2 feet 6 inches long, 
and is attached to the small piston rod at a point 2 inches from 
the fulcrum ; what weight would be raised by a power of i cwt. 1 

The weight required is 7500 tons. 
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CHAPTER XIII. 

ON THE EQUILIBRIUM OF FLUIDS AOTED UPON BT GRAVITY. 

200. All the particles of a fluid, equally with those of any 
solid body, are subject to the action of gravity. Any portion, 
therefore, however smaU, of any fluid, is drawn towards the earth 
with a certain degree of force, that is, is possessed of weight. 
Other forces, besides that of gravity, may act upon the particles 
of a fluid; and when that is the case, the determination of the 
conditions of equilibrium is difficult. We here confine ourselves 
to an examination of the circumstances which attend the equi- 
librium of fluids, when their particles are acted upon by the force 
of gravity alone. 

201. The surface of a fluid at rest is horizontal. 

For, if possible, let any portion of the surface of a fluid at rest 
be not horizontal There can then be taken in the surface three 
points which do not lie in the same horizontal plana Let the fluid 
be supposed to be divided by a plane passing through these three 
points, and let the portion of fluid below and that above be 
supposed to become solid. The latter will then be a weight, 
unsupported by any force, at rest upon an inclined plane. But 
since there is no friction between the particles of a fluid, this 
is impossible. Therefore, no three points can be taken in the 
surface of a fluid at rest, which do not lie in the same horizontal 
plane, and consequently the surface of a fluid at rest must be 
horizontal 
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202. The total pressure of a fluid at rest, upon any surface in 
contact with it may be, and most commonly is, the sum of two 
different pressures; the one a pressure transmitted simply by the 
fluid, and the other a pressure arising from the weight of the fluid 
itsel£ The former, as we have seen, is the same upon every unit 
of a surface in contact with the fluid. The latter, it will be seen 
hereafter, varies with the position of the surfaca When the 
latter is known in any case, it is only necessary to add to it the 
amount of transmitted pressure corresponding^ to the area of the 
surface, and the total pressure is found. If, then, we can determine 
the pressure of a fluid upon any surface arising from the action of 
gravity upon its particles, upon the supposition that no external 
pressure is communicated to the fluid, the problem is completely 
solved. 

203. The pressures of a fluid at rest, at any two points in the 
same horizontal plane are equal. 

Let A and B be any two points in a fluid at rest, lying in the 
same horizontal plane. Let P be the 
pressure of the fluid upon a unit of 
area at A, and Q the pressure upon a 
unit of area at B; then shall P and Q 
be equal. 

Let ACB be any portion of the fluid 
detached from the rest and enclosed in 

a rigid tube, the parts AC, BC being perfectly symmetrical. Let 
C be the lowest point of this tube, and let a vertical plate at C 
become rigid. The pressures on each side of this plate arising 
from the fluid in ABC are equal, and consequently, -since the fluid 
is at rest, the pressure transmitted from A and B must be equal, 
that is, P and Q must be equal. 

204. ' The pressure of a fluid at rest upon any plane must be in 
a direction perpendicular to the plane. 

For the only force opposed to the pressure of the fluid on the 
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plane is the resistance of the plane itself, and since there is 
equilibrium, these two forces must be equal and opposite. The 
resistance of the plane is perpendicular to the plane ; this, conse- 
quently, must be in the direction of the pressure of the fluid. 



N 



M 



K 



2 




205. To find the pressure of a fluid upon a rectangular plane 
immersed in it, so that one of its edges is parallel to the surface of 
the fluid. 

Let ABCD be the given plane, having AB parallel to the surface 
of the fluid. Let the vertical lines through 
A, B, C, D, meet the surface in K, L, M, N. Let 
the portion of the fluid included within the 
prism CK be supposed to become solid. The 
forces acting upon CE are the pressures on its 
surfaces and its own weight, and these are in 
equilibrium. The pressures on the vertical faces 
being (Art 204) horizontal, produce no effect in 
the vertical direction. The only forces acting 
in the vertical direction are the vertical com- 
ponent of the pressure on ABCD, and the weight of the fluid mass 
CE ; and, since there is equilibrium, these must be equal and 
opposite. 

Let AE be a horizontal section of the prism through AB. Let 
AB = a, BC = 6, and BE = c. Let h be the distance of the centre 
of ABCD from the surface of the fluid, P the pressure of the fluid 
upon ABCD, and w the weight of a cubic unit of the fluid. The 
content of CE equals the area of the face NL multiplied by its 
mean depth, or h\ 

content of CE = acA, 
weight of Q>K=wach, 

By Art. 103, the vertical component of P is P . :^— , or P -; 

P— = wachy 



P = tvabh. 
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Bat vxuhh is the weight of a column of the fluid whose base is a(, 
or the plane ABCD, and whose height is h] and the centre of 
ABCD is also its centre of gravity. Therefore, the pressure on 
the given plane is the weight of a column of the fluid whose base 
is the given plane, and whose height is the depth of the centre of 
gravity of the plane below the surface of the fluid. 

If the vertical lines through A, B, C, D, do not meet the surface 
of the fluid mass, let LN be any horizontal plane, some portion of 
which lies vertically under the surface of the fluid mass, and let 
h' be the depth of this plane below the surface. Then, by what 
has been just proved, the pressure on any unit of area in this 
plane vertically under the surface of the fluid is wh\ Therefore, 
by Art. 203, the pressure on every unit of plane NL is wh\ and 
consequently the pressure on the area KLMN is v>ach\ Since 
this pressure acts vertically and concurrently with the weight of 
CN, the vertical component of P must be equal to the sum of 
these two forces ; 

P - = vxich + wach\ 



P = v>ah {h + h') \ 

and A + ^' is the entire depth of the centre of gravity of ABCD 
below the surface of the fluid. In like manner it may be shewn, 
that in all cases the pressure of a fluid on any rectangular plane, 
having one of its sides parallel to the surface of the fluid, is the 
weight of a column of the fluid whose base equals the area of the 
plane, and whose height is the depth of the centre of gravity of 
the plane below the surface of the fluid. 



206. To determine the total pressure of a Jluid upon any surface. 

Let the surface be divided into small rectangular planes, each 
having one of its sides parallel to the surface of the fluid. Let A 
be the area of the whole plane, and z the distance of its centre of 
gravity below the surface of the fluid. Let A^, A,, A^, <fec. be the 
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areas of the several rectangles, and z^, z^ z^, <&c. the distances of 
their centres of gravity below the surface of the fluid; then, 

pressure on given surface = wA^Zi + wA^^ + wA^^ + (fee. 

= w (AiZi + AgZ^ + AgZa + <kc.) 

But (Art. 69) Az = AjZ^ + A^^ + A3Z3 + &c ; 

pressure on given surface = wAz, 

or tlie pressure on the surface is the weight of a column of the 
fluid whose base equals the area of the given surface, and whose 
height is equal to the depth of the centre of gravity of the surface 
below the surface of the fluid. 



Ex. 1. To find the pressure on a rectangular plane 10 in. by 
4, when immersed in water so that its centre of gravity is at a 
depth of 20 inches. 

The area of the plane is 10 x 4, or 40 sqviare inches. Hence 
the pressure on the plane is the weight of 40 x 20, or 800 cubic 
inches of water. 

The weight of a cubic foot of pure water is 1000 oz. avoirdupois^ 
and therefore the weight of a cubic inch is 1000 -r 1728 oz. 

. J 800 X 1000 
• pressure required = — 

. 1728 
= 462*96 oz. 

Ex. 2. To compare the pressures on the bottom and side of a 
cubical vessel filled with any fluid. 

Let a be the length of the edge of the cube, and w the weight 
of a cubic unit of the fluid. The area of the bottom of the 
vessel is a\ and the depth of its centre of gravity is a, therefore 
the pressure ou the bottom is equal to tvc^. 

The area of the side of the vessel is a^ and the depth of its 
centre of gravity is ^, therefore the pressure on the side is equal 
to ^tpo^. Hence the pressure on the side of the vessel is one-half 
of that on the bottom. 



160 ON THE EQUILIBRIUM OF FLUIDa 

207. If the student will now revert to Art 195, he will see why 
it was necessary to insert the provision, that the pistons be main- 
tained in their position by some mechanical contrivance. For if 
the pistons (as is the case with the pistons C, D) be situated any 
where except upon the uppermost surface of the vessel, they will 
experience a pressure greater or less according to their distance 
below the surface of the fluid, and will, in consequence of this 
pressure, be forced out, if not prevented. 

The pistons A and B, which press upon the uppermost surface 
of the fluid, experience no pressure from the weight of the fluid 
itself ; whatever force, therefore, is impressed upon them is trans- 
mitted undiminished to every part of the fluid. But if a pressure 
be applied elsewhere, at C for instance, and no other force act 
upon the piston, then a part of this pressure will be employed in 
counterbalancing the pressure of the fluid upon C, and the remain- 
der only will be the pressure transmitted by the fluid. Hence, if 
a be the area of the piston, h the distance of its centre of gravity 
below the surface of the fluid, and w the weight of a cubic unit of 
the fluid, and if aP be the pressure exerted upon the piston, the 
pressure transmitted to every corresponding area is aP — wah, or 
the pressure transmitted to every unit of area is P — wh, 

208. Since the pressure of a given fluid upon a given horizontal 
plane depends only upon the depth of the plane beneath the sur- 
face of the fluid, it follows that, if the bottoms of any number of 
vessels of various shapes be of equal area, and the same fluid be 
poured to the same height in all, the pressure upon the bottom of 
each vessel will be the same, however different the quantity of 
fluid in each may be. If the bottoms of the vessels be moveable, 
it will be found by experiment that the same force is necessary in 
each case to retain them in their respective positions. 

209. If a fluid he poured into any one of a number of open vessels 
having a free communication with each other, the fluid will rise to the 
same height in all. 
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Let A and B be any two such vessels, having the lowest point 
ate. 

Let a thin vertical plate of the fluid 
passing through C become rigid. Let a 
be the area of this plate, h the distance of 
its centre of gravity below the surface of 
the fluid hi A, and K its distance below 
the surface in £. 

Let w be the weight of a cubic unit of C 

the fluid. Then the pressure exerted on the one side of the plate 

by the fluid in A is wa\ and that exerted on the other side by the 

fluid in £ is woh!. But since there is equilibrium, these pressures 

must be equal; therefore 

wah = wah\ 




or. 



h = h\ 



210. HrDROSTA-Tio BELLOWS. AB is a narrow tube communi- 
cating with a vessel formed by uniting together two pieces of wood 
by some flexible and waterproof substance. If water be poured 
down the tube, it will enter the vessel, and raise a large weight W 
placed upon CD. 

When equilibrium exists, let A be the surface of the water in 
the tube, and let B lie in the same horizontal 
plane with CD. Let w be the weight of a 
cubic unit of water, and let h be the depth 
of B or CD below A. 

The pressure upon each unit of area in CD 

is wh. Therefore, if 6 = number of units in 

the area of CD, the total pressure on CD = 

tuhh', and, since there is equilibrium, this 

must equal the weight supported; therefore 

W = wbh. 

If a = area of the horizontal section of the pipe at B, weight of 

fluid in AB = wah. 



B-1 



orwx 



W---X weight of fluid in AB. 
a 
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If CD and the tube are ciroalar, and if R be the radius of CD, 
and r the radius of horizontal section of the tube^ 

b : a : : B? : r\ 



W=(-\\ weight of fluid in AB. 



211. To determine the position of equilibrium when two fluids 
which do not mix meet in a bent tube. 

Let A be the common surface to the two fluid& Let B be the 
surface of the one fluid, and D that of the other, when there is 
equilibrium. 

Let h be the distance of B above the horizontal plane at A, and 
h' the distance of D above the same plane. 

Let w be the weight of a cubic unit of the fluid 
in AB, and w' of the fluid in ACD. Let a be the B 
area of the horizontal section of the tube at A. If 
a thin plate of the fluid at A be supposed to be- 
come solid, since there is equilibrium, the pressures 
on its upper and under surfaces must be equal. ^ 
The pressure on its upper surface is wah, and on 
its lower surface w'ah' ; therefore 

wah — v/ah\ 
wh = w'h* ; 



\^ 



212. The pressure of a fluid at any point of a surface acts in 
the direction of the normal to the surface at that point. The 
pressure found in Art 206 is the total pressure, or the sum of the 
pressures at all points of the surface. The resultant of any 
number of forces is equal to their sum only when the forces 
are parallel, and hence, the total pressure already found will be 
the resultant pressure only when all the normals are parallel, that 
is, when the surface is a plane. If the surface be not a plane, the 
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resultant pressure will not be the same as the total pressure, but 
less than it, since the resultant of any number of forces which are 
inclined to each other is less than their sum. The determination 
of the resultant pressure requires in general a knowledge of the 
differential calculus. There are, however, certain cases in which 
the resultant pressure piaj be more easily found These may be 
classified under the following two divisions : first, those in which 
the given surface is the entire surface in contact with the fluid, 
when the body is either wholly or partially immersed in the fluid ; 
and secondly, those in which the given surface is bounded by 
one or more plane curves. 

213. To find the resultant pressure of a fluid on the surface of a 
solid, wholly or partially immersed in it. 

Let any portion M of any fluid at rest become solid, and since 
the equilibrium is not thereby disturbed, the 



forces acting upon M must be in equilibrium. i /^^^ 
The only forces acting upon M are the weight of ] (^5-J 
M acting vertically downwards at the centre 
of gravity of M, and the pressures of the fluid 



upon the surface of M. Hence, the resultant of these pressures 
must be equal and opposite to the weight of M acting at its centre 
of gravity. But the fluid will exert the same pressure upon the 
surface of any other body of the same form as M occupying its 
place. Hence, the resultant of the pressure of a fluid on the 
surface of a solid immersed in it is equal to the weight of the fluid 
displaced, and acts vertically upwards through the centre of 
gravity of the fluid displaced. 

214. When the given surface is not the entire surface in contact 
with the fluid, the resultant pressure may be found by the follow- 
ing method, if the surface be bounded by plane curves. 

Let ABC be the given surface, bound by the plane curves AB, 
BC, and CA. Let planes passing through these curves intersect 
in AD, DB, and DC, and let ADBC be a portion of the fluid mass, 
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bounded by these planes and the given surface. Let this portion 
of the fluid be supposed to become 
solid. ^ It is then a body at rest 
under the action of the following 
forces : — the weight of the fluid 
masSj the pressures on the planes, 
and the pressure on the given sur- ' 
face. The last^ therefore, must be 
equal and opposite to the resultant 
of the rest By finding then the 
weight of the fluid mass, and com- 
pounding it with the pressures on the plane surfaces, we obtain 
the required resultant pressure on the given surface. 

In applying this method, it will often be convenient to find the 
required pressure by finding separately its horizontal and vertical 
components; the former being equal to the resultant of the other 
horizontal pressures acting on ABCD, and the latter equal to the 
resultant of the other vertical pressures. 




Ex. 1. A sphere is immersed to a given depth in a given fluid, 
to find the magnitude and direction of the resultant pressure on a 
hemisphere whose bounding plane is vertical. 

Let r = radius of sphere, h = 
depth of the centre, and w = the 
weight of a unit of the fluid, then 
the pressure on the bounding plane 
is equal to 

and acts horizontally ; and the weight 
of the fluid included between the 
hemisphere and its bounding plane 
is equal to 

and acts vertically. These two forces are in equilibrium with the 
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required pressure (P). Therefore, if V be the vertical and H the 
horizontal components of P, 

and H = tom^h. 

Therefore, P = ^/(V« + ff ), 

and if 6 be the inclination of P to the vertical line, 

tane=?. = 3*. 
V 2r 

Cor. If the sphere be just immersed, then A = r, and resultant 
pressure = \wTn^^i^. 

Ex. 2. A sphere is immersed to a given depth in a fluid to find 
the resultant on either of the four parts into which the surface is 
divided by two vertical planes passing through the centre, and at 
right angles to each other. 

Let r = radius of sphere, h the depth of the centre, and w the 
weight of a unit of the fluid. 

The pressure on each of the bounding planes is equal to 

These pressures are both horizontal, and at right angles to each 
other, therefore, the residtant horizontal pressure is 

The weight of the fluid included between the given surface and 
the bounding planes is 

Hence, as before, 

therefore, P = iw^r^ ^^(47^ + 1 8^^*). 

CoR. If the^ sphere be but just immersed, then 

resultant pressure = ^tjoirr^^ 22, 
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Ex 3. A oone immersed in a fluid with its vertex on the surface, 
and its axis vertical is bisected by a plane passing through the axis, 
to find the resultant pressure on either half of the conical surface. 

Let A = height of the cone, r = radius 
of base, and w the weight of a unit of 
the fluid. Then the pressure on the ver- 
tical plane is equal to 

and acls horizontally. The pressure on 
the base is 

and acts vertically upwards, and the 
weight of the included fluid is 

Hence, V = ^voTrr^h - J wttt^hy 

and H = ^wrh\ 

215. If any body hang freely by a cord, we have seen (Art 60) 
that the centre of gravity lies in the vertical line drawn through 
the point of suspension, that is, in the line of the cord ; and the 
tension in the cord equals the weight of the body. 

If such a body be wholly immersed in a fluid, it has been 
shewn in Article 213, that it will be pressed upwards by a force 
equal to the weight of the fluid displaced, which, in this case, is 
the weight of a portion of the fluid equal to the bulk of the body; 
and this pressure is directly opposite to the weight of the body; 
therefore the tension in the cord will be the weight of the body 
diminished by the weight of an equal bulk of the fluid. 

216. To determine the conditttma of e^ilibrium of a floating 
body. 
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If a body floating in a fluid be at rest, the forces acting upon it 
are the weight of the body, which acts at its centre of gravity, and 
the resultant pressure of the fluid which acts at the centre of 
gravity of the fluid displaced. 

The necessary conditions of equilibrium are, that these forces be 
equal and opposite. The two conditions, therefore, are, 

First, That the weight of the body be equal to that of the fluid 
displaced; and. 

Secondly, That the centres of gravity of the body and the fluid 
displaced be in the same vertical line. 

As a body cannot displace a quantity of fluid greater than its 
own bulk, if the weight of the body be greater than that of an 
equal bulk of the fluid, the body cannot float in that fluid. If 
the weight of the body be exactly equal to that of an equal balk, 
of the fluid, the body will have in no position any tendency either 
to rise or to sink, provided only it be entirely covered by the fluid. 



EXAMPLES. 

1. To what depth must a surface be sunk in water that the 
pressure upon it may be at the rate of 25 lbs. to the square inch f 

The required depth is 57I- feet. 

2. If the side of a vessel be a triangle, having its base at the 
bottom of the vessel, shew that the pressure exerted upon it by 
any fluid when the vessel is full is to that exerted when the vessel 
is filled to only half its depth, as 16 : 5. 

3. If in the preceding the base of the triangle be the top of 
the vessel, shew that the pressure when the vessel is full is to the 
pressure when the vessel is only half filled, as 8 : i. 

4. Shew generally, in the last example, that the pressure on the 
side when the vessel is full is to the pressure when the vessel is 
filled to one nth of its depth, as 71' : i. 
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5. Find the total pressure upon the surface of a globe, 2 feet in 
diameter, when immersed in water so as to be just covered 

The total pressure is 785-39 Iba 

6. A globe, 2 feet in diameter, when floating in water is half 
immersed, what is its weight ) 

The weight of the globe is 130*9 lbs. 

7. A conical body floats in water with its vertex downwards, 
what will be the depth of the vertex below the surface of the 
fluid, the weight of the cone being 200 oz., its height 24 inches, 
and the diameter of its base 12 inches 1 

The required depth is V(3'°5) ^®6*' 

8. A cylindrical vessel is filled with water ; compare the pres- 
sures upon the bottom and sides. 

Let r be the radius of the base, and h the height of the vessel ; 
then the pressiire upon the bottom is to the pressure upon the 
sides Bank. 

9. A cylindrical vessel is filled half with water and half with 
a fluid twice as heavy as water, the two fluids do not mix; compare 
the pressures upon the upper and lower half of the sides. 

The pressure upon the lower half is 4 times that upon the 
upper half 

10. A sphere, whose radius is 6 inches and weight 35 lbs., is 
suspended by a string; required the tension in the string when 
the sphere is wholly immersed in water. 

The required tension is 2 lbs. 4*4 oz. 

11. A rectangular plate, ABCD, hangs by a cord at A with its 
plane vertical, and is partly immersed in water, in the position of 
equilibrium the diagonal BD coincides with the surface of the 
water; required the weight of the plate and the tension in the 
string. 
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Let a and h be the sides of the plate in inches, and e its tbijok- 

ness; then, if u^ be the weight of a cubic inch of water, the weight 

of the plate is equal to. 

2v>abc 9 

and the tension in the string is equal to 

wahc 



12. If a triangular plate ABC, having its sides AB, AC unequal, 
be suspended at A, and be partially immersed in any fluid, shew 
that in the position of equilibrium the Hne drawn from A to the 
bisection of the opposite side cannot be vertical. 



13. If any plAte be suspeftded, and partially immersed in any 
fluid then in the position of equilibrium, the moment of the 
volume of the displaced fluid about the point of suspension is to 
the moment of the volume <^ the plate as the weight of the plate 
is to the weight of an equal volume of the fluid. 

Let V and V be the volumes of the entire plate, and of the 
immersed part, and q, g', the distances of their centres of gravity 
from the vertical line through the point of suspension. Let W be 
the weight of the plate, and w the weight of a unit of the fluid ; 
then the upward thrust of the fluid is equal to 

The resultant of the weight of the plate and the thrust of the 
fluid must pass through the point of suspension ; therefore, taking 
the moments about this point, we have 

wTq' = Wq. 

•r^ vv w 

whence, ==r^ = -— . 

Yq wY 
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14. In the preceding, if Y, q\ apply not to the port immersedy 
but to the part not immersed, shew that 



15. A triangular plate ABC, having the angle at B a right 
angle, is suspended at A, and partially immersed in a fluid; 
required the hei^t of A above the surface of the fluid, in order 
that in the position of equilibrium the side AB may be vertical. 

Let AB=a; let W be the weight of the plate, and W the 
weight of an equal volume of the fluid; the required distance 
is equal to 

16. A conical vessel having its vertex downwards, and filled 
with a given fluid, is bisected by a vertical plane passing through 
the axis, to find the resultant pressure on either portion of the 
surface. 

Let h be the height of the cone, r the radius of its base, and w 
the weight of a unit of the fluid, then the required pressure is 
equal to 

17. In the preceding, if the cone be divided into four equal 
portions by two planes through the axes at right angles to each 
other, shew that the resultant pressure on each portion of the 
conical surface is equal to 
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CHAPTER XIV. 

ON SPECIFIC GRAVITY. 

217. The specific gravity of any substance is the ratio of the 
weights of equal volumes of that substance, and of a certain 
standard substance. 

The standard for solids and liquids is distilled water, at a tem- 
perature of 60°. 

The standard for gases is pure atmospheric air, at a temperature 
of 60°, with the barometer at 30 inches. 

Hence, if the specific gravity of any solid or liquid be 2, the 
weight of a cubic inch of the substance is twice the weight of a 
cubic inch of water. Or generally, if « be the specific gravity of 
any substance, and w the weight of a cubic unit of the standard, 
the weight of a corresponding unit of the substance is sw; and if 
Y be the volume of the substance, and W its weight, 

W = Vm 

A cubic foot of pure water, at a temperature of 60°, weighs 
1000 ounces avoirdupois; and 100 cubic inches of air, at the 
standard temperature and pressure, weighs 31 grain& 

The absolute weight of any substance may hence be easily 
found from a table of specific gravities. 

For example, to find the weight of a cubical block of marble, 
whose side is 4 feet, the specific gravity of the marble being 2*7. 

The block contains 4', or 64 cubic feet of marble. Therefore, 
weight of the block = 64 x i2'7 x 1000 oz. 

= 10800 lbs. 

= 4 tons, 16 cwt., I qr., 20 lbs. 
I 2 
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218. The hydrostatic balance is, in its simplest form, a common 
pair of scales, with a fine thread attached t 
to the imder sur&ce of one of the scaJe- 
pan& By this arrangement, any solid 
substance can be weighed, both in the 
ordinary way, and also by means of the 
thread when immersed in any fluid. 

219. To find the ^ecific gravity of a body heavier than water. 

Weigh the body both in air and in water. The loss of weight 
in water is, as seen in Art 215, equal to the weight of the water 
displaced, that is, since the body is entirely immersed, of a volume 
of water exactly equal to that of the given body. Therefore, 

^ weight of the body 
* loss of weight in water ' 

220. To find the specific gravity of a body lighter than waten 

To the given body attach some other body heavy enough to sink 
it in water; weigh the two together both in air and in water; the 
loss of weight is equal to the weight of the water displaced by 
both. Then weigh the heavy body in air and in water; the loss 
of weight is equal to the weight of the water displaced by the 
heavy body. 

The difference of the two losses is therefore equal to the weight 
of water displaced by the given body. Hence, 

^ weight of body 

* difference of the two losses' 

221. To find a relation between the weights and specific gravities 
of the components, and the weight and specific gravity of the com- 
pound 

Let Wi, Wg, &a, be the weights; Vi, Vg, &c., the volumes; and 
8^, s^ &o,y the specific gravities of the components. Let W be the 
weight, y the volume, and s the specific gravity of the compound. 
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Then if no change of volume result from the composition, 

V = Vi+V,+ &c. 

But by Art. 217, V = — ; Vi = ^ and so on. Therefore 

W W, W. . 

= i+ H+&0. 

SW SiW s^w 

W Wi Wa . 



«8 



222. If the volume be changed by the composition : — ^let the 
volume after composition be to the sum of the volumes of the 
components in the ratio of m : n. Then 






223. To find a relation between the volumes and specific gravities of 
the components, and the volume and specific gravity of the compound. 

Using the same notation as in Art. 221, 

W = Wi+W,+ <fec. 
But, Art. 217, W = Ysuf; Wi = YiSyW, and so on. Therefore 

Ysw = YjSiW + Y^w + &C. 
Ys =Vi«i +Va«2 +«fco« 

224 In an alloy compounded of two known metals, to determine 
the proportion in which either of the metals enters. 

Let the alloy be compoimded of the metals A and B, whose 
specific gravities are «i and <, respectively, and let s be the sp. gr. 
of the alloy. Let x be the weight of the quantity of the metal 
A contained in a mass of the alloy whose weight is X. Then the 
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weight of the metal B contained in the same mass is X — a;. Hence 

(Art 221), 

X X X — x 

-=- + ; 

S 8i 8^ 



\«, Sj \8 8 J 



X _8i 8 —8i 



X 8 <i — «a 

Or, if it be required to determine the proportion with respect to 
volume, let y be the volume of the metal A contained in a volume 
Y of the alloy. Then Y — y is the volume of the metal B con- 
tained in the alloy. Therefore (Art 223), 

Y« = y<i+(Y-y)«8, 
y(«i-««) = Y(«-«8); 

y_ g -h 

Y <i - «8 

225. To determine the specific gravity of a fluid by means of the 
specific gravity bottle. 

The specific gravity bottle is simply a small flask fitted with a 
ground stopper. 

Let w be the weight of the flask, x its weight when filled with 
the given fluid, and y its weight when filled with distilled water. 
Then x — w is the weight of the given fluid contained in the flask, 
and y-w the weight of a similar volume of distilled water. 

sp. gr. of the fluid = . 

y — w 

Specific gravity bottles are very frequently made so as to con- 
tain exactly looo grains of pure distilled water. Then, if x and 
w are known in grains, 

sp. gr. of the fluid = . 

lOOO 
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22Q. To determine the specific gravity of a fluid by weighing a 
solid body in it. 

Let w be the weight of the solid body, x its weight when 
suspended in the given fluid, and y its weight when suspended in 
distilled water. Then (Art 215) tir — or is the weight of a quantity 
of the given fluid equal in volume to the solid body, and w — yia 
the weight of a similar volume of distilled water ; 

r xu n -J «^ — « loss of Weight In the fluid 

. . sp. gr. of the fluid = = -.j ^ . ■ ^ . 1 

w— y loss of weight m water 

Or, if « be the specific gravity of the solid, then since (Art. 186) 

w 



s = 



w-y 
sp. gr. of the given fluid = s . 



w —a: 



227. To determine the specific gravity of a fluid by means of the 
common hydrometer. 

The common hydrometer consists of a small hollow sphere A, 
to which there is attached, on one side, a slender graduated ^ ^ 
stem, and on the other a smaller sphere B, made of such 
a. weight as to allow the whole instrument to float with 
the sphere A entirely immersed. 

A table accompanies the instrument, in which are given 
the specific gravities corresponding to the several divisions 
of the stem. The specific gravity of any fluid is found 
by observing the degree to which the instrument sinks 
when placed in it, and then referring to the tables. 

To explain the construction of the tables ; let the in- 
strument sink to P when placed in distilled water, and to 
Q when in some other fluid whose specific gravity, say, is s. Let 
y be the volume of the hydrometer, and a the area of the section 
of the stem. Let OP = x^ and CQ = y, and let w be the weight of 
a unit of water. 
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By Art 216, when a body floats, the weight of the body is 
eqaal to that of the fluid displaced. 

The quantity of water displaced is equal to the volume of the 
hydrometer, minus the part CP, that is, is equal to V — oap. There- 
fore, the weight of the displaced water is equal to 

(V - ax) w. 

Similarly the volume of the fluid displaced is Y — ay, and there- 
fore the weight of the fluid displaced is equal to 

(V — at/) 8w. 

But the weights of the displaced water and the displaced fluid 

are equal, since each is equal to the weight of the instrument. 

Therefore, 

(V — ay) «i<7 = (V — ax) w, 

__ V-oa ? 
y -ay 

The tables are then formed by calculating the value of this 
fraction for different values of y. 

228. To determine the specific gravity of a fluid by means of 
NiclwUorCs hydrometer, 

Nicholson's hydrometer consists of a hollow sphere, or some 
other symmetrical figure, connected to a stem which 
carries a cup at each end. The lower cup is loaded, 
so as to secure stability of equilibrium when the in* 
strument floats with the stem vertical. 

When in use, the instrument is sunk to an invari- 
able depth, by means of a weight placed in the upper 
cup; the volume of fluid displaced is therefore always A{ 
the same. 

Let W be the weight of the instrument, and w the 
weight which must be placed in B to sink the instru- 
ment to the point D in distilled water; then the 
weight of water displaced is equal to 

W+ w. 



--D 
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Let w* be the weight required to sink the instrament to D when 
placed in any given fluid, then the weight of the fluid displaced is 
equal to 

The volumes displaced in each case are the same, therefore 



sp. gr. of the fluid = 



W+w 



239. To find the specific gravity of a solid hy means of Nichol- 
sorCs hydrometer. 

Let W be the weight of the instrument^ and w the weight 
required to sink it to D in the standard fluid; then the weight of 
water displaced by the instrument is 

W-f w. 

Let the given solid be placed in the upper cup, and let w^ be 
the weight which sinks the instrument to D ; then the weight of 
the solid is equal to 

Let the given solid be placed in the lower cup, and let w^ be 
the weight which sinks the instrument to D ; then the weight of 
the water displayed by the instrument and the solid together is 
equal to 

Hence, the weight of water displaced by the solid alone is equal to 
Consequently, the specific gravity of the solid is equal to 



I 5 



Kl«i 
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TABLE OF SPECIFIC GRAVITIES. 



Flatinom 

Gold 

Merciiry reongealed) .... 

„ (fluent) 

Lead 

Silver 

Bismuth 

Copper 

Brass 7*82 to 

Steel 

Iron (forged) 

Tin 

Iron feast) 

Zinc (compressed) ..... 

„ (common) 

Fluor Spar 3*09 to 

Quartz 2*62 to 

Porphyry 2*5 to 

Granite 2*61 to 

Plate Glass 

Rock (crystal) .... 2-68 to 

Marble 

Green Glass 

Portland Stone 



21-47 

19-30 

16-61 

13-60 

11-38 

10-50 

9-88 

8-67 

8-40 

7-83 

7-79 

7-29 

7-25 

7-19 

6-90 

3-79 

3-75 

3-00 

2-96 

2-94 

2-89 

2-71 

2-64 

2-50 



Porcelain 2*15 to 

Brick 

Ivory 

Phosphorus 

Sugar 

Lignum Yitse 

Box (Dutch) 

Ebony (Indian) 

Mahogany *64 to 

Blood (human) 

Milk 

Sea Water 

Sodium 

Proof Spirit 

Box (French) 

Potassium 

Beech 

Alcohol 

Plum Tree 

Maple 

Scotch Fir 

Cedar 

Spruce Fir 

Cork 



2-38 
2-00 



•82 
'77 
•61 
•33 
•33 
•21 
•06 
•05 
•03 
•03 
•93 
•92 
•91 
•87 
•86 
•80 
•78 
•75 
•69 
•60 
•62 
•24 



EXAMPLES. 



1. What is the weight of a block of gold 12 inches long, 8 wide, 
and 6 deep? ~ 

The weight is 3 cwt. 66 lbs. if oz. 

2. What is the weight of a silver globe, whose radius is 3 inches 1 
The weight is 687*22 oz. avoir. 



3. A block of granite weighs *ji cwt. ; determine its volume in 
cubic feet, the specific gravity of the granite being 2*8. 
The block contains 4*8 cubic feet. 
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4. A body weighs in water 3 oz. less than in air, what is its 
volume f 

The required volume is 5'i84 cubic inches. 

5. A conical piece of cork, whose height is 12 inches, and 

specific gravity •216, floSkts in water with its vertex downwards; 

what will be the depth of the vertex below the surface of the 

fluid? 

The required depth is 7*2 inches. 

6. If a conical body, whose height is h, and specific gravity «, 
float in a liquid whose specific gravity is «'; shew that the depth 

of the vertex below the surface is h. a/ ( — ). 

7. A cone, 10 inches in height, when floating in water with its 
base downwards, is immersed to the depth of 6 inches; to what 
depth will it be immersed when floating in a fluid whose specific 
gravity is 943? 

The required depth is 8 inches. 

8. If 26 oz. of copper lose 3 oz. in water, and 7 oz. of zinc lose 
I oz., and if an alloy of copper and zinc, weighing 80 oz. lose 
10 oz., what is the proportion of copper in the alloy] 

The copper is to the zinc in the ratio of 13 : 7. 

9. Two substances, A and B, whose specific gravities are Si and 
«j, balance each other in water; determine the ratio of the weights 
of A and B. 

The weight of A : the weight of B : : «i («, - i) : «, («! - i). 

10. The specific gravity of some adulterated milk is found to be 
1*024; what proportion of water does it contain) 

There is one pint of water in every 5 of the mixture. 

11. Determine the greatest weight of Portland stone which can 
be floated by 100 cubic inches of cork. 

The required weight is 4 lbs. 9.3 oz. 
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12. A crown, composed of gold and silver, and weighing 4 lbs. 
avoirdupois, displaces, when entirely immersed, 7 cubic inches, a 
lump of gold of the same weight displaces 5f- inches, and a lump 
of silver of the same weight displaces 10^ inches; determine the 
weight of gold contained in the crown. 

The crown contains 2 lbs. 15^02. avoirdupois of gold. 

13. A Nicholson's hydrometer, weighing 200 grains, requires a 
weight of 66 grains to sink it to the standard depth in water, and 
a weight of 44 grains to sink it to the same depth in spirits of 
wine; determine the specific gravity of the spirits of wine. 

The required specific gravity is '917. 

14. The specific gravity of a mixture of a pint of sulphuric 
acid and a pint of water is 1-71, the sp. gr. of the sulphuric acid 
being i '85 ; determine the loss of volume resulting from the mix- 
ture. 

The loss of volume is 11*52 cubic inches. 

15. A body, weighing 450 grains, loses 210 grains in water and 
150 grains in spirit, find the sp. gr. and volume of the body, and 
the sp. gr. of the spirit. 

The sp. gr. of the body is 2-143; ^^^ volume of the body is 
•829 cubic inches; and the sp. gr. of the spirit is "714. 

16. A substance placed in the upper cup of a Nicholson's 
hydrometer, requires 5 grains to sink it to the standard depth in 
a fluid whose specific gravity is -918, and 50 grains when placed 
in the lower cup ; determine the specific gravity of the substance, 
the weight of the hydrometer being 240 grains, and the weight 
required to sink it to the standard depth in the given fluid 30 
grains. 

The specific gravity required is '^i. 
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CHAPTER XV. 

ON ATMOSPHERIC PRESSURE. 

230. The atmosphere surrounding the earth, being a fluid acted 
on by gravity, presses upon all bodies immersed in it, in accordance 
with the general laws of fluid pressure. 

The pressure of the atmosphere upon any body will consequently 
vary with the depth of that body below its highest surface. As, 
however, the dimensions of any ordinary body upon the surface of 
the earth are inconsiderable, when compared with the height of 
the atmosphere, this pressure may, without any sensible error, be 
regarded as the same at all points in any such body. 

It is found, by experiment, that the average pressure which the 
atmosphere exerts upon a body, on or near the surface of the 
earth, is the same as that exerted by a column of water 32 feet in 
height, or by a column of mercury 30 inches in height ; that is, it 
presses with a weight of about 15 lbs. upon every square inch of 
surface. That we are not, in ordinary circumstances, cognizant of 
this pressure arises from the characteristic property of fluids, in 
accordance with which they press in all directions upon bodies 
immersed in them ; so that, if the upper surface of a body, subject 
to the pressure of the atmosphere, experience a downward pressure 
of 15 lbs. to every square inch, the under surface experiences a 
corresponding upward pressure. If, however, we destroy this 
equilibrium, by removing or diminishing the pressure of the atmos- 
phere upon one side of any body, we are immediately made 
sensible of the pressure which is exerted upon the opposite side. 
For instance, if a plate of glass be placed upon the top of a 
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cyliDdrical receiver connected with an air pump, and the air be 
exhausted from the receiver, the plate of glass will be pressed 
down with a considerable force, and if not strong enough will be 
broken in piece& 

231. When the atmosphere presses upon any point of a fluid mass, 
to determine the amount of transmitted pressure. 

If the atmosphere presses upon the highest surface of the fluid 
mass, then it is evident that the transmitted pressure is equal to 
the pressure of the atmosphere. 

If the atmosphere presses at a point in the fluid mass below 
the highest surface, then a portion of the atmospheric pressure 
will be employed in counterbalancing the outward pressure of the 
fluid itself, and the remaining portion only of the atmospheric 
pressure will be transmitted by the fluid. Let h be the distance 
below the highest surface of the fluid mass of the point at which 
the atmosphere presses upon it, and let w be the weight of a 
cubic unit of the fluid; then, as seen in Chapter XIIL, the fluid 
itself will exert at this point an outward pressure on every square 
unit = wh. Then, if M denote the pressure exerted hj the atmos- 
phere upon a square unit, the transmitted pressure will be 

M-wh 
for every unit of surface of the fluid mass. 

If the point at which the atmosphere presses upon the fluid 
mass be so taken, that wh is greater than M^ then it is plain that 
equilibrium cannot subsist, but motion will ensue amongst the^ 
particles of the fluid, until the distance becomes such that wh = iE. 

• 232. The Barometer. This instrument is constructed in the 
following manner: — A glass tube, closed at one end, is flUed with 
mercury, and, a finger being placed over the op^n end, is inverted 
in an open vessel of mercury. 

Let AB be such a tube, let CD be the surface of the mercury 
in the vessel, and let MB be more than 30 inches. Then, since 
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CD is more than 30 inches below B, the highest surface of the 
fluid mass, the pressure of the fluid upon any square 
imit in the surface CD will be greater than the atmos- 
pheric pressure. The mercury will consequently fall in ^ 
the tube. Let N be the point at which it rests, then if 
JE be the atmospheric pressure, and w the weight of a 
cubic unit of mercury, 

M = w. MN. 
The height of mercury in the tube will accordingly vary 
as the atmospheric pressure varies ; will rise as the 
atmospheric pressure increases, and fall as it decreases. 

A graduated scale is attached to the tube AB, by 
means of which the changes in the height of the mer- 
cury in the tube can be observed and measured. 



M 



233. It will be seen, that when the mercury falls in the tube it 
rises in the cistern, and that consequently the fall of the mercury 
in the tube, as measured by the scale attached to it, will not 
correctly measure the variation in the barometrical column, but 
will be too great by the distance through which the mercury has 
risen in the cistern. In like manner, when the mercury rises in 
the tube, the variation, as measured by the scale, will be too small 
by the distance through which the mercury has fallen in the 
cistern. 

If the cistern be large in comparison with the bore of the tube, 
the variation in the height of the mercury in the cistern is so 
small that it may be disregarded for ordinary purposes. When 
greater accuracy is desired, the bottom of the cistern is so made 
that it can be raised or lowered by a screw, and thereby the 
surface of the mercury in the cistern be adjusted to one uniform 
height 

234. The Siphon Barometer. In this instrument the necessity 
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of any adjastment is avoided by the simple device of substituting 
for the cistern a small tube, of the same bore as 
that of the larger tube. Let ABC be such an instru- 
ment, the surfaces of the mercury being at A and C. 
Suppose now the mercury to fall in the shorter tube 
from C to c, and in consequence to rise in the longer 
tube from A to a. Then, since the bore of both 
tubes is alike, the distance Aa is equal to Cc. The 
entire variation in the barometric column is Aa + Cc, 
and therefore equal to 2 Aa. Hence the variation, as 
measured by the scale, is exactly one-half of the real 
variation. 

This form of the instrument possesses some advan- 
tages, but is open to the objection that by diminishing 
the scale it increases the difficulty of observing small 
variations of the height of the column. 







235. The Wheel Barometer. This form of the barometer has 
been contrived for the purpose .of making small variations of the 
column more sensible. It consists of a siphon 
barometer, having a small ball of iron or glass 
floating upon the open surface of the mercury. A 
fine thread, attached to the ball, passes round a 
small wheel, carrying an index, which moves over a 
graduated dial plate, and the rise or fall of the 
mercury is measured by the arc of the circle over 
which the index moves. The variations of the 
barometric column range between 28 and 31 inches, 
or through a distance of three inches. As shewn 
in the last section, the variation at C is one-half of 
the variation in the barometric column; and, con- 
sequently, the ball will rise or fiall through a spcuse 
of I J inch. If, then, the circumference of the 
wheel round which the ring passes be exactly i|- 
inch, the index will make a complete revolution, when th^ ball 
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rises or &lls through a height of i^ inch; and if the ciroum- 
ference of the dial plate be divided into 360 equal parts, the 
motion of the index over 1 20 of these parts will correspond to a 
rise or fall of the ball through half an inch, and therefore to a 
change of one inch in the barometric column. Consequently, the 
variation of one 120th part of an inch is shewn by the motion of 
the index over one division of the plate. 



236. The Siphon. The siphon is a bent tube, open at both 
ends, and having one leg shorter than the other. If such a tube 
be filled with any fluid, and placed with the extremity of its 
shorter leg in a vessel containing the same fluid, the fluid will flow 
out through the longer leg. 

Let ABC be the siphon filled with fluid, and having B, the 

extremity of its shorter leg AB, placed A 

below MN, the surface of the fluid in /^ 

the vesseL Let A be the highest point // ^ 

of the siphon, and through A draw the // 

vertical line AF. Let MN produced // £ 

meet this vertical line in D, and let CF / / 

be the horizontal line drawn through C. / / 

Let Aa be a thin vertical film of the '-'• 

O F 
fluid passing through A. Since each 

side of this film is similarly situated with respect to A, the highest 
point of the fluid mass, the pressure arising from the weight of 
the fluid will be the same on each side. These pressures, there- 
fore, are in equilibrium, and do not cause the motion of the fluid. 
But if JS be the atmospheric pressure upon a square unit, 
and w be the weight of a cubic unit of the fluid, then, since the 
atmosphere presses upon the surface MN at a distance AD below 
the highest point of the fluid mass, there is transmitted up the 
leg BA, by Art 231, a pressure upon every square unit equal to 

Similarly, since the atmosphere presses upon the surface of the 
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fluid mass at C, there is transmitted up CA a pressure upon every 
square unit equal to iE — u; . AF. 

Hencei the one side of the film Aa will experience a pressure 
upon every square unit equal to M — w. AD, and the other side a 
pressure equal to M — w. AF. But since AD is less than AF, 
^ — «7. AD is greater than M — W.A.F; the film of fluid will 
therefore be forced down the leg AC. The same will happen to 
every film that may in succession occupy the position Aa; the 
fluid consequently will flow out at C, so long as there remains in 
the vessel any fluid above B. 

It has been assumed in the preceding, that the height AD is 
such that w . AD is less than M, If AD be so great that w . AD 
is greater than M, then, as seen in the preceding Articles, the 
fluid will sink in the leg AB to some level below the bend, and 
the siphon consequently will cease to act 



237. The Common Pump. The common pump consists of a 
cylindrical barrel AB, furnished with a valve at B opening up- 
wards, and with an air-tight piston, capable of being 
moved up and down by means of a rod. i 

The piston is also furnished with a valve opening up-, 
wards, and to the barrel at B is attached a pipe BC, ^ 
called the suction pipe. D 

Let C be the surface of the water to be raised, and 
suppose the piston to be at B. B 

Let the piston be raised from B to A; the air in BC 
will, by virtue of its expansive force, press open the valve 
at B and fill the barrel AB; and, in consequence of occu- 
pying a larger space, ABC will exert a less pressure than 
before upon the surface of the water within the pipe. ^ 
Hence, the pressure of the air within the pump being 
less than the atmospheric pressure upon the surface of the water, 
the water wiU be forced up the pipe BC until equilibrium be 
restored. 

Let the piston now descend; the valve at B will be closed, and 
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the air in AB will escape through the valve in D. If the piston 
be again raised, the preceding process will be repeated, and the 
water will again rise in the pipe BC. In like manner, upon every 
successive stroke of the piston the water will continue to rise in 
the pipe, until, if BC be less than 32 feet, it at last reaches B. 

Let the water be at B, and let the piston be pressed down to B. 
Then, since the atmosphere presses upon the surface of the fluid 
at C, there will be transmitted by the fluid a pressure upon every 
square unit of the valve at B equal to JE^ — w, BC (Art. 231); and, 
consequently, when the piston is again raised, the water will force 
open the valve at B, and will rise in the barrel as far as A, if AC 
be less than 32 feet, or to some point between B and A, if AC be 
greater than 32 feet. 

Upon the next descent of the piston, the valve in D will be 
forced open, and the water will flow through it ; so that when the 
piston reaches B the water in the barrel will lie above the pistony 
and when the piston is raised will be raised along with it, and flow 
out at the spout A. 

It will be seen, that if B be more than 32 feet above C, no 
water will rise into the barrel ; and in such a case the pump will 
be useless. If B be less, but A more than 32 feet, the water will 
only in part fill the barrel, and the discharge of water during the 
ascent of the piston will not be continuous. 

238. In a common pump, whose spout is less than 32 feet from 
the surface of the water, to determine the resultant pressure upon the 
piston at any moment during its ascent, after it has commenced dis- 
charging the water. 

Let the piston be at D, then, since the water has commenced 
to be discharged, the barrel and pipe are filled with water, and 
since the piston is rising, the valve at B will be open, and that at 
D will be shut. 

The pressure upon the upper side of the piston is the sum of 
the weight of the fluid mass in AD and the atmospheric pressure 
upon its surface. Therefore, upon every square unit of the upper 
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surface of the piston there is exerted a downward pressure equal 

to M-^-w. AD, and upon every square unit of the lower surface 

of the piston there is, by Art. 231, an upward pressure equal to 

JE — w. DC. Let a be the number of square units in the area of 

the piston, 

.*. the total pressure upon the upper surface = aiE + wa . AD, 

„ „ lower „ = aM — wa . DC. 

The resultant pressure will be the difference of these pressuresi 

and therefore equals 

tva. Ad, 

Therefore the resultant pressure is independent of the position 
of D ; in other words, the pressure upon the piston is the same 
at every point in its ascent, after commencing to discharge, and is 
equal to the weight of a column of water, whose base equals the 
area of the piston, and whose height is the height of the spout of 
the pump above the surface of the water. 

239. The Forcing Pump. The construction of the forcing pump 
is represented in the accompanying figure. 

D is a piston with no valve, working in a 
barrel AB; BC is a pipe descending to the 
water ; EF a tube leading upwards from B ; at 
B and £ are valves opening upwards. 

If the piston be raised from B to A, then, as 
in the common pump, the air in BC will press 
open the valve at B and fill the barrel, and the 
water will rise to a certain height in BC. As 
the piston descends, the air in the barrel will 
be forced out through the valve at E; after a 
certain number of ascents the water will, if BC 
be less than 32 feet, pass into the barrel AB ; 
and, upon its next descent, the piston will force 
the water in the barrel through the valve E 
into the pipe EF. As the piston continues to 
rise, more water will pass into the barrel, and 
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this in its turn will be foroed, by the descent of the piston, into 
the pipe EF. 

240. To determine the resultant pressure upon the piston of a 
forcing pumpj at any moment during its accent or descent, after it 
has commenced discharging. 

First. Let the piston be ascending; the valve at B Trill be open, 
and that at £ will be shut. "Hien, if iE be the atmospheric pres- 
sure upon a square unit, w the weight of a cubic unit of water, 
and a tho area of the piston, the downward pressure upon the 
upper surface of the piston will be aM, and the upward pressure 
upon the lower surface of the piston will be a {M — w . DC), or 
aM — waDC. Therefore, the resultant pressure will act down- 
wards, and be equal to 

«w.DC. 

Hence, since as the piston rises, DC iiM^reases, the resultant pres- 
sure increases at every moment of the ascent, and at any instant 
is equal to the weight of a oolnmn of water, whose base equals 
the area of the piston, and whose height is the distance of the 
piston from the surface of the water A. 

Secondly. Let the piston be descending, the valve B will be 
closed, and that at D will be open. Let F be the highest point in 
the pipe EF. 

The pressure upon the upper surface of the piston will, as 
before, be a downward force equal to aM ; and the pressure upon 
the lower sur&ce of the piston will be an upward force equal to 
aM + tm . DF. The resultant pressure will therefore be an upward 
force equal to 

tm.DF. 

Hence, the pressure upon the piston increases at every moment of 
the descent, and at any instant equals the weight of a column of 
water, whose base equals the area of the piston, and whose height 
is the distance of the piston below the point at which the pipe 
discharges. 
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EXAMPLES. 

1. The average height of the barometer at Paris, as obtained 
from a large number of observations, is 2977 inches; determine 
the average pressure of the atmosphere. 

The average pressure is 14 lbs. 10*3 oz. 

2. A siphon is used for decanting a liquid, whose specific gravity 
is I *7 ; determine the limit to the height of the highest point of 
the siphon above the surface of the fluid, when the barometer 
stands at 29 inches. 

The required limit is 19 ft 4 in. 

3. The area of the piston of a common pump is 20 inches, and 
the height of the spout above the surface of the water is 24 feet; 
determine the pressure upon the piston. 

The required pressure is 208 lbs. 5^ oz. 

4. If a pump be used to raise a fluid, whose specific gravity is 
1*5; find the limiting height of the bottom of the barrel, when 
the barometer stands at 29*5 inches. 

The limiting height is 22 feet 3^ inches nearly. 

5. K two vessels, completely filled with fluids of diflFerent 
specific gravities which do not mix, be placed with their surfaces 
in the same horizontal plane; and if a siphon, having its legs 
filled respectively with the two fluids, be placed in the vessels, so 
that each leg is in the same fluid as that with which it is filled; 
shew that the lighter fluid will force the heavier one entirely down 
the leg of the siphon. 

6. Two vessels are completely filled with fluids of different 
specific gravities which do not mix, and a siphon, having its legs 
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filled respectivelj with the two fluids, is placed in the vessels with 
each leg in the same fluid as that with which it is filled; determine 
the position of the common surface of the two fluid& 

Let 8i and s^ be the specific gravities of the fluids, and h^ and h^ 
the distances of the highest point of the siphon from the surfaces 
of the fluids; then the distance of the common surface below the 
highest point of the siphon is equal to 
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CHAPTER XVI. 

ON THE LAWS OF ELASTIC FLUIDS. 

241. A gas or aeriform fluid is distinguished from other fluids 
by the tendency of its particles to recede from each other, that is, 
by an excess of the repulsive forces over the attractive forces 
acting upon its particles. If such a fluid be enclosed in any 
vessel, it will, like any other fluid, exert a pressure upon the sides 
of the vessel in consequence of the action of gravity upon its 
particles; but, irrespectively of this, it will exert another, and 
commonly far greater pressure, in consequence of the mutual 
repulsion of its particles. It is this latter pressure which is 
termed the elastic force of the gas. This is found to vary with 
the space within which the gas is enclosed, and also with the 
temperature. The law of this variation, as approximately deter- 
mined by experiment, is exhibited in the following articles. 

242. Law i. The temperature remaining the same, the elastic force 
of any gas varies inversely as the space it occupies. 

This law is often quoted as "Boyle and Marriotte's law," or 
simply as Boyle's law. 

The experiments by which this law is established are of the 
following kind. 

A glass tube of uniform bore, open at both ends, is bent into 
the form ABC; the shorter branch, BC, is furnished with a stop- 
cock C, and an accurately divided scale is attached to the longer 
branch. 

Let the stop-cock be opened, and a small quantity of mercury 
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be poured into the tube. Let the surfaces of the mercury be at 
D and E; these will be in the same level, since the ar 
same pressure, viz., the atmospheric pressure, acts 
upon both. Let the stop-cock now be closed, the 
surfaces D and E will remain at the same level, and 
the pressure of the air in CE, upon the surface at 
E, is equal to the pressure of the atmosphere upon 
D ; or the elastic force of the air in CE is equal to 
the atmospheric pressure. Let the barometer stand 
at h inches, and let w be the weight of a cubic inch 
of the mercury used in the barometer, then the at- 
mospheric pressure per inch, and consequently the 
elastic force of the air in CE, is equal to ^ 

wh. 



s^=ac 






Now let mercury of the same temperature and 
density as that in the barometer be poured into 
the larger branch, and let the mercury rise to L in 
the shorter branch, and stand at E in the longer branch; then 
the pressure at L must be equal to the pressure at M. The pres- 
sure at M per inch is the atmospheric pressure increased by the 
weight of KM inches of mercury; hence, the elastic force of the 
air in CL is equal to 

wh-\-w, KM. 

Hence we obtain this result, 

elastic force of the air in CL wh-^-w KM 





elastic force of the 


airinCE 


wh 


It is 


found, by trial, that 

CE 


A+KM 


A + KM 
h • 



CL h ' 
and, therefore, it follows that 

elastic force of air in CL _ CE 
elastic force of air in CE "" CL' 

K 
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or the elastic force of the air Taries inversely as the space it 
occupies. 

By similar experiments the law is established for other gases. 

Hence, if pi be the elastic force, and Yj the volume of a given 
mass of gas at a given temperature, and if jt^g be the elastic force 
when the same mass has become compressed or expanded into the 
volume Vs, the temperature remaining the same ; then 

In performing the experiments described above, care must be 
taken to guard against any increase of temperature by the sudden 
compression of the gaa The mercury should be poured in very 
slowly, and some time allowed before observing the levels, that 
any heat which may have been generated may pass away by 
radiation. 

243. Since the density of any body varies inversely as the space 
it occupies, it follows that Boyle and Marriotte's law may be thus 
enunciated. The temperature remaining the same, the elastic force 
of any gas varies directly as the density. 

244. The following are examples in illustration of Boyle*s law : — 

Ex. 1. Determine the elastic force of a mass of air, whose 
volume is 100 cubic inches, when compressed into 48 cubic inches; 
the barometer standing at 30 inchea 

The elastic force of the air, before compression, is equal to the 
atmospheric pressure, that is, to the weight of 30 inches of mercury, 
or 14757 lbs. Hence, if jt? be the elastic force required, 

100x14757 
^ 48 ' 

= 30744 Iba 

Ex. 2. An air-tight piston is fitted into a cylindrical vessel of 
uniform bore, closed at one end; the vessel is filled with air, and 
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the piston forced in with a pressure of 50 lbs. The length of the 
cylinder is 20 inches, the area of the piston g square inches, and 
the barometer stands at 29 inches; hoV far will the piston be 
forced in ? 

The elastic force of the air before compression is equal to the 
atmospheric pressure, that is, to the weight of 29 inches of mer- 
cury, or 14*265 Dm. 

The elastic force of air after compression is equal to the atmos- 
pheric pressure increased by the applied pressure ; the latter is -^, 
or 10 lbs., hence the elastic force is 24*265. 

Then if x be the distance through which the piston is forced, 

the reduced volume is to the original volume as 20 — a; : 20 ; and 

therefore 

20 — a? _ 14*265, 

20 24*265' 

, 200 

whence, x = — -, 

24265 

= 8*243 iuches. 

245. Law ii. Hie pressure remaining the samey eqtial increments 
of temperature will cause in any gas equal increments of volume. 

This is called Dalton and Gay Lussao*s law. 

If Vq be the volume of any gas at the freezing point, and aVo 
be the increment caused by an increase of one degree in the 
temperature, then aCVo is the increment caused by degrees; 
and hence, if Y be the volume of the gas at the temperature of 
degrees above the freezing point, 

= Vo(i + aO). 
The experiments of Dr. Dalton and M. Gay Lussac have shewn 
that for all gases the value of a is ^J^ for the Fahrenheit scale, 
or -g^ for the centigrade scale.* 

* In the Fahrenheit thermometer, the freezing point is marked 32*, and the 
degree is -^js of the distance between the freezing and boiling points. In the 
centigrade thermometer, the freezing point is zero, and the degree is i^ of the 
distance between the freezing and boiling points. 

K 2 
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Hence, if the temperature of any quantity of gas be r' Fahreir- 

heit, then 

volume at t** t — 32 

volume at freezing point 480 ' 

_ 448 -f T 
480 

Thus, for example, if 100 cubic inches of a gas at the fireezing 
point be raised in temperature to 128° F., the pressure remaining 
the same, then 

the volume = 100 x — , 

480 ' 

= 120 inches. 

Or if 100 inches of a gas at 80° F. be lowered in temperature 
to the freezing point. 



the volume = 100 x 



480 



448+80' 
= 90*909 inches. 

246. To compare the volumes of a given quantity of gas at dif- 
ferent temperatures^ hut under the same pressure. 

Let Ti, T, be the temperatures on Fahrenheit's scale, and let Y^ 
Ys be the corresponding volumes of the gas. Then, by the pre- 
ceding, if Vq be the volume of the freezing point, 

V, = Vo{i + a(n^32)}, 
and V8 = Vo{i + a(T8-32)}; 

therefore, 5 = ^"-^J^'^^l 

Vj i + a(T8-32) 

Substituting for a its value ^^, we have 

V, 448 + T,' 

If the temperature be ti and rg on the centigrade scale, 

V, I + aTg' 
_ 800 + 3T1 
~8oo+3T, 
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247» To compare thfi volumes of a given quantity of gas at dif- 
ferent temperatures and under different pressures. 

Let Yi be the volume of the gas, at a temperature 0^ under a 
pressure pi, and let Yj^ be the volume of the same quantity of gas 
at a temperature 6^ under a pressure p^ Let the temperatures 
in both cases be reduced to the freezing point; then, by Art. 245, 
the volumes are respectively 

_!., and ^. 

I + a^i I + Wj 

but since the temperatures are the same, the pressures are inversely 

as the volumes (Law L), consequently, 

Yg Yx 

and hence, 

Y, P.ii'^ae^' 

or vniting for a its value, and expressing the temperature by the 
Fahrenheit thermometer^ 

Vi-y« 448+Ti 

Yj Pi*448 + t; 

Cob. Hence, if the volume remains unchanged when the tem- 
peratiure is altered, 

j?i_ 448+.Ti 

P% 448 + t; 

248. If pi, p2 denote the densities of the gas in the two cases, 
then since the densities are inversely as the volumes, the result of 
the preceding section becomes 

Pi_ Pt(i + aOi) 

Pi l>i(i + «^sy 
or, 

Pi^ Pi(i + aOi) 
Pi PS (1 + 0^2)' 
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which gives us the relation between the pressure, temperature, 
and density of any given quantity of gas. 

The form of this result may be conveniently modified as fol- 
lows : — Let p be the density at the freezing point under a standard 
pressure p. Then 

Pi Pi(i + g^i) 
P P- 

or, pi = -./9i(i + «ft). 

P 

But ^ is a constant whose value may be determined by experi- 

ment for each particular gas. Let k denote the constant, and 

or, as it may be written, 

p =kp(i + aS), 

249. The following are examples in illustration of Dalton and 
Gray Lussac's law. 

Ex. 1. Bequired the increase in the volume of a cubic foot of 
air, when the temperature is raised ftom 52® F. to 72® F., the 
pressure remaining unchanged. 

Let Y denote the increased volume; then, by Art. 246, 

XT 448+72 







448 + 


52 






529 








500 








= I '04 < 


3ubic feet. 


Therefore the 


required 


increase is 








•04 


cubic feet. 






= 69-12 


cubic inches. 



Ex. 2. If a certain quantity of air have a volume of 100 cubic 
inches when the barometer stands at 30 inches, and the tempera- 
ture is 62° F. j determine its volume when the barometer is at 
29 inches, and the temperature 82*^ F. 
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Let y be the volume required, then, bj Art. 247, 

y_3o 448 + 82 
100^ 29* 448 + 62 

^30 530. 
29*510* 

V= 107*5 cubic inches. 

Ex. 3. If 100 cubic inches of air weigh 31 grains when the 
barometer is at 30 inches and the temperature 60^ F. ; determine 
the Tolume of 2 oz. of air when the barometer is at 29 inches and 
the temperature is 72° F. 

Since 100 cubic inches weigh 31 grains, — i-5 inches will 

weigh 875 grains, or 2 oz. Then, if V be the required volume, by 

Art. 247, 

3iV ^30 448+72 , 

87500 29 * 448 + 60 ' 

V = 2988*9 cubic inches, 
= 1729 cubic feet* 

250. Law hl When two gases^ which do not chemically unite, are 
mixed together^ each gas acts as a vacuum with respect to the other. 

If two vessels, containing two different gases which do not 
chemically unite, be brought together, and a communication be 
opened between them, each gas is found, after a short interval, to 
be equally diffused through both vessels. This result is inde- 
pendent of the specific gravities of the two gases, so that if the 
heavier gas be in the lower vessel, and the lighter one in the 
higher, the heavy gas will rise into the higher vessel, and the 
lighter gas will descend into the lower vessel. 

In stating that each gas acts as a vacuum with regard to the 
other. Dr. Dalton, who first enunciated this law, did not mean to 
imply that the diffusion of one gas through the space occupied by 
another, takes place with the same rapidity as if there had been 
an actual vacuum, but that the final result is the same. 
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251. Given the volumes and elasticities of two gases to find the 
elastic force of the mixture. 

Let Yj be the yolurae, and p^ the elastic force of the gas A ; and 
Ys the volume, and p^ the elastic force of the gas B. 

When intermixture takes place, the gas A acquires the Tolume 
Vi+ Yj; and hence^ by Law i., 



the elastic force of A = 



_ V.p. 



Vx + V, 
In like manner, 

the elastic force of B = ,7'^t ; 

Yi+Y, 

but the total pressure on any unit of the containing surface is the 
sum of the pressures exerted seyerally by the two gases. Hence, 

elastic force of the mixture = ^^^^"^X'^'. 

Vi+Yg 

Cor. I. If the two gases before mixture have the same elastic 
force, that is, if i>2=Pi> t^©^ 

elastic force of the mixture = —^-^ — '^^ = »i, 

Yi+Y, 

or the elastic force is unaffected by the mixture. 

Cob. II. If the volumes of the two gases be equal, or Y2 = Yi, 
then 

elastic force of the mixture = i ( j>i + p^* 



EXAMPLES. 

1. A^ air-tight piston is fitted into a cylindrical vessel filled 
with air ; the length of the cylinder is 30 iuchejs, and the area of 
the piston is 10 inches : required the force necessary to push the 
piston in through 15 inches, the barometer' standing at 30 inches. 

The force required is 147*57 lbs. 
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2. In the preceding, determine the force required to draw the 
piston out through 15 inches. 

The force required is 49*19 lbs. 

3. If the pressure of P lbs. will force a piston, whose area is a 
inches, into a cylindrical vessel containing air through a distance 
of c inches when the barometer stands at h^ inches, how far will 
the same pressure force in the piston when the barometer stands 
at hi inches 1 

P 

Let — be equal to the weight of h inches of mercury, then the 

required distance is equal to 

h + hi 
c . X — 5- - 



4. If 20 cubic inches of gas at 68° F. be heated to 120° R, 
determine the increase of volume. 

The required increase is 2*015 inches. 

5. If 142 cubic inches of gas at 120° F. cool down to 64°, 
determine the loss of volume. 

The required loss is 14 inches. 

6. A strong vessel is filled with air at a temperature of 52"^, and 
heated to 212°; what is the elastic force of the enclosed air, the 
barometer standing at 30° ? 

The elastic force is equal to 19*479 ^bs. 

7. Assuming that 100 cubic inches of air weigh 31 grains when 
the barometer stands at 30 inches and the thermometer at 60° R, 
determine the weight of a cubic foot of air when the barometer is 
ftt 30*5 inches, and the thermometer at the freezing point. 

The required weight is 576*3768 grains. 

8. A cylindrical vessel, closed at the top, is sunk in water to a 

K 5 
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giTen depth, determine the height to which the water rises in the 
vessel 

Let a be the height of the Tessel^ and h^ the depth of the mouth 
of the vessel below the surface of the water. Let the atmospheric 
pressure be equal to the weight of a column of water whose height 
is h^ Then, if w be the weight of a cubic unit of water, the 
atmospheric pressure is equal to 

Let X be the height to which the water rises in the vessel, then 
the pressure at the surface of the water in the vessel, that is, at a 
depth of Ai — 0?, is equal to 

wh+w (Ai — a?), 

which gives us the elastic force of the compressed air. But^ by 
Law i., the elastic force is inversely as the space ; therefore 

wh a^x 

A + Aj •*• ip a, 
or, ^ = 

h a — x 

Whence,* by solving this quadratic, we obtain 

9. A diving bell, of cylindrical form, is sunk in water to a given 
depth, how much must the temperature of the inclosed air be 
raised that the water may not rise in the diving belL 

Let the temperature of the air when first enclosed be r* F. 
Let Ai be the depth of the bottom of the diving bell, and h the 
height of a column of water equa] to the atmospheric pressure; 
then the required increase of temperature will be equal to 

hr, (448 + t) 
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CHAPTER XVIL 



ON THE AIBrPUMP AND STBAM-ENGINB. 

252. The Double -barrel Air- Pump. AB and CD are two 
cylindrical barrels connected together by the pipe AC, and com- 
municating by means of another pipe with an air-tight receiver R. 
M and N are pistons furnished with valves opening upwards, and 
are worked by the toothed wheel 0, so that when M descends N 
will ascend, and vice versd. At A and C are valves opening upwards. 

Let M be at A, and N at D, and the wheel be turned so that N 
may descend and M ascend. As N descends, the valve at C will 
close, and the air in the barrel 
CD will pass out through the 
valve in N. As M ascends, the 
pressure of the external air will 
close the valve in M; and the 
pressure being removed from 
the upper side of the valve A, 
the air in the receiver will, in 
consequence of its expansive 
force, press open the valve and 
fill the barrel AB. The air 
originally in the receiver, now 
occupying a larger space, viz. 
the receiver and barrel together, 
will be of diminished density. 

If the wheel be again turned, a similar process will take place, 
and the air in the receiver will again expand, so as to fill both 
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receiver and barrel, and a second diminution of density will conse- 
quently take place. 

The process may be continued so long as the air in the receiyer 
can by its expansive force press open the valves at A or C ; but 
since the expansive force of the air is diminished with the diminu- 
tion of its density, the action of the pump must, after a certain 
number of strokes, entirely cease. 

253. To find the density of the air in the receiver after any 
number of turns of the wheel. 

If a quantity of air expand so as to occupy a space twice as 
great as before, its density will evidently be one-half its original 
density; if the space be three times as great, the density will be 
one-third the original density; and so, generally, the density after 
expansion will be to the density before expansion as the space 
occupied before expansion is to the space occupied after expansion. 

Hence, if A be the content of the receiver, and B of each of 
the barrels, since at every turn the air in the receiver expands, 
and fills both receiver and barrel, 

density of the air at the close of any turn _ A 

density of the air at the commencement of the turn~ A + B* 

Consequently, . 

density of the air after i turn _ A 
density of atmospheric air ~ A + B* 

, density of the air after 2 turns A 

' . density of the air after i turn A + B' 

, . density of the air after 2 turns _ / . A \ * 

density of atmospheric air "~ \ A + B/ 

In like manner, 

density of the air after 3 turns A 
density of the air after 2 turns "" A + B* 

, , density of the aii^ after 3 turns / A \' 
density of atmospheric air. "" \A + B/. 
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IJence, generally, 

density of the air after n turns 

density of atmospherio air 
This result shows that, even if there were no practical limits to 
the working of an air-pump, the air icould never be entirely ex- 
hausted; for the density of the air in the receiver always has 
some assignable ratio, to the density of atmospheric air. 

254. The Single-barrel Air-Pump. This air-pump consists 
of a single barrel AB, communicating with an air-tight receiver 
by the pipe C. 

The piston passes through an air-tight collar in the plate BD. 
At B is a valve opening upward& 

The process of exhaustion is precisely similar to that described 
in Art. 252. 

The effect of the valve at B is to relieve the piston from the 
pressure of the atmosphere during a part of its 
ascent. For if the air in BM be of less density 
than atmospheric air, the pressure of the atmos- ^ 
phere will press down the valve at B, and will keep 
it closed until the piston by its ascent has so com- 
pressed the air in BM that its density has become 
greater than that of atmospheric air. H^ 

The plate BD, with its valve opening upwards, is 
not peculiar to the single-barrel air-pump, but may, /JX. 

if required, be adopted in a double-barrel air-pump. 

In fact^ it is used in the more carefully-constructed double-barrel 
pumps. 

255. The Atmospherio Steam-Enoinb. B is a solid piston 
-working in the hollow cylinder A, and connected with one ex- 
tremity of the beam.MN by a chain attached to the piston-rod. 
C is a pipe leading from the boiler, and D a pipe leading from a 
reservoir of cold waiter F; C and D are both famished with stop- 
xx>ck&. H is a valve opening downward& 
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The beam MN moves about its centre 0, and to the extremity 
N is attached a weight or counterpoise W, equal to half the at- 
mospheric pressure upon the surface of the piston B. 

Suppose the piston B to be at the bottom of the cylinder, and 
let the pressure exerted by the steam in the boiler be equal to 
that exerted by the atmosphere. If the cock in C be now opened> 
the steam will enter the cylinder, and wiU press upon the under 




surface of the piston with a force equal to the atmospheric pres- 
sure upon the upper surface. The weight W will consequently 
descend, and by its descent will raise the piston B to the top of 
the cylinder. 

Let the cock in C be now closed, and that in D be opened; a 
jet of cold water will issue into the cylinder, and condensing the 
steam in A will leave a vacuum below B. Then, since the pres- 
sure of the atmosphere upon B is double the weight W, B will be 
pressed down with a force equal to W. 

When B arrives at the bottom of the cylinder, the cook in D 
is closed, and that in C is opened, and the piston asoends as before. 
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The water in the cylinder escapes by the valve H, which is forced 
open by the pressure of the steam when first admitted, and is con- 
veyed by a pipe into a cistern communicating with the boiler. 

256. The Single-aoting Steam-Enginb. This engine differs 
from that described in the preceding article in employing, instead 
of atmospheric pressure, the pressure of steam to impel the piston 
downward& It is thus in the strictest sense a steam-engine. 

The top of the cylinder is closed, with the exception of a pas- 
sage for the piston-rod. This passage is furnished with a stuffing- 
box filled with tow saturated with grease, so that while the piston- 
rod can move freely up and down, the steam is prevented from 
escaping. The steam is admitted into the cylinder above the 
piston, at the moment that a vacuum has been produced below 
the piston by condensation ; the pressure of the steam then forces 
the piston downwards. When the piston has arrived at the lowest 
point, the steam which fills the cylinder above the piston is allowed 
to circulate below the piston (a communication between the upper 
and lower parts of the cylinder being opened for this purpose). 
The piston is then pressed equally by the steam upon its upper 
and lower surfaces, and will consequently be raised by the weight 
attached to the beam. 

In the single-acting steam-engine the pressure of the steam — 
as in the atmospheric engine the pressure of the atmosphere — 
acts only during the descent of the piston; and in both engines 
the force necessary to raise the counterpoise was so much sub- 
tracted from the available power of the engine. These objections 
were obviated by the invention of the double-acting steam-engine, 
in which the upward as weU as the downward stroke was caused 
by the pressure of the steam. 

257. The Double-acting Steah-Enginb. AB is a hollow 
cylinder closed at both ends. M is a solid piston. The piston- 
rod peases through a stuffing-box at B, and is connected with one 
extremity of the beam DEF; the other extremity of the beam is 
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attached to the creak of a flj wheel. C is a vessel, caUed the 
oondenser, Burrounded with cold water, at! is a box communicating 
with the upper and lower parts of the oyliuder AB, with the ooa- 
denger C, and also, by means of a steam-pipe passing from an 
orifice at o, with the boiler. 

A moveable slide (A works in the box ad, and regulates the 
passage of the steam from the boiler into the ojlinder, and from 
the cjlinder into the oondenser. When the slide is in the position 





represented in the figure, the steam from the boiler can pass into 
the upper part only of the cylinder, and the steam below the 
piston can escape mto the condenser. If the slide be pressed 
-down by means of the rod h, so that a shall oome to c and b to d, 
the steam &om the boiler can pass into the lower part only of the 
cylinder, and the steam above the piston can escape into the 
condenser. 
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Suppose M to be at the top of the cylinder, and the space below 
M to be filled with steam from the boiler. Let the slide be moved 
into the position represented in the figure. The steam below the 
piston will pass into C, and being there condensed will leave a 
vacnuni in AM. At the same time the steam from the boiler will 
pass into the. cylinder above the piston, and the pressure of the 
steam will force the piston down. 

Let the slide be now moved into its lower position. The steam 
above the piston will flow into the condenser, and leave a vacuum 
in BM. At the same time the steam from the boiler will enter 
the cylinder below the piston, and the piston will again be raised. 

The water formed in C by the condensation of the steam is 
xemoved by a pump P. 

258. The engines described in the preceding articles may be 
arranged under the general class of condensing steam-engines. In 
engines of this class, the condensation of steam is employed to 
destroy or to diminish the pressure upon one side of the piston. 
Other engines are termed non-condensing. 

. 259. The non^ condensing St]§:am- Engine. In this engine the 
condenser and the somewhat cumbrous apparatus connected there- 
with are not required. The structure of the engine is in conse- 
quence considerably simplified, and its weight greatly diminished. 
And for these reasouis locomotive engines are always non-condensing. 

The non-condensing steam-engine is worked by steam of a pres- 
sure greater than the atmospheric pressure. Let steam of such a 
pressure enter the upper part oi the cylinder, and at the same 
time let a communication be opened between the lower part of 
the cylinder and the atmosphere. The pressure of the steam on 
the upper surface of the piston being greater than the atmospheric 
pre8sm*e on the lower, the piston will descend. 

Let the steam from the boiler now enter the lower part of the 
cylinder, and let a communication be opened between the upper 
part of the cylinder and the atmosphere. The steam in the upper 
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part of the cylinder will escape into the atmosphere, and the pres- 
sure upon the lower surface of the piston being greater than that 
upon its upper surface, the piston will ascend. 

Non-condensing engines are popularly, but improperly, called 
high-pressure steam-engines, and, in contradistinction, the con- 
densing engines are called lou^pressure steam-engines. 



MISCELLANEOUS EXAMPLES. 

1. The arms of a lever of the first kind, of uniform thickness 
and density, are a and 6, the weight of a unit of the bar is m, what 
weight must be attached to the extremity of the shorter arm that 
it may balance the longer arm 1 

tn c^ — &^ 
The weight required is equal to — . — -r — . 

2. If the inclination of a plane be 30^ shew that the time of 
descent is equal to that of a body falling freely through twice the 
length of the plane. 

3. If a solid body, whose specific gravity is «, be placed in a 
vessel containing two fluids that do not mix, whose specific 
gravities are respectively s^ and «„ «i being greater and s^ being 
less than «, shew that the part immersed in the heavier liquid is 
to the whole solid as < — «, : «i — «^ 

4. If a triangle, whose height is A, be divided by a line drawn 
parallel to its base, at a distance from the vertex of one nth of 
the total height, what is the distance of the centre of gravity of 
the lower portion from the base of the triangle ? 

The distance required is equal to - | i — —. r ]. 

3 \ «(n+ i)/ 
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5 If a pyramid^ whose height is h^ be divided by a plane drawn 
parallel to its base at a distance from the vertex of one nth of 
the total height, what is the distance of the centre of gravity of 
the frustum from the base of the pyramid ? 

The distance required is equal to - f i — _— -— 3 .. ). 

4 \ w(w'+n+ i)/ 

6. If a cone be immersed in any fluid so as to be just covered, 
shew that the total pressure upon the conical surface, when the 
vertex is upwards, is twice as great as when the vertex is down- 
wards. 

7. Two cords, bearing equal weights P, P, and passing over two 
pulleys A, B, which lie iu the same horizontal line, at a distance 
from each other equal to 2a, are attached at a point C to a 
weight W, what in the position of equilibrium is the distance of C 
below the horizontal line through A and B ? 

Wa 



The distance required is equal to 



^(4P-W«)- 



8. If the side of a vessel filled with fluid be a rectangle, and it 
be divided by a horizontal line drawn at one nth of the depth; 
shew that the pressure on the lower portion is to that on the upper 



as w*— I : I. 



9. Two fluids that do not mix, and whose specific gravities are 
B^ «2, are poured into a small bent tube of uniform bore, in such 
quantities as would fill respectively a and h inches of the tube; 
what is the distance of the common surface of the fluids from the 
bottom of the tube 1 

The distance required is —^ — ? if ewj be greater than 6«g, but 
^""^^ if 6«8 be greater than as^. 

10. If a, 6, c be the sides of a triangle, and h, I, m the lines 



I 
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drawn from the centre of gravity to the vertices; shew that 

11. 1{ a, h, c, d, e, f he the edges of a triangular pyramid, and 

k, I, m, n the distances of the centre of gravity from each vertex; 

shfiw that 

a»+ 6»+ c»+ (i»+ e»+/» = 4(;fc>+ r+ m»+ n«) .♦ 

12. If a triangular plate float vertically in any fluid, shew that, 
in the position of equilibrium, the lines joining the bisection of 
that side which is either wholly within or wholly without the fluid, 
with the points at which the other sides meet the surface of the 
Quid, will be equal to one another. 

13. The side of a vessel filled with any fluid is a triangle, having 
its vertex at the bottom of the vessel, and is divided by a hori- 
zontal line drawn at one nth of the depth; shew that the pressure 
on the whole side is to that on the lower portion as 

»' : (»— i)'(n+ 2). 

14. A common pump is worked by a lever, whose arras are p 
and q, the spout is h inches above the surface of the water; what 
must be the area of the piston that the pump may be worked by 
a power P ? 

The area of the piston is — ^ . -J- — inches. 

qh 1000 

15. A body is projected with a velocity Y up a smooth inclined 
plane, rising hinl; determine the length of the ascent 

The required distance is equal to — ^ 

* Before attempting this example or the preceding, prove the following 
theorem by aid of the Second Book of Euclid. If in any triangle ABC a point 
D be taken in the base AB, such that DB is one nth part of A, then 

CD«= »>'AC«+«(ft--l).BC«-(n-l)AB « 

ffi " . .. 
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16. An inelastic body falling on to an inclined plane from any 
point in the perpendicular to the plane drawn through its highest 
point, will reach the bottom of the plane in the same time, and 
with the same velocity, as a body falling down the whole length of 
the plane. 

17. A beam of uniform thickness, whose length is l, and weight 
W, is placed with one end upon a horizontal plane, and the other 
upon the summit of an inclined plane, whose height is h and base 
h ; shew that the horizontal force to be applied at the foot of the 
beam to keep it at rest is 

18. A triangular plate ABO, having the angle ACB a right 
angle, is listened by a pivot at 0, and has weights P and Q sus- 
pended from A and B; shew that, in the position of equilibrium, 
if AC = a, and BC = h, and if x and y be the distances of A and B 
severally below the horizontal line drawn through C, 

^= ^ and y= ^ . 

19. If, in the preceding, ABC be an equilateral triangle, whose* 
side is a, prove that in the position of equilibrium 

_a 2P+Q J _a 2Q + P 

20. If a straight line be drawn from the highest point of a given 
circle to a given point within it, and be produced to meet the 
circle, the produced part is the line of quickest descent from the 
given point to the circle. 

21. If hj, h^ h^ be the distances of the vertices of a triangle 
from any plane, shew that the distance of the centre of gravity, 
from the same plane, is equal to 



214 MIS0ELLANE01TS BXAMPLE& 

22. The two parallel sides of a trapezium are at right angles 
with the base ; required the distance of the centre of gravity from 
the base. 

Let hi and h^ be the lengths of the two parallel sides, then the 
distance required will be equal to 

23. If equal weights of three substances, whose specific gravities 
are s^ $2, and «« be compounded, without any change of volume, 
and if « be the specific gravity of the compound, shew that 



I _ i/i I I \ 

« 3\«i «2 «8/ 



24. A body composed of n different substances, whose Yolumes 
ai^ ^19 ^» ^T^^ specific gravities «], «2» ^'f j^^ floats in water; 
shew that 

Vi(i-<i) + '^2(i-«a) + ^c + V^(i-0 = o- 

25. A body whose weight is W, composed of two substances, 
A and B, displaces, when entirely immersed, Y inches of water; 
corresponding weight of A and B displace Vj and Vg inches : deter- 
mine the weight of A contained in the compound. 

The weight required is equal to 



W. 



v,-v; 



26. If 100 cubic inches of air weigh 31 grains, shew that the 
weight of air contained in a globe one foot in diameter is very 
accurately one 25th part of a pound avoirdupois. 

27. If the volume of A is w times the volume of B, and the 
specific gravity of A is n times the specific gravity of B, shew that 
the weight of A is mn times the weight of B. 
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28. The content of the receiyer of an air-pump is 5 times 
that of the barrel; determine the elastic force of the air after 
10 strokes of the piston, the atmospheric pressure bemg estimated 
at 15 lbs. to the square inch. 

The elastic force is 2*4226 lbs. 

29. A barometer standing at 30 inches is placed under the 
receiver of an air-pump;. at what height will the mercuiy stand 
after 12 strokes of the piston, the content of the receiver being 
9 times that of the barrel) 

The required height is 8*4728 inches. 

30. What volume of water must be added to a pint of fluid 
whose specific gravity is '52 that the specific gravity of the mix- 
ture may be '68 ? 

The required quantity of water is half-a-pint. 

31. A body &Jls from the highest to the lowest point of a circle 
whose plane is vertical along two of the sides of the inscribed 
square; supposing that there were no loss of velocity in passing 
from the first side to the second, shew that the time of descent 
would be twice that of falling freely down the radius of the circle. 

32. A smooth hollow tube ABC, having the parts AB and BC 
equal, and bent so that the angle ABC is equal to 120°, is placed 
with its lower leg BC vertical; determine the time in which a ball 
just fitting the tube will fall from A to C. 

Let a be the length of each of the legs of the tube, then the 
time required is equal to 



Vij} 



33. In the preceding, if the upper leg be vertical, shew that the 
time of descent is 

6a 

J 



vm 
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34. In the year 1670, a scheme was proposed by Francis L^a 
for navigating the atmosphere, by means of four large copper 
balls from which the air had been exhausted. Each ball was to 
be 25 feet in diameter, and the metal to weigh 365 lbs. ; determine 
the ascending power. 

The ascending power of each ball is 261 lbs. 

35. A silk balloon, 40 feet in diameter, and weighing 80 lbs., is 
filled with hydrogen gas of specific gravity '0694 (sp. gr. of air = i) ; 
determine the weight required to hold the balloon down. 

The weight required is 2306 lb& 

36. A substance weighs u^ in a liquid whose specific gravity ia 
«i, and w^ia 2k liquid whose specific gravity is s^^.; determine the. 
specific gravity and weight of the substance. 

The required sp. gr. is equal to ^^ ^", and the weight is 



W^^^'W. 



equal to -^ —, 



iPanrt M. 



STATICS. 



CHAPTER I. 

ON THE THEORY OF OOUPLBS. 

260. Definitions. It has been seen that two equal non-con- 
current parallel forces do not admit of a single resultant, but form 
what is termed a statical couple, having a tendency to produce a 
rotatory motion. The perpendicular distance between the directions 
of the two forces is termed the arm of the couple; the product of 
either force, and the arm, is termed the moment of the couple. 
Let the direction in which the hands of a watch move be taken as 
the positive direction of rotation, then if a couple tend to produce 
rotation in this direction, it is termed a positive couple; if in the 
contrary direction, a negative couple. The direction in which any 
rotatory motion appears to take place depends upon the position 
of the observer. Every couple is therefore positive or negative, 
according as it is viewed from the one side of its plane, or from 
the other side. If it appear as a positive couple, that face of its 
plane upon which the observer is looking is termed its positive 
face; and if it appear as a negative couple, the face is termed 
the negative face. 

L 



218 



ON THE THEORY OP COUPLES. 



A line perpendicular to the plane of a couple, in length repre- 
senting the moment, is termed the axis of the couple. The axis 
is positive when pointing away from the positive face, and negative 
when pointing away from the negative face. 

261. A couple may he turned in its own plane through any angle 
about any point in its arm, without altering its statical effect 

Let AB be the arm of the couple. Pi and ?« the forces. Let O 
be any point in AB, and let 
the arm revolve about into 
any new position CD. At C 
introduce two equal and oppo- 
site forces P, and Pg acting per- 
pendicularly to CD, and each 
equal to Pi or Pj. Similarly, 
at D introduce P4 and Pfi. The 
line EO bisects the angle AEC, 
and FO the angle BFD, also 
EO and FO are in the same 

straight line. 

Pj and P5 are equivalent to some force in EO, 
Pa and Pe „ an equal force in FO ; 

therefore Pj, Pg, Pg, Pg are in equilibrium, and may be removed. 

Removing them, there will remain the forces Pg, P4 axsting in the 

arm CD. Hence, the couple Pa, CD, P^ produces the same statical 

effect as the couple P^ AB, Pg. 




262. A couple may he moved into any position parallel to itself^ 
either in the same or in a parallel plane, without altering its statical 
effect 

Let Pi, AB, Pa be the original couple. Let CD be any line 
equal and parallel to AB. At C introduce two equal and opposite 
forces Pg and Pg, each parallel and equal to Pi. Similarly, at D, 
introduce P4 and Pq. 
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Join A, D and B, C. These lines will bisect each other at 0. 
Pi and Pg are equivalent to 
2P1 acting in the direction Oh. 
Pg and Pg are equivalent to 
2 Pj acting in the direction Oa, 
Hence, Pj, Pg, Pg, Pg are in 
equilibrium, and may be re- 
moved. Removing them there 
remains only the couple Pg, 

CD, P^ which consequently produces the same statical effect as 
the original couple. 

263. By combining the two preceding sections, we see that a 
couple may be removed to any position in its own or a parallel 
plane, without altering its statical effect; for, by the former sec- 
tion, it may be turned round until its arm be parallel to the new 
position, and then, by the latter section, it may be directly removed 
into that position. 

264. Two couples, in the same or parallel planes, and tending to 
produce rotation in the same direction, are equivalent, if their moments 
are equal. 

Let Pi, AB, Pg, be any couple. Bisect AB in O. Take any 
points C, D, equidistant from O. At 
C and D introduce two pairs of equal ^ 

and opposite forces, Qi, Q3, and Q^, 
Q4 ; and let Qj, Qg, Q3, Q^ be of such 

magnitude that each, when multi- #^| ^i ol 

plied by CD, = P^ x AB. 

Since Q3 x CD = Pg x AB, it fol- 
lows that 4 X CO = Pg X BO. ■ ^ T \i 

Therefore, Pj and Qg are equiva- 
lent to Pg + Qg, acting in the direction Oa. 

Similarly, Pj and Q^ are equivalent to Pi + Q4, acting in the 
direction 06. 

L 2 
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Therefore the forces P^, Pg, Q3, Q4 are in equilibrium, and may 
be removed. Removing them, there will remain only the couple 
Qi, CD, Qa tending to produce rotation in the same direction as 
the original couple, and (since Q^ x CD = P^ x AB,) having an 
equal moment. 



265. To find the resultant of any number of couples acting in the 
same or parallel planes. 

By Art. 264, the couples may be all replaced by others having 
equal arms; and, by Art. 263, they may then be removed until 
their arms coincide. At each extremity of the common arm 
there will then be a corresponding set of forces acting in the same 
straight line, and whose resultant is consequently their algebraic 
sum. 

Let P, Q, R, &G, be the forces, and a, &, c, &c. their arms. 
Resolve these into couples having a common arm m, and let P^ 
Q^ R', kQ. be the reduced forces; then the resultant of all the 
couples will be a couple whose moment is 

(P'+Q'+R'4-&c.)f»; 
but P'm = Pa and Q'm = Q6, and so on. Therefore, 

(F-f- Q' + R'+ &c.) m = Pa+ Q6 + Rc+ &c.; 
whence the resultant is a couple whose moment equals the alge- 
braic sum of the moments of the component couples. 

266. To find the resultant of two couples not acting in the same 
or parallel planes. 

If the arms of the given couples be unequal, replace them by 
others having equal arm& Let the planes of the couples intersect 
in the line AB, and let this be the common arm of the couples, 
and let the reduced couples be P„ AB, P^, and Qi, AB, Qg. The 
planes of Pj, Qi, and P^, Qg, are each perpendicular to AB, and are 
therefore parallel 

Let Ri be the resultant of P^ and Qp and R^ the resultant of 
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P, and Qs; then Ri and R^ are equal and parallel, and conse- 
quently the resultant of the given couples is a couple Ri, AB, R^ 
Through any point in the plane of P^, Q^, draw the lines Op 
and Oq at right angles to the directions of P^ and Qi, and both 




pointing away from the same face of the planes of the component 
couples. Make Op and Oq proportional respectively to Pj and Qi ; 
then will the diagonal Or be perpendicular and proportional to R, 
and point away from the same face of the resultant couple. But 
since Op, Oq, and Or, are proportional to P^, Qj, and R^, they are 
also proportional to Pi x AB, Q^ x AB, and Ri x AB, that is, they 
are proportional to the moments of the several couples ; therefore, 
Opy Oq, and O^*, are the axes of the three couples. Hence, if two 
sides of a parallelogram meeting in any point represent the cuces of 
two couples, both being positive or both negative axes, the diagonal 
drawn through the same point represents the corresponding axis of 
the resultant couple. 

Let be the angle between P and Q, then the angle pOq = $. 
Hence, if L and M be the moments of the component couples, 
and G the moment of the resultant couple, 

G» = L*+M»4-2LMcosd. 



267. To find the magnitude and position of the resultant of three 
couples acting in planes at right angles to each other. 
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Since the planes of the couples are at right angles to each 
other, their axes will also be at right angles to each other. 

Let AO, BO, and CO, represent the axes of the couples, then^ 
by the preceding Article, £0 q 

will represent the axis of the AT 3^-^^^^\ 

couple which is the resultant / \ ^-^^^y^/ \ 

of the couples whose axes are / [ jT 7 7 

AO and CO ; and, in like man- / / x L I 

ner, DO will be the axis of the \ I y ^^.^^ \ / 

resultant of this and the third \^ Xy 

couple, and, therefore, of the O c 

three given couples. Let L, M, N, be the moments of the given 
couples, and G the moment of the resultant couple, then 

Let A, fi, V, represent the angles which the axis of the resultant 
couple makes with the axes of the component couples. 

AO L 



cos X~ 



DCG' 



BO M 

cos M = = — « 

^ DO G' 
CO N 

cos V— = — . 

DO G 

m 

268. If any number of forces in equiltbrtum can he reduced into 
two seta of parallel forces, the one set being not parallel to the other, 
and the two sets not separately in equilibrium ; then the resultant of 
each set is a couple, and the moments of the two couples are equal. 

For, if possible, let each set have a single resultant; then, 
since the resultant of any number of parallel forces is parallel to 
the components, we shall have two forces in equilibrium, which, 
by the hypothesis, are inclined to each other. This is impossible, 
and therefore each set cannot have a single resultant 

Nor is it possible that one set should have a single force for its 
resultant, and the other a couple ; for then a force and a couple 
would be in equilibrium. 
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It follows, therefore, that the resultant of each set is a couple ; 
and since there is equilibrium, the moments of the two couples 
must be equal 

Cor. Hence, if four forces acting upon a rigid body be in equi- 
librium, and the first and second be parallel, and likewise the third 
and fourth, but the latter pair not parallel to the former; then is 
the first equal to and non-concurrent with the second, and the 
third equal to and non-concurrent with the fourth. 

269. The theorem given in the last Article affords a ready 
means for the solution of many statical problems. The following 
is an example. 

Ex. One extremity B of a beam AB rests against a smooth vertical 
wall BO, and the other upon a smooth horizontal plane AC; required 
the horizontal force to be applied at the lower extremity , in order that 
the beam may rest in a given position; also the pressures on the tmll 
and plane. 

Let I be the length of the beam, W its weight, and G its centre 
of gravity. Let AG = a, and the 

angle BAG = o. Let P be the hori- ill 

zontal force required. Let R denote p, ^^^ 

the resistance of the plane at A, f! ^^^^Q 

and Q the resistance of the wall at p — » |^^^ I 

R A ^C 

We have then four forces in equilibrium, forming two pairs of 
parallel forces, viz., B at A parallel to W at G, and P at A parallel 
to Q at B. Hence, by the preceding, 

R=W, 

Q = P; 

and, since the moments of the two couples are equal, 

Yl sin a = Wa cos a, 
and .-. p^ Wacotg 
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EXAMPLES. 

1. If three forces act upon a rigid body along the sides of a 
triangle, and are also represented in magnitude and direction bj 
the sides of the triangle taken in order, the resultant is a couple 
whose moment is equal to twice the area of the triangle. 

2. If forces act upon a rigid body along the sides of any 
rectilinear figure, and are also represented in magnitude and 
direction by the sides of the figure taken in order, the resultant 
is a couple whose moment equals twice the area of the figure. 

3. If four forces act upon a rigid body along the sides of the 
figure formed by joining the extremities of two intersecting lines, 
and be represented in magnitude and direction by the sides of the 
figure taken in order, shew that the resultant is a couple whose 
moment is equal to twice the difference of the vertically opposed 
triangles 

4. A beam of uniform thickness and density, whose weight is 
W and length 2a, rests with one extremity A upon a smooth hori- 
zontal plane, and in contact with two pegs, one at B above the 
beam, and another at C below it; find the pressures on the plane 
and pegs. 

Let h be the distance between the pegs, and a the inclination of 
the beam to the plane; then the pressure on the plane is equal to 

w, 

and the pressure on each of the pegs is equal to 

Wa cos a 



5. A beam leaning against a fixed peg, and with one extremity 
A upon a smooth horizontal plane, is kept at rest by a power P 
acting at A, at right angles with the beam ; required the value of 
P when the beam is inclined to the plane at a given angle a. 
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Let h be the height of the pivot above the horizontal plane, W 
the weight of the beam, and a the distance of the centre of gravity 
of the beam from A ; then the required distance is equal to 

Wa sin 2a 

2h • 

6. The lower extremity of a weightless beam moves freely about 
a fixed pivot, a weight W is suspended from the other extremity, 
and the beam is supported in a given position by a cord attached 
at its centre at right angles to the beam ; required the tension in 
the cord and the pressure upon the pivot. 

Resolve the resistance of the pivot into two components acting 
parallel respectively to the tension and the weight, and apply the 
theorem of Art. 268. 

Let a be the inclination of the beam to the horizontal line, then 
the tension in the cord is equal to 

2W cos a, 
and the pressure on the pivot is equal to 

W. 

7. A beam, of uniform thickness and density, rests with one 
extremity upon a smooth horizontal plane, and the other upon a 
smooth vertical plane ; the inclination of the plane is 60° : deter- 
mine the horizontal pressure which must be applied at the lower 
end of the beam that the inclination of the beam may be 30°, 
also the pressures on the planes. 

Let W be the weight of the beam, then the horizoutal force 

required is equal to 

WV3 

4 
the pressure upon the inclined plane is equal to 

W 

and the pressure upon the horizontal plane ia 

3W 

4 
L 5 
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CHAPTER II. 

ON TUB GENERAL EQUATIONS OP EQUILIBRIUM. 

270. To find the magnitude and direction of the resultant of three 
farces acting upon a point in directions at right angles to each other. 

Let AG, BO, CO (fig. Art. 267) represent the forces; then, if 
X, Y, Z .be their several magnitudes, and R that of their resultant, 

R'^ = X2+Y»+Z«; 
and if a, h, c be the angles which the direction of the resultant 
makes with the directions of the components, 

X , Y Z 

008 a = .^, COS 6 = .g-, cos c= ■=-. 
R R R 

271. The equations just obtained give X = R cos a, Y = R cos b, 
Z = R cos c; and hence, if any force R make angles a, b, c with 
three rectangular axes, it may be resolved into forces R cos a, 
R cos 6, R cos c, acting along the three axes respectively. 

272. To find the magnitude and direction of the resultant of any 
number of fm^ces acting upon a point. 

Let Pi, Pg, hQ. be the forces, and a^, ^2, y^, a^ P^ y^ &c. be 
the angles which they severally make with three rectangular axes, 
which, for distinction, call the axes of x, y, and z respectively. 
Let Px be resolved into forces acting along the axes; by the pre- 
ceding Article, these will be Pj cos a^ Pi cos P^y Pj cos y^. 
Proceeding in like manner with the other forces, and remembering 
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that the resultant of any number of forces acting along the same 
line is their algebraic sum, we obtain 

Pi cos ax + Ps cos a^ + <bc. acting along axis of x^ 
Pi cos j8i+ Pg cos P^-^-ko, „ „ y, 

Pi cos yi + Pg cos ya + &a „ „ z. 

The sum of a series of terms of the same form is conveniently 
expressed by the symbol S prefixed to a single term of corre- 
sponding form ; thus, 

5.P cos a = Pi cos ttj+Pg cos Oa+Ao. 

S . P cos )8= Pi cos j8i + Pg cos P^ + &c. 

2 . P cos y = Pi cos yi + Pg cos y^ + <fec 

Hence, if R be the resultant, and a, 6, c the angles which its 

direction makes with the axes, then 

E* = (S. P cos ay + (S. P cos /3)*+(S. P cos y)\ 
which gives the value of R, and 

2 . P cos a 







cos a- 




R 


— y 






cos h- 


_s. 


P cos 
R 


9 






cos c- 


_s. 


P cos 
R 


^, 


which 


give 


the values of a, 6, 


and 


. c. 





273. To find the conditions of equilibrium^ when any number of 
forces act at a single point 

Since R' = X* + Y* + Z\ it follows that there cannot be equili- 
brium, or R = o, unless X = o, Y=o, Z-o; for if either of the 
quantities X, Y, Z have any value positive or negative, R will have 
some value. Hence, the required conditions of equilibrium are 

S . P COS a = o, 
S.Pcos)8=o, 
S. P cos y = o. 
If all the forces act in one plane, let the axes of x and y be 
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taken in that plane; then the direction of each of the forces -will 
be at right angles with the axis of 2, or y„ y,, &c. will each be 90°; 
and therefore the terms P^ cos yi, Pg cos y,, &o. will each be zero. 
Hence the third equation will vanish. Also, a^ and fii, a, and jS,, 
&c will be complementary angles. The conditions of equilibrium 
will consequently become in this case, 

S . P cos a = o, 

2 . P sin a = o. 

274. To find the value of the resultant in terms of the components, 
and the angles comprised between their directions. 

In the expression R« = (S. P cos a)' + (S. P cos /8)»4- (S. P cosy)* 
substitute for 2 . P cos a, 2 . P cos j9, and 2 . P cos y their values ; 
and since cos^ a + cos' p + cos' y = i, we have 

R» = Pi«+P,«+Pg*+&o. 

+ 2PiPg (cos oi cos a, + COS )3i cos P^ + cos y^ cos y^) 

+ 2PiPj (cos ai cos Og + cos P^ cos ft + cos yi cos yg) + &c. 

+ 2P8Pj (cos Og cos Og + COS ft cos ft + COS ya cos ys) + &c. 

But if PiPg denote the angle between the directions of Pj and Pg, 

A 

COS PiPg = COS tti cos cLj + COS ft COS ft + COS yi cos yg. 

Hence, 

R« = P,»+P,*+P3« + &c. 

+ 2PiPs cos p1P8+ 2P1P8 cos P^P,+ &C. 

+ 2P8P8 cos P^Pj + 2?^^ cos PgP^ + &c 

+ <kc. 

275. When forces act at diflferent points of a rigid body they 
are not, as with forces acting at a single point, always reducible 
to a single forca Under a certain condition only, to be presently 
deduced, is this possible. They can, however, be always reduced 
to a single force and a single couple. 

276. To find the resultant force and the resultant couple, when any 
number of forces act at various points of a rigid body. 
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Let Pj, Pg, &c. be the forces. Let ai, jSj, yj, oj, ^^g, yg, <fec. be 
the angles which the forces make seve- 
rally with any three rectangular axes, 
and a?i, y^, Zj, a?g, y^ z^ <fec. the co-ordi- 
nates of their several points of applica- 
tion. 

Kesolve Pi into three forces acting in d 
directions parallel to the axes; these 
will be Pi cos ai, Pj cos )8i, and Pj cos y^ 

Let A be the point of application of Pi, and Xj, Yi, Zi the 
three components into which Pj has been resolved; 

Let OC, OD, OE be the axes of a?, y, 2 respectively, and OC, 
CB, BA the co-ordinates of the point A; whence OC = a;i, CB = 
y^ BA = 2i. Through B draw BD parallel to OC; then BD = a?i, 
and DO = y^. 

At D and at introduce two pairs of equal and opposite forces 
each equal to Zi, and remove the point of application of Zi from 
A to B. Then, instead of Zi at A, we have a force Zj acting along 
the axis of z; a positive couple, whose moment is Zi x DO, or Zj^j, 
acting in the plane of yz-, and a negative couple, whose moment is 
Zi X DB, or Zi^^ acting in a plane parallel to xz» Let the latter 
couple be removed into the plane of oez, and we have, instead of 

Zi at A. 

a force Zi acting along the axis of 2, 

a couple Zj^i acting in the plane of yz, 
and a couple — Tt^x^ „ „ zar. 

In like manner, Yi at A may be resolved into 

a force Yi acting along the axis of y, 
a couple YiO?! acting in the plane of ory, 
and a couple — YiZj „ „ yz. 

And Xi at A may be resolved into 

a force Xi acting along the axis of a;, 
a couple Xi^i acting in the plane of 2a?, 
and a couple — Xi^i „ „ xy. 



230 OK THE OBNERAL EQUATIONS OF EQUILIBRIUIL 

Whence, by adding together the moments of those couples which 
act in the same plane (Art. 265), the force P^ is resolved into the 
forces Xi, Y^, Z^ along the axes and into the couples 

Zj^i — Yi^i in plane of yz, 

XjZi — Zi«i „ zx, 

Yia?i - X,t/, „ xy. 

Resolving the other forces Pg^ Pg, &c., in a similar manner, we 

obtain, in place of the original forces, the forces 

S . X acting along the axis of x, 
2.Y „ „ y, 

S.Z „ „ z; 

and the couples 

S (Zy — Yz) in plane of yz, 

l,{Xz-Zx) „ zx, 

S(Ya:-Xy) „ xy. 

Let L, M, N represent severally these couples; then, if R be the 

resultant force, and G the moment of the resultant couple, by 

Articles 267, 270, 

R» = (S.X)2 + (S.Y)'+(S.Z)», 
and G=^ = P + M*+N«. 

And if a, )9, y be the angles which the direction of R makes with 
the axes, and A, fi, v those which the axis of G makes with the 

axes, 

5.x ^ S.Y S.Z 

cosa=-^, cos^=-^, cosy = =^, 

, . L M N 

andcosA = — , cos/a=-:^, oosv=-— . 

G G G 

277. To find the resultant of any nnmber of forces acting at 
various points of a rigid body, when all the forces a>ct in the same 
plane. 

Let the plane of the forces be the plane of xy^ then y^, y,, <fec., 
will each = 90°, and z^ z„ &a, will each = o. Also, ai + A=9o°, 
€L2 + P^— 90°, Ac. 
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HeBce the given forces, resolved as in the preceding Article, 
will be reduced to forces S.X and S.Y acting along the axes of x 
and y respectively, and a couple whose moment is G, the values of 
!S. X, 2. Y, and G, being those given by the following equations : — 

S.X = S.P cos a, 
2.Y = S.Psina, 
G = S(Yir-Xy). 
If 2.x and 2. Y each vanish, the resultant of all the forces 
will be the couple whose moment is G. If 5 . X and S . Y do not 
both vanish, their resultant and the resultant couple may be 
combined into a single force, which will consequently be the 
resultant of the given forces. Let R be this resultant, a the 
angle its direction makes with the axis of d?, and Xj y the co* 
ordinates of any point in its direction. Resolve R into forces 
acting along the axes and a couple, these must be equal to 2 . X, 
2 . Y, and G respectively. Hence, 

Rcosa^S.X, Rsina = S.Y, 

and R (ar sin a — y cos a) = G. 

Whence R» = (S. Xy + (2. Y)^ 

and a?(S.Y)-2^(S.X) = G. 

The former of these equations determines the magnitude of R, 
and the latter the line of its direction. 

278. When any number of forces act at various points of a rigid 
body, to find the condition that they may have a single resultant 

It has already been shewn, that when any number of forces act 
at various points of a rigid body, the resultant force =i ^^ {(S. X)^ 
+ (S . Y* + (S . Zf) , and the resultant couple = v^(L» + M* ^. IP). 

If S . X = o, S . Y = o, S . Z = o, there is no resultant force, but 
a resultant couple only; hence, in this case, the given forces do 
not admit of a single resultant. 

If L = o, M = o, and N = o, there is no resultant couple, and 
hence the given forces will be reduced to a single resultant passing 
through the origin. 
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Let ueither S.X, 2.Y, and S.Z, nor L, M, and N, vanish 
together, and let R be the resultant, a, 6, c, the angles which its 
direction makes with the axes, and x, y, z, the co-ordinates of a 
point in its direction. Let R be resolved, in the same manner as 
the forces P^, &o. (Art, 276), into three forces acting along the 
axes, and into three couples acting in the co-ordinate planes; these 
must be equal severally to 5.X, S.Y, S.Z, L, M, N. Hence, 
R cos a = 2.x, Rcos6 = 5.Y, Rcosc = 2.Z. 

R (y cos c — z cos 6) = L, 

R {z cos a — a: cos c) = M, 

R (x eos 6 — y cos a) = N. 

Substituting, in the last three equations, the values of R cos a, 
^, given by the first three, we obtain 

y(S.Z)-r(S.Y) = L, 

z(S.X)-a;(S.Z)=M, 

a:(S.Y)-y(a.X) = N. 

Multiplying both sides of the first equation by 2 . X, of the second 
by S. Y, and of the third by 2.Z, and adding together, x, y, and 
z will be eliminated. The resulting equation will be 

L(S.X)+M(S.Y)+N(S.Z) = o, 
which is the condition required* 

279. To find the conditions of equilibrium^ when any number of 
forces act at various points of a rigid body. 

In order that there may be equilibrium, the resultant force and 
the resultant couple must both vanish. But that R may vanish, 
2 . X, 2 . Y, 2 . Z, must each vanish ; and that G may vanish, L, M, 
and N must each vanish. Hence, the six conditions of equilibrium 
are 2 . P cos a = o, 

S.Pcos /8 = o, 

2 . P cos y = o. 

2 . P (y cos y — z cos )3) = o, 

2 . P (-^ cos a — a; cos y) = o, 

2 . P (a? cos )8 — y cos a) = o. 
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In like manner, if all the forces act in one plane, the conditions 
of eguilibriam are three only, viz., 

2 . P COS a = o, 

2 . P sin a = o, 

S . P (a: sin a — y cos a) = o. 

280. To find the conditions of equilibrium of forces acting at 
various points of a rigid body, when one point in the body is fixed. 

Let the fixed point be taken as the origin. There will evidently 
be equilibrium, if all the forces have a single resultant passing 
through the origin. Hence, by Art. 278, the conditions required 

are that 

L = o, M = o, N = o. 

If all the forces act in one plane, the only condition (Art 277) is 
that G = o, or that 

S . P (a? sin a — y cos a) = o. 

But if jOi be the length of the perpendicular drawn from the 
origin to the line of direction of P^, 

/>i = a^i sin oi - yi cos oi ; 

and therefore the condition of equilibrium may be written, 

5.Pp = o. 

281. To find the conditions of equilibrium of forces acting at 
various points of a rigid body, when two points in the body are fixed. 

Let the line joining the given points be taken as the axis of z ; 

then, since the body is fixed upon this axis, the forces acting 

along this line cannot produce motion, nor can the forces acting 

along the axes of x and y, since they tend only to press the body 

against the fixed axis ; nor can the couples in the planes of yz and 

zx produce any motion. Hence, the only condition of equilibrium 

is that 

S . P (a? cos j8 - y cos a) = o. 
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Tf the body were free to slide along the axis of z, then^ in 
addition to the preceding condition, the forces acting along the 
axis of z must also vanish, or 

S . P COB y = o. 



EXAMPLES. 

1. If three forces acting upon a rigid body at any points be in 
equilibrium, shew, from the general equations, that they must lie 
in the same plane. 

2. Shew that any number of forces, not in equilibrium, acting 
in different directions, at various points of a rigid body, may be 
always reduced to two single forces. 

3. If R be the resultant of the forces Pi, P„ &c., acting in one 
plane, at various points of a rigid body, shew that 

008 jfp _ Pi cos P^Pi + Pa cos P>a + P» cos P>8 -^ ^' 

R ' 

A 

the angle PiPi (which, of course, = o) being introduced for the 
sake of symmetry. 

4. Shew that the preceding expression holds good, if sines be 
written for cosines. 
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CHAPTER III. 

ON VIRTUAL VELOCITIES. 

2S2, Let A; the point of application of a force P, be displaced 
from A to B. Draw BC perpendicular to the direction of P, then 
the distance AC is termed the virttud velocity of the point A with 
respect to the force P. 

The virtual velocity is taken to be positive, when, 
as iu the figure, the perpendicular falls on the same 
side of the point of application as the point towards 
which the force acts. If the perpendicular falls on 
the opposite, the virtual velocity is reckoned nega- 
tive. If the direction of P make an angle a with 
the line AB;, the virtual velocity is equal to 

AB cos a. 

283. If any nmriber of forces acting upon a point be in equilir 
brium, and the point of application be displaoed,, the sum cf the 
products of each force into its virtual velocity is equal to zero. 

Let P^, P^, (fee, be the given forces, and V]^, v^^ &a, their virtual 
velocities; then shall P^v^ + P^Vj + &a = o. 

Let d^, a^, &o., be the angles which the directions of the forces 
make with the line joining the two positions of the point of appli- 
cation. Then, if this line be taken as the axis of x, the conditions 
of equilibrium give 

Pj cos ai + Pj cos ttg + <feo. = o. 

Let a be the distance between the two positions of the given 

point, then 

Pi a COS aj^ + Pjj a cos o^ + Ac = o. 
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But (Article 282) v^, = a cos a^, v^ = a cos a^, &o. 

Pi^i + Pa^a + &o. = o ; 
or, emplojiog the notation explained in the preceding chapter, 

S.Pv = o. 



284. If two equal and opposite forces act at two points in a rigid 
body, and these points be displaced through an indefinitely small 
space, the virtual velocities of the forces shall be equal in magnitude, 
and of opposite signs. 

Let Pj, Pg, be equal and opposite forces acting at the points A 
and B in a rigid body. Let the line 
AB be supposed to lie in the plane of 
the paper. Let A be taken as the origin 
of co-ordinates, and tlie line AB as the 
axis of X ; and let the distance AB = c. 

Let A and B be displaced through indefinitely small spaces 
to the points A' and B', situated either within or without the 
plane of the paper. Let a;^, y^, z^, be the co-ordinates of A', and 
<J+«2» ^2* ^2» *^^se of B'; a?i, y^, z^, x^, y^, z^, being indefinitely 
small quantities. Then a?^ = Aa, or the virtual velocity of P^ and 
x^ = B6, or the virtual velocity of Pg. 

Since the points A, B, are rigidly connected, A'B' = AB = c ; 

But since x^,y^,z^,x^^y^,z^y are indefinitely small quantities, 
their squares and the products of any two of them may be disre- 
garded. Eejecting all such terms, the equation becomes 






C* = C^ + 2CX^ — 2CX^\ 


• 
• • 


o = 2ca?2 ~ 2ca?j^, 


or. 


•^1 =^2* 



* If Ax, hxt ^it 02) ^2) <^2} ^ the co-ordinates of two points, the square of the 
distance between them = («i - a2)* + (^i - *2)' + {p\ - ^'a)** Let A, fig. Art. 
276, be the point whose co-ordinates are ai, ^i, Cxt and the point whose 
oo-ordinates are 03, h^^t^. The distance AO is the diagonal of a right solid 
whose sides are severally ax - a^^ h^ - h^^ e^ - c^j and therefore 
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Hence the virtual velocities of P^ and P^ are equal in magnitude. 
Also, Xj^ is measured along the direction of P,^, and is therefore 
positive ; but x^ is not measured along the direction of P^, and is 
therefore negative ; the virtual velocities, therefore, have contrary 
signs. 

285. If any number of forces acting at various points of a rigid 
body he in equilibriumy and if the body receive an indefinitely small 
disturbance, the sum of the products of each force into its virtual 
velocity is equal to zero. 

Let P^, Pg, <fea, be the forces, A^, Ag, <fec., their points of ap- 
plication, and Vj^, v^y &c., their virtual velocities j it is required to 

shew that P^Vx + ^2^2 "•" ^' ~ °' 

Since A^, A^, <fec., are points in a rigid body, we may suppose 
them connected by rigid rods. Let Qg.^ denote the force exerted 
on A J, from its connection with Ag, and Q^.^ the force exerted on 
Ag, from its connection with A^. These are evidently equal 
forces, and act along the line AA^. In like manner, let Qg.^ 
Qj.3 denote the forces acting along A^Ag, Q5J.3 Qg.^ those along 
AgAg, and so on. 

If, then, instead of the rods, we suppose the forces Q^.g, Qi.8> 
Q3.3, &a, to act at the various points of the given body, the 
forces acting at each point must severally be in equilibrium. 

Let fj.2 be the virtual velocity of Q^-a* '^2'z *^*^ ^^ Qa-a* *°<^ 
so on. Then, by Art. 283, 

Pi^i + Q21 ^21 + Qa-i ^81 + ^<5. = o, 
Pyi^g + Qi.g v^.^ + Q3.2 V3.2 + &c. = o, 

1*8^3 + Ql-8 ^1-8 + Q2-8 ^2-3 + &<5. = O. 
&/Q, <&C. 

But since A^, A^, <fec, have been displaced through an indefi- 
nitely small space, it follows, from the preceding proposition, that 
Vg-i = -^i-2>.'''2-8 = "■^8-2> ^' Hence, in the foregoing series of 
equations, for each term arising from the mutual action of the 
points of the body there will be a corresponding term, equal in 
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magnitude but of contrary sign. Therefore, if the several equa- 
tions be added together, these terms will mutually destroy each 

other. Whence, 

Pi Vi + Pa t»8 + Pg Vj + &c. = o. 

286. It will be seen, from Art 282, that when the line joining 
the two positions of the point of application forms a right angle 
with the direction of the force, the virtual velocity is equal to 
zero. Hence, the virtual velocities of all resistances, when bodies 
rest upon a perfectly smooth immoveable plane, are severally equal 
to zero. Also, the virtual velocities of all reactions at fixed points 
must, it is plain, be severally equal to zero. Hence, when forces 
acting upon a rigid body are in equilibrium, some of which are 
resistances of smooth planes and reactions of fixed points, these 
latter may be disregarded, and the principle of virtual velocities 
holds good of the remaining forces. 

287. If two material particles, in equilibrium under any forceSy 
he connected hy an inextensihle cord, the virtual velocities of the ten- 
sions in the cord are equal in magnitude, hut have opposite signs. 

This is evidently true when the displacement takes place in the 
direction of the cord itself 

If the displacement do not take place in the direction of the 
cord : — first, let the cord form a single straight line ; then, since 
the particles preserve an invariable distance, the cord being sup- 
posed inextensihle, the proposition is identical with that already 
proved in Art. 284. 

Secondly, let the cord pass round a fixed point so as to form 
two straight lines. Let ACB be the origi- 
nal position of the cord. Let A and B be 
displaced over an indefinitely small space 
to A' and B', the positions of A' and B' 
being such as to allow the cord to remain 
stretched. Then A'C + CB' = AC + CB. 
With C as the centre, and CA', CB' as 
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radii, describe the small arcs k!a, B^6. Since the displacement is 
indefinitely small, these arcs may be regarded as straight lines 
perpendicular to AC and BC, and therefore Aa and B6 are the 
virtual velocities of A and R But AC = A'C + Aa, and BC = 
B'C-B6; 

AC + BC = A'C + B'C+Aa-^B6; 

o = Aa-B6, 
or Aa = B6. 

Hence, the virtual velocities are equal in magnitude. The tension 
on A acts towards C, therefore Aa falling along the direction is 
positive. The tension on B acts towards C, and therefore B5 is 
negativa Hence, the virtual velocities have contrary signs. 

2BS, From the preceding Articles, it follows that if a system of 
rigid bodies, connected by flexible inextensible cords, be in equi- 
librium under any forces, the principle of virtual velocities applies 
to the forces irrespective of the tensions in the cords, since the 
products arising from these enter in pairs which mutually destroy 
each other, and (Art. 286) irrespective also of the resistance of 
smooth planes and the reactions of fixed points. 

289. To verify the principle of virtual velocities in the hent lever. 

Let ACB be the lever, and C its fulcrum. Let the forces P and 
W make the angles a and /? re- 
spectively with the arms pro- 
duced. Then the condition of 
equilibrium is (Art. 77) that 
P. ACsina = W.BCsin/^. Let 
A'CB' be the position of the 
lever after displacement. Since 
the displacement is indefinitely 
small, A A' and BB' may be regarded as straight lines perpendicular 
to AC and BC respectively, and therefore the angle A Aa = 90* — a, 
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and the angle BUb = 90® - fi. By the principle of virtual velocities, 

P.Aa-W.Bft = o. 
But Aa = AA' cos A'Aa = A A' sin o, 

and Bb = BB' cos B'B6 = BB' sin fi; 

P . AA' sin a=r W . BB' sin /8, 
or P sin a : W sin )8 : : BB' : AA'; 

but since the triangles ACA', BOB' are similar, 

BC : AC : : BB' : AA', 
P sin o : W sin )3 : : BC : AC, 
which is identical with the condition of equilibrium stated above. 



290. To verify the principle of virtual velocities in the inclined 
plane. 

Let a weight W be sustained on an inclined plane at the point 
A by a power P, whose direction makes an angle 
$ with the plane. Let a be the inclination of 
the plane. Then, by Art. 105, 

P : W : : sin a : cos ^. 
Let A be displaced to A', then since the 
direction of P makes an angle with AA' 
(Art 282), 

Fs virtual velocity = AA' cos ; 
and since the direction of W makes an angle 90** -- a with AA', 

W's virtual velocity = AA' cos (90° - a) = AA' sin a, 
and not falling along the direction of the force is negative. There- 
fore, by the principle of virtual velocities, 

P. AA' cos ^- W. AA' sin a = o; 
Pcosd = Wsina, 
the same relation as that given above. 




291. To apply th£ principle of virtual velocities to determine the 
position of equilibrium of two spheres, of uniform demUy, resting 
upon two smooth inclined planes. 
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Let A, B be the centres of two spheres whose weights are Wj, 
Wa respectively, resting on the smooth in- 
clined planes CD, CE, whose inclinations are 
ai, Oa. In the position of equilibrinm, let 
be the angle which the line AB makes with 
the vertical line through A. Let the system 
receive an indefinitely small displacement, in 
consequence of which A is moved to A', and 
B to B'. The lines AA', BB' are parallel respectively to CD and 
CE; therefore the angle between AA' and the direction of W^ = 
90° — tti, and the angle between BB' and the direction of Wa = 
90® — aa. Hence, 

virtual velocity of Wi = AA' sin a^, 
„ „ Wa = BB' sin aa ; 

the former is positive and the latter negative. Therefore, by the 
principle of virtual velocities, 

Wi . AA' sin tti — Wa . BB' sin aa = o. (L) 

But since the distance between A and B is invariable, the virtual 
velocities of A and B in the direction of AB are equal in magni- 
tude and have contrary signs (Art. 284), 

AA' cos A'AB = - BB' cos B'BA. 

But the angle A'AB = fl — (90° — ai) = tf+ai -90"; and the angle 
B'BA = tf + 90** - tta = tf - aa + 90° ; 

AA' sin (tf + aO = BB' sin {0 - aa). (ii.) 

Eliminating AA' and BB' between the equations i. and ii. we 
obtain 

Wi sin ai sin (tf-aa) = Wa sin aa sin {$+ ax). 

Divide both sides of this equation by sinai sin a 2 cos^, then 
Wi (tan ^ cot aa - i) = Wa (tan ^ cot a^ + i); 

tang- Wx+Wa 

WiOotaa — W cot ai' 

M 
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292. The method pursued in the preceding will serve also to 
determine the position of equilibrium of a bar resting on two 
smooth inclined planes. For, let AB be the bar, and AA', BB' 
portions of the planes on which it is resting. The inclinations of 
these planes are ai and a, respectively. Let W Ve the weight of 
the bar, resolve W acting at the centre of gravity of the bar into 
two forces Wi and W,, acting at A and B respectively. Then, as 
in the preceding, 

tanO = ^^-^^^ 

Wi COtaa — Wa COtai 

Let a and h be the distance of the centre of gravity of the bar 
from the points A and B respectively, then 

Wx=W.-^, andWa=W- ^ 



a+6 a+b 

Substituting these values in the expression just given, and 

tand= ^+^ 



b cot aa — a cot ai 

Or, if <^ be the angle which the beam, in the position of equili- 
brium, makes with the horizontal line, since <f> = 90° — 0, 

b cot a^ —a cot ai 



• tan<^ = 



a+b 



293. If any system of rigid bodies is in equilibrium under the 
action of no forces but their weights, tensions in inextensible cords, 
resistances of smooth immoveable planes, and the reactions of fixed 
points, and if an indefinitely small motion be communicated to its 
parts, the centre of gravity will neither ascend nor descend. 

Let Pi, Pa, Ac. be the weights of the several particles of the 
system, and z^, z^, &c. the distances of. their centres of gravity 
from any horizontal plane; then, if A be the distance of the centre 
of gravity from the same plane (Art. 69), 

P, + Pa + Pa + Ac. ' 
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Let the system receive an indefinitely small displacement, and 
let hy Zi, 23, (fee. become h\ z^ + Vi, z^ + v^, <kc. ; then 

j^r_ Pl (gj-ftyQ+Pa (g2+^2)+P8 (g8-*-^3)+&0 / 

Pi + Pa + Pa + &C. ' 

Pl + P,+P3+cfeC. • 

But, by Art. 288, the principle of virtual velocities is applicable 
to the external forces alone, irrespective of the tensions, resis- 
tances, ko. Therefore, 

Pi^i + PgVa + Pa^s + &C. = O; 

A'~A = o; or h'=-h. 



294. To verify the preceding theorem in the wheel and axle and 
the double inclined plane. 

First : Let P and W be in equilibrium in the wheel and axle. 
Let R be the radius of the wheel, and r the radius of the axle, 
and let A, B be the respective positions of P and W when in 
the same horizontal line. The centre of gravity of P and W is 
evidently in the line AB. Let the machine move on its axis 
through an angle COC, in consequence of which A moves to A', 
and B to B'. Then AA' is equal to the arc CC, and BB' to the 
arc DD'. But CC, DD' are similar arcs of circles, 
and are therefore as the radii, or 

CC : DD' : : R : r; 
AA' : BB' : : R : r. 
But P : W :: r : R; 

P : W : : BB' : AA'. 
Also, since the triangles AGA', B6B' are similar, a' 
BB' : AA':: B'G : A'G; a, 

P : W : : B'G : AG, 
or G, a point in the horizontal line AB, is the centre of gravity of 
P and W in their new position. 

M 2 
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Secondly: Let the weights P and W, connected by a cord 
passing over a fixed pulley at C, be in 
equilibrium upon a double inclined plane. 
Let 04, a, be the inclinations of the planes, 
and Pi, Pi the angles made by the cord 
with the planes. Let T be the tension 
in the cord; then, since T, P, and the 
resistance at A are in equilibrium, by 
Art 105, 

P : T : : cos )9i : sin oi. 

Similarly, W : T : : cos ^Sg : sin a,; 

P : W : : cos )8i sin a, : cos )3s sin Oi. 

Let A and B be the positions of P and W when in the same 
horizontal line. Let A and B be moved through indefinitely small 
spaces to A' and B'. With C as a centre, describe the arcs A'o, 
B&. Then Aa and B'6, being the portions by which the two parts 
of the cord are severally shortened and lengthened, are equal. 
The arcs A'o, B6 being indefinitely small, may be regarded as 
straight lines perpendicular to AC and B'C respectively ; that is, 
Aa = AA' cos ft, and B'6 = BF cos A; 

AA' cos A = BB' cos fi^ 
Let the angle AG A = 0, then 



and 



A'G = AA'?B^, 
sin $ 

B'G = BB'5H-?«. 
sin^' 



A'G _ AA' sin a^ _ cos fi^ sin g^ 
B'G BB' sin a, "" cos fii sin a,' 

AG: B'G:: W:P, 

G is the centre of gravity of P at A' and W at B'. 

295. The importance of the principle of virtual velocities has 
led to attempts to litupply a demonstration of it independently of 
the equations of equilibrium deduced in the preceding chapter. 



or 
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but none of these are sufficiently elementary in their character to 
be introduced here. If, however, this principle be assumed, the 
conditions of equilibrium may be deduced from it. 

296. To deduce the conditions of equilibrium of a rigid body 
from the principle of virtual velocities. 

Every possible motion of which any rigid body is susceptible 
may be resolved into a motion of translation and a motion of 
rotation round a fixed axis. 

First, let the body receive a motion of translation, such that all 

the points in it move over a distance m in the direction of the 

line which makes with the axes angles whose cosines are a, 6, c, 

respectively. Then, if a?, y, z, be the co-ordinates of the point of 

application of any one of the forces P, and a, /8, y, the angles 

which the direction of P makes with the axes ; and if v be the 

virtual velocity of P, 

v = m(a cos a+ b cos )8+ c cos y). 

By the principle of virtual velocities, 

S.Py=o; 
therefore, 

aS.Pcosa+6S.Pcosj8+cS.Pcosy = o. 

But this result is independent of the values of a, b, and c, for the 
direction of the axes is altogether arbitrary. Consequently, each 
term must separately vanish, or we must have 

S . P cos a = o, 

S.Pcos)8=o, ■ (i.) 

S . P cos y = o. , 
Again, let the body revolve through a small angle about a 
line passing through the origin, and making 
with any three rectangular axes angles whose 
cosines are a, 6, c, respectively. Let ON 
represent this line. Let M be the point of 
application of any one of the forces, and x, 
y, z, its co-ordinates, r its distance from the 
origin, and h its perpendicular distance from 
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ON. Let M revolve about the axis ON, through a small angle 
into the position M. The small arc MM' may be regarded as a 
straight line perpendicular to the plane MON. Let the angles 
which MM' makes with the axes have for their cosines A, B, C 
respectively, and let the force acting at M make with the axes the 
angles a, )8, y. Then, if t> be the virtual velocity, 

v= MM'(A cos a + B cos j3+ C cos y). 
The angles which OM makes with the axes have for their cosines 



y Z^ _y respectively. Hence, since MM' is perpendicular 
V V r 



X y z 

•"■> — » 
r r 

toOM, 

A;p + By + Ce = o. 

Similarly, because the angle between MM' and a line through M, 
parallel to ON, is a right angle, 

Aa + B6 + Cc = o. 

From these two equations, it follows that 

A : B : C : : 62-cy : cx—az : ay — hx* 

But A*+ B'+ C= I ; whence, letting K stand as an abbreviation 

for 

V^(6z - cyf -k-{cx- azf + (ay - 6a?)', 

we obtain 

L_hz—cy -R^.^"^^ r-^y~^* 

Again, MM' = Aft But if the angle MON = <^, 

A = r sin ^ 

J . ax+hy+ez 

and cos 6 ^ : 

r 

* The student will find it useful to remember the following result, which he 

may easily deduce. Given two equations between three quantities, se, y, s, of 

the form 

«ia?+ Jiy+Oi«-o, 

aa« + *2y+^a«"0; 
then X : y : »:: ii^a — ^a^i • ^1^2 —Czdx : «i^9 -"<»a*i« 
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whence, remembering that a* + 6' + c* = i, and that «* + y* + z" = r®, 
it results that 



A = ^(62-cy)«+ (caf--a2)*+ (ay-6a?)*, 
or, h-K. 

Substituting the values of A, B, C, and MM' just obtained in the 
expression v= MM'(A cos a + B cos )3+ C cos y), we have 
v=0{(bz-ci/) cos a-^(cx-az) cos )8 + (ay - &») cosy}, 

= ^{a(ycosy — 2COS/3) + 6(2COSa — iccosy)+c(a?cos)8-ycosa)}. 

By the principle of virtual velocities, 

S.P«=o. 

Therefore, 

a 2 . P (y cos y—z cos P) 

+ 6S.P(2COSa — a? cos y) 

+ cS.P(a:cos)8 — ycos a) = a 

As before, this result is independent of the direction of the 

axes^ and therefore of a, h, and c Consequently, each term must 

vanish separately; that is, we must have 

S.P(y cosy— 0cos)8) = o/ 

S.P(2C0Sa-a? cos y) = o, 

2.P(^ cos /3— y cos a) = o. 

Equations L and IL correspond with the six equations of equi- 
librium. 



(ii) 
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CHAPTER IV. 

ON FRICTION. 

297. The mutual reactions, when one solid body is in contact 
with another, have hitherto been regarded as acting entirely in the 
direction of the common normal through the point of contact. 
This is true only upon the supposition that the surfaces in contact 
are perfectly, smooth. Upon such hypothesis, the reactions of the 
surfaces oppose in no degree the motion of one body along the other, 
but the slightest conceivable force acting along a common tangent 
through the point of contact will move the body in that direction. 
Since, however, the surfaces of bodies in contact are in no case 
perfectly smooth, the foregoing result does not obtain in practice. 
A force varying in amount in different cases, but of an appreciable 
magnitude, is found to be necessary in order to move one body 
along the surface of another. To this force the name of friction 
is given. The total reaction of the surfaces is therefore not in the 
direction of the normal, but is inclined to it at a greater or less 
angla If the reaction be resolved into two forces, one normal 
and the other tangential to the surfaces in contact, the latter 
component will be the force of the frictioa 

298. Friction is a retarding force merely ; it can destroy motion, 
but cannot generate it It therefore acts upon any body only 
when a tendency to motion exists ; that is, when the other forces 
acting upon the body are not in equilibrium. Also, being a 
retarding force, its direction is the opposite of that in which the 
body tends to move. Hence, if in any machine the power be 
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greater than is required by the conditions of equilibrium, the 
force of friction will act concurrently with the weight ; but if less, 
it will act concurrently with the power. Hence, a given weight 
may be sustained by a less power than is required, independently 
of friction, but needs a greater power to move it. 

299. From various experiments, made with the view of deter- 
mining the laws of friction, the following general results have been 
obtained : — 

First: Friction ia increased hy time. When two bodies have 
been for some time in contact, it is found that a greater force is 
needed to move the one over the other than to keep them moving 
when in motion. Thus, for instance, when the surfaces are both 
of oak, the force required to move one over the other, after a 
contact of some minutes, was found, in the experiments of M. 
Arthur Morin, to bear to that required to keep them moving the 
proportion of 62 to 48 ; and when a surface of iron was made to 
move over one of oak, the forces were as 65 to 26. The time 
during which the force of friction continues to increase varies in 
different materials. When both surfaces are wood, the maximum 
of friction is reached after a contact of two or three minutes; 
when both are metals, it is reached almost instantaneously, but 
when wood is placed upon metal, after a contract of several days. 

Secondly : Between the same surfaces, and under the same circum- 
stances , friction is proportional to the pressure. The force of friction 
is found to depend upon the relative disposition of the surfaces in 
contact; as, for instance, whether the fibres be parallel or at right 
angles, and also upon the state of the surfaces, whether dry or 
lubricated. If no change be made in the disposition or state of 
two surfaces in contact, it is found, when the pressure is varied, 
that the ratio of the friction to the pressure remains constant for 
the same materials. This constant ratio is termed the coefficient 
of friction. Accordingly, if /x be the coefficient of friction be- 
tween any two materials, and P be the normal pressure, the 
friction is equal to fiP. 

M 5 
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Although considerable variation exists in the valued of fi, as 
determined by different experimentalists, the constancy of its 
value for the same materials may be regarded as established, both 
for surfaces which have been for some time in contact, and for 
surfaces in motion ; save only that when the pressure is very large, 
the force of friction is found to be somewhat less than as given by 
this law. 

Thirdly : With the same surfaces, and under the same circum- 
stances, friction is independent of the extent of the surface of contact. 
This law, again, is to be regarded as only approximately true. It 
does not apply when the surfaces in contact are very large or very 
small. When the surfaces touch each other in a straight line, the 
friction is less than in the contact of plane surfaces of finite 
extent; and, on the other hand, the friction is increased when the 
surfaces are very lazge. 

300. Def The angle whose tangent is equal to fi is, for a reason 
that will appear presently, termed the angle of repose, 

301. When one hody in contact with another is in a state harder- 
ing on motion, the reactions of the surfaces act in a direction which 
makes with the normal an angle equal to the angle of repose. 

Let a body resting upon the plane AB be upon the point of 
moving along the plane towards A ; then, if 
B be the normal resistance of the plane, and 
ft the coefficient of friction, the force of fric- 
tion will be a force pB, acting towards R 
Let Ri be the resultant of R and pR; then, 
by the parallelogram of forces, Rj will be . V » \^^ 

represented by the diagonal of the parallelo- 
gram whose sides are proportional to R and pR, Hence, if c be 
the angle between the directions of Ri and R^ 

tan€ = *^=/i, 
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or c is the angle of repose. In like manner, if the body be on the 
point of moving towards B, the reaction of the surfaces will act in 
the direction of B^ at an angle c on the other side of the normal. 

302. Hence, in questions of equilibrium in which friction is 
considered, the reaction of two surfaces in contact may be either 
introduced as a single force acting at the angle of repose on either 
side of the normal, or as two forces R and /aR acting respectively 
along the normal and tangent. The former will be more con- 
venient in cases when not more than two other forces are acting 
upon the bodies. 

303. To find the limits of equilibrium when a body whose weight 
is W is supported upon an inclined plane by a power acting in a 
given direction. 

Let a be the inclination of the plane, 
and let the power make an angle with the 
plane. 

First : Let the body be on the point of 
moving down the plane, the reaction of the 
plane will then act in the direction of R^. 
Let Pj be the value of P, in this case, 
then. 

Pi : W : : sin R^ W : sin R^P, 
or. Pi : W :: sin(a-€): cos (tf+c); 

p _ W ^^^ (^ "" ^) 

COS (B + €) 

Secondly : Let the body be on the point of moving up the 
plane, then R, will be the reaction of the plane ; and if P, be the 
corresponding value of P, then 

P, : W : : sin R^W : sin iCp., 
or, P, : W : : sin(a+ €) : cos (tf - c); 

p _ W »"^(«+^) 
cos (^ - €) 




252 ON FRICTION. 

304. The results just obtained may be exhibited in a slightly 
modified form. By the preceding, 

p=w ^hS^JA 
cos{e±€y 

p __ ^ sin a cos c 4I cos a sin c 
* cos 6 cos € 4I sin ^ sin c' 

Dividing numerator and denominator by cos c, and substituting 
for tan c its value /ly we obtain 

p __ nr sin a If- fi cos a 

" • A — = A* 

cos ^ fi sin 

305. If the power acts horizontally, ^= — a, and the general 
result obtained in Art 303 becomes 

p_w Bi^ (<^ + 
COS (a 4. c) 

Whence, P = W. tan (o + c), 

or, P = W.^^-?L+i*. 

I + /A tana 

306. If the power acts along the plane, 6 = 0, and the result of 
Art. 303 becomes 

P = W. B^^ (^ T <) 
cos € ' 

or, P = W (sin a f fi cos a). 

307. To find the inclination of the plane down which a body is on 
the point of sliding by its own weight 

Let a be the inclination of the plane, then, by the preceding, if 
W be on the point of sliding down the plane, 

P = W (sin a-fi cos o). 

But, by the hypothesis, P = o; 

sin a->fi COS a = o, 
tan a=ji; 






I 
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that lis, the inclinatioii of the plane is the angle of repose. Hence, 
one of the methods which have been employed for determining 
experimentally the coefficient of friction is that of observing the 
inclination at which the one body is on the point of sliding over 
the other. The tangent of this angle gives the value of fi for 
sarfaces that have been some time in contact 

308. To shew that the best angle of traction is the angle of repose. 

In Art. 303 it was shewn, that if ^ be the angle of traction, the 
power necessary to bring a body whose weight is W into a state 
bordering on a motion up a plane whose inclination is a, is 

^ sin (g -f c) 
cos (6 - c)* 

It is required to find the value of that will make this the 
least possible. Since enters into the denominator only, the 
problem will be solved by finding the value of ^, which gives the 
denominator its greatest possible value. The greatest value of 
any cosine is unity, hence must be taken such that 

cos (^ — c) = I ; 
e-€ =o, 
or, $ =€. 

309. To find the limits of equilibrium in the screw. 

Let W be the weight sustained by the screw, h the distance 
between the threads, r the radius of the cylinder, and /a the co- 
efficient of friction. 

The weight sustained by the screw may, as already seen, be 
regarded as a weight sustained by a horizontal power upon an 
inclined plane, whose height is h and base 2irr; that is, upon a 

plane, the tangent of whose inclination is . Substituting this 

value for tan a, in the expression given in Art 305, 

p_W ^ + ^M^ 
2irr T fjih 
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P being supposed to act at the sur£EU3e of the cylinder. If the 
weight be sustained by a power F acting at the extremity of a 
lever whose length is R, then 

^ R^ 

F = W.-.^i-^^^ 
* R ' 2trr ± fih 

310. To find the limits of the ratio of the power to the normal 
pressures in an isosceles wedge. 

Let ABC (fig. Art. 106) be the wedge, and let the angle ACB = 2cu 
Let P, the power, act at H. Let the resistances on each side of 
the wedge = ^R', and act at the points D, E, in the directions 
DG, EG, making an angle e (e = angle of repose) with the normal, 
and therefore angle 90® — € with the sides of the wedge. Let the 
power be on the point of overcoming the resistance; then the 
angles ADG, BFG are equal to 90° — c Hence, 

P : ^R : : sin DGE : sin DGH; 
P : ^R' : : sin {i8o° — 2 (a+c)} : sin {90®+ (a+c)} ; 

COS (a + c) 
= R' . sin (a + c). 

Secondly : Let the resistance be on the point of overcoming the 
power; then the angles CDG, CEG are each = 90® — e, 

P : iR : : sin {180** -2 (a-€)} : sin {90''+ (a~c)}; 

p^^P^.sin2(a~c) 
cos (a — c) 

= R' sin (a - c). 

If ^R be the normal resistances, R = R' cos e Hence, 

P-R sin(a + €) 
cos e 

or, P = R (sin a ± /a cos a). 
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311. To find the greatest angle for a wedge that shall he^retained 
in a cleft by the force of friction alone. 

By the preceding, when the resistance is on the point of over- 
coming the power, 

P = R (sin a — /x cos a). 

Therefore, when P = o, 

sin a — /A cos a ^c o, 

or, tan a = /a. 

Hence a, or half the opening of the wedge, is equal to the 
angle of repose. 



EXAMPLES. 

1. A plane rises 5 in 13; find the greatest weight which can be 
sustained upon it by a power of 20 lbs. acting along the plane, 
the coefficient of friction being \, 

The required weight is 130 lbs. 

2. A horizontal force of 11 lbs. is on the point of drawing a 
weight of 13 lbs. up a plane whose inclination is equal to tan''^(^); 
determine the coefficient of friction. 

The coefficient of friction is f . 

• 

3. The least power which will draw a weight of 205 lbs. up an 
inclined plane is 70 lbs., and the least power which will sustain 
the same weight is 20 lbs., the power in both cases acting along 
the plane; required the inclination of the plane, and the coeffi- 
cient of friction. 

The inclination of the plane is equal to 

sin' 



and the coefficient of friction is \, 



f 
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4. The distance between the threads of a screw is such that a 
weight is just sustained without the action of any power; what is 
the least power which will overcome any weight W ) 

Let /I be the coefficient of friction, then the required power is 
equal to 

2/iW 

5. The mechanical advantage of a screw press is 240, that of 
the screw alone is 20; determine the power which will just over- 
come a resistance of 260 lbs., the coefficient of friction being ^. 

The required power is i2f lbs. 

6. Two weights, P and Q, rest upon a double inclined plane, 
and are connected by a cord passing over a pulley at the summit; 
the coefficient of friction is the same for both planes, and P is 
just on the point of descending; determine the coefficient of 
friction. 

Let a and fi bo the inclinations of the planes, then the coeffi- 
cient of friction is equal to 

P sin a — Q sin )3 
P cos a -4- Q cos P' 

7. The inclination of a plane is such that a body placed upon 
it is upon the point of sliding down by its own weight ; shew that 
the least power which will draw the body up the plane is double 
the power which sustains the same weight when the plane is 
smooth. 



r 1 
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CHAPTER V. 

ON THE CENTRE OP GRAVITY. 

312. It has been shewu in the chapter on the centre of gravity 

in Part i., that the centre of gravity of any body can be readily 

founds when the centres of gravity of all its parts are known. 

Thas, if Ml, M,, &o,, be the magnitudes of the several parts, and 

a?i, a?2, &c., the distances of their centres of gravity from any 

plane ; then, if x be the distance of the centre of gravity from the 

same plane, 

- _ MjOTj + MgiPg + <fec. 

~ M^ + Mg + &c. ' 

or, according to the notation used in previous chapters, 

*~ S.M* 

If Mj, M2, &o., be equal to one another, and n in number, then 
2.Ma? = M.2a;, and S.M = nM, therefore, in this case, 

- S.ar 
n 

313. Whenever a figure is symmetrical about any axis, then if 
of uniform density, the centre of gravity will lie in this axis, and 
may be found by finding its distance from any plane at right 
angles with the axis. When the figifre is not symmetrical about 
any axis, the position of the centre of gravity is found by finding 
its distances from three planes at right angles with one another. 

As before, let M^, Mg, <fec., be the magnitudes of the several 
parts ; a?^, a?2, &c., the distances of their centres of gravity from 
the first plane; y^, ^2* ^> their distances &om the second plane j 
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and z^ z^ Ac their distances from the third plane: then if x,^^, 
and z be the distances of the centre of gravity of the whole from 
the same planes. 

If the given figure be a plane, it is sufficient to find the distances 
of the centre of gravity from two lines intersecting at right angles, 
and the position of the centre of gravity is given by the two 
equations 

- S.My 

Cor. If the centre of gravity be the origin of co-ordinates 
x= o, y = Of and z = o ; and therefore in this case, 

2 . Mo; = o, 
S.My = o, 

5.M2!=0. 



314. To find the centre of gravity of the sector of a circle. 

Let r be the radius of the circle, and 
a the angle of the sector. Let OC bi- 
sect the angle AOB; the centre of 
gravity must evidently lie in this line. ^ 
Let G be the centre of gravity, it re- 
mains to determine the distance 60. 

Divide the angles AOC, BOC, into 
n equal parts. Each half of the sector 
will be divided into n equal sectors, and when n is veiy large. 
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these may be regarded as n equal triangles^ having their centres 
of gravity at a distance from = f r. 

Join the centre of gravity of each triangle with that of the 
triangle similarly placed on the other side of 00. These lines 
will be at right angles to 00, and will be bisected by it. Let 
L, M, N, (&a be the points in which these lines cut 00, then the 
points L, M, N, &a are the centres of gravity of each pair of 
triangles. Then, taking their distances from 0, we have 

Xi = h\J = ~ cos — : 
3 4« 

Xo = MO = -T cos 2? : 
3 4^' 

a?8= NO = — COS ^ : 
3 ^n 

Hence, by Art. 312, 

00=: — ; 
n 

2r fa 3a 5a • (2n— i)a\ 
= — ( cos — + cos-^— + cos ^— + &a . .. + COS ^ L. ). 

371 \ 4» 4n 4n \n J 

_ 2r sin \a ^ 

—— - ■ ^^"~^ ' 

3 a 

** 211 sm — 

4^ 

* The sum of the series cos ^ + co8 30 + &c. + (2n-i) ^ may be easily 
found as follows: — 

sin 2^ =s 2 COS sin ^, 
sin 40 - sin 20 S3 2 cos 30 sin 0, 
sin 60 - sin 40 SB 2 cos 50 sin 0, 
&c. &c. 

sin 2*10 - sin (2«- 2) =■ 2 cos (2» - i) sin 0. 
Whence, by adding together, 

sin 2n0 as 2 sin { cos + cos 30 + &c. + cos (2i»- i) } ; 

cos + COS 30 + &C. + COS (2«- 1) = !iL5^. 

2 sm 
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Since n is veiy large, — is very small, and therefore the angle 
itself may be substituted for its sine. Therefore, 

Go=?r.?l?_ij^; 

3 ** 
_ 4r sin ^ a 

the angle a being measured bj the ratio of the arc to the radius. 

315. In the result just obtained, if a = ir, the sector is a semi- 
circle. Therefore, if GO denote, as before, the distance of the 
centre of gravity from the centre, 

3"- 

mm 

If a = - the sector becomes a quadrant, and in this case, 

2 

^Q _ 8r sin 45° _ 4r^2 
3^ 3«" * 

316. By a process precisely similar to that followed in Art 314, 
it may be shewn, that in the case of a circular arc subtending at 
the centre an angle a, 

PQ _ 2r sin ^ a 
a 
rad. chord 



arc 



317. The following summations will be referred to in future 

Articles. They may be readily found by the method of Finite 

Differences. 

n (n+ i) 

I +2 +3 + +71 = — ^ ^, 

2 

, 9 9 a n (n + l) (271 + 1) 

1*+ 2'+ 3'+ +n"=— ^ ^ S 



i'+ 2*+ 3*+ . +n"= f^lxLtl2\ 

30 
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and hence, by making n as large as we please, the following equa- 
tions may be made as nearly true as we please : 

I + 2 + 3 + +71 _ I 

I«+ 2*^+ 3*+ + W'_ I 

n' 3 

I'-f 2'+ 3'+ +n' _i 

i*+ 2*+ 3*+ +n* _ I 



318. To find the centre of gravity of the area of a semi-parabola. 

Let A be the vertex and AB the 
axis of the parabola, and j^ = mXf 
the equation of the curve. 

Divide BC into n equal parts, n 
being an indefinitely large number, 
and let BC = nk 

Let MN be one of these divisions, 
then MN = k; and let BN =pk. 

The area of the rectangle PM is 
equal to k . PN, and 

PN = AB - A V, 

BC« PV» 




m 



m 



area of PM = mr^J^ (n» -p«), (i.) 

The distance of the centre of gravity of PM from the line BC 
is ^ PN, or I m'^k^ («* — ^) ; therefore the product of the area of 
PM into the distance of its centre of gravity from BC is equal to 

I m'^Jd^ (w* — 2 w"/?* + p^), (ii. ) 
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Hence, by giving to p the values i, a, 3, &c., in the expression i., 

we obtain 

Mi = m->ife«(n»-i'), 



• 



and therefore, taking the sum 

-1 T^ns/ i*+ 2«+ 3*+ + n»\ 

= f m'^BC*, since n is large. 

In like manner, from expression il, 

MjaTi = ^m-«^(n* - 2n\ i' + i*), 
Mga?, = Jw-*F(w* - 2n\ 2' + 2*), 
M^3 = ^m-^ifc«(n* - 2w». 3« + 3*), 

and therefore 
S.MaJ = Jw^)fc'{w»-2wV'+2*+ + n*) + (i*+2*+ w*)}, 

= im^.BC(i-2 ^ + -, j. 

^ ^m~*BC', since n is large. 
Hence, if x be the distance of the centre of gravity of the semi- 
parabola from BC, 

= fm-»BC^, 
= |AB. 

Again, since MN is very small, the distance of the centre of 
gravity of the rectangle PM from the line AB may be taken as 
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equal to BN or pk; therefore the product of the area of PM into 
the distance of the centre of gravity from AB is equal to 

Giving to p the values i, 2, 3, &o. severally, we have 

M,yi = w-*A;*(w«. i-i»), 

Ma^j = mr^Ii^ (n\ 2 — 2'), 

Mj^B = m-W(w«. 3 - 3*), 

• • • • 

and therefore 

S.My = wW{w'(i + 2+ + w)-(i'+ 2'+ + »i')}, 

\ n n J 

= ii»->BC*. 
Henoe, if y be the distance of the centre of gravity of the semi- 
parabola fix>m the line A6, 

-_ S.My 

= fBC. 



319. To find the centre of gravity of a solid of revolution. 

Let AC be the curve which generates the solid by its revolution 
round the axis AR 

Let AB be divided into n equal parts, n 
being an indefinitely large number, and let 
AB = nh. 

Let MN be one of these divisions, say the 
jpth; then MN = h and AN =ph. 

The content of the cylinder generated by 

the revolution of the rectangle PM is equal 

to 

irh . PN«. 

Since MN is veiy small, the distance of the 
centre of gravity of this cylinder from A, Tuay be taken as equal 
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to AN or ph; hence, if G be the centre of gravity of the solid, 

S.irAPN" ' 

S.APN« • 



320. £x. 1. To 6nd the centre of gravity of a segment of a 
sphera 

Let r be the radius of the sphere, then 

PN« = AN(2r-AN), 

= 2rph —p^h\ 
Hence, 

2rA*(i + 2 + ... + w)-A'(i*+ 2*+ .. +n*)' 

2r AB». !1±.?!±^iJl!L*- AB*. i'-^ 2»+ ... -h n» 
..AT^« ^ +2-H... + n _^p3 i«+2«+ ..^n» > 

" rAB«-|AB« * ^""^^ nis laige; 

_ 8r.AB-3.AB« 
12 r — 4 . AB 

* From the denominator of this fraction, we see that the content of a segment 

of a sphere is equal to 

IT (rAB«-iAB»). 

Also, since 2r . AB =i BC* + AB', the content is eqnal to 

JirAB(3BC«+AB^. 
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321. Cor. If the segment be a hemisphere, then AB = r; and 
therefore 

and therefore, if be the centre of the sphere, 

8 

322. Ex. 2. To find the centre of gravity of a paraboloid. 
Let m be the parameter of the generating curve, then 

* PN* = m.AN, 

= mph. 



Therefore, 



_ AXi^4-2^+ 4-n') 

h\l +2 + +71)' 



AB>.£!±i!± 



+ n' 



n^ 



AB«. 
= fAB. 



I + 2 + 



+ 71 



n^ 



323. To find the centre of gravity of the portion of a sphere 
included between two planes intersecting in a 
diameter at an angle equal to any sub-multiple of 
two right angles. 

Let AOC be a section of the solid by a plane 
through the centre of the sphere, at right angles 
with the intersection of the planes. Tiien, since 
this plane divides the given figure symmetrically, 
the centre of gravity will lie in this plane. 

Let the angle AOC be equal to 6, and let 
nO = TT. Let G be the centre of gravity of the 
given solid. 

IT 
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Suppose the hemisphere to be divided into n equal parts, each 
equal and similar to the given solid. Then the sum of the 
moments of each part about AB is equal to the moment of the 
hemisphere. Hence, Art. 312, 

GOf sm -+sm^ + sm^+ + sm^ L. \ =^W-> 

V 2 2 2 2/8 

and therefore 

GO X Im?^® ^^ - 3^^ 



2 sin I 8 



But nO = TT, and therefore cos nO= — i. Consequently, 

Snr sin Q 



GO 



8 



324. CoR. I. Hence, generally, if be the angle between the 
planes, 

8 $ 



325. CoR. II. If the angle between the planes be indefinitelj 
small, then, writing — for sin — » we have 

10 



326. If the mass of each of a system of particles be multiplied 
by the square of its distance from a given point, the sum of these 
products will be the least possible when the given point is the centre 
of gravity of the system. 

Let w„ mg, Ac, be the masses of the particles, rj, r^ <fec., their 
distances from G, the common centre of gravity, and p^ p^ <fec., 
their distances from any other point 0. 

Let G, the centre of gravity, be taken ajs the origin of co-ordi- 
nates; let a?!, yi, z^, be the co-ordinates of m^; x^ y^ 2,, those of 



I 



i 
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m^, and so on for the rest. Let a, h, c, be the co-ordinates of 0, 
then 

= fl?i' + yi* 4- «i' — 200?! — 26^1 — 2(»i + a' + 6' + c*, 

.'. ^iPi' = ^^^i''!* + ^1 • GO' — 2a . rrij^Xi — 26 . mij/i — 2c . m^f^. 
Similarly, 

^ ^aPa' = ^i ''a* + ^a • GO' — 2a . 7»5,a?, — 2h , m^t/^ — 2C . m^z^y 
m^Pi = mjrg' + Wj . GO' — 2a . m^x^ — 26 . m^y^ — 2c . m^Zg, 

Hence, 

5 . wip' = S . mr* + GO' . Swi - 2a2 . mx - 26S . f>iy - 2cS . w«. 
But by the corollary to Article 313, 

2 . mx = 0, 5 . my =0, 2 . mz = o ; 

therefore, 

S . mp' = S . m;^ + GO'Sm, 
that is, the sum of the products of each particle into the square of 
its distance from the centre of gravity is less than the sum of the 
products of each particle into the square of its distance from any 

other point 0, by the quantity 

GO' . Sm ; 

or the product of the sum of the masses into the square of the 

distance of the point from the centre of gravity.* 

327. Cor. i. If a sphere be described, having G as its centre, 
and GO as its radius, then the sum of the products of each par- 
ticle into the square of its distance from any point on the surface 
of the sphere is invariable. 

328. CoR. XL If the system consist of n equal particles, 2 . mp' 
= w2p', 2 . wir* = ^2^* and 2w = nm. Therefore, 

2p' = 27''+n.GO'. 

* If pif p2y &(i.f denote the distances of each particle from any plane, and 

Tiy rs, &C.J their distances from a plane through the centre of grayity parallel 

to the former ; then, GO being the distance between the planes, it may be easily 

shewn that the equation 

S.mp»-S.fwr^ + G0'.2»i 
stUl obtains. 

N 2 
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Hence, the sum of the squares of the distances of n equal particles, 
from <^^y point whatever, exceeds the sum of the squares of their 
distances from their common centre of gravity hy n times the square 
of the distance of the given point from the centre of gravity, 

329. Cor. hi. If three equal bodies be placed at the vertices of 
any triangle ABC, their centre of gravity corresponds with the 
centre of gravity of the triangle. Hence, if G be the centre of 
gravity, and any point whatever, 

AO' + B0« + CO' = AG* + BG« + CG' + 3 . GOl 



330. Cor. iv. Also, if four equal weights be placed at the 
vertices of a triangular pyramid, their centre of gravity corre- 
sponds with the centre of gravity of the pyramid. 

Hence, if A, B, C, D be the vertices of the pyramid, G its centre 
of gravity, and any point whatever, 

AO' + BO' + CO' + DO' = AG' + BG' + CG' + DG' + 4 . GO'. 

331. The sum of the products of each of a system of particles 
into the square of its distance from the centre of gravity of the 
system, is equal to the sum of the products of each pair into the 
square of their mutual distance, divided by the sum of their particles. 

Let m^, m^ &c. be the particles, r^, 7*,, <tc. their distances from 
the centre of gravity of the system, and pi j, pg„ &c. the distances 
of m^ and m^ of m^ and m^ &c. ; then will 

S.mr'^^-^^^^^V 



or, 



m^ + wia + TO, + <fec. • 
Let the centre of gravity of the particles be taken as the origin 
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of co-ordinates, and let Xi, y^ z^ x^, y^ 2^, <fec. be the co-ordinates 
of wij, wij, &c.; then, by Art. 313, 

TTiriXi + m^a?, + &c. = o, 
iWiyi 4- m^^ + ifeo. = o, 
rrtiZ^ + wigiZj + &c. = o. 
Square each of these, and add; then 

mi*(a?i' + y^ + 1^) + ^^{x^ + yj' + 2^') + &c. 
+ 2m{m4xyX^ 4. y^^ + ZiZj) + 2m^mJix^x^ + yiy, + Vj) 
+ &o. = o. 

But r^ = x^ + yi* + z^, and r,' = x^ + yg' + 22'* ^^^^ ^o on. 

Also, f>'i. « = (a?i-a?8)'+ (^1-^2)'+ (2i-2*)'i 

= ri« + /-g' -'2(a?ia?g + y^y^ + %)• 
Similarly, p'l . i = ^i' + r,' - 2(a?ia?^+ yjy, + a^^,), 

<fec. <ka 

Substituting these values in the equation obtained above, 

m^r^ + m^r^ + (fee. = »»i»iaO>*i'2 ~ ''1* — ^«*)> 

+ m^mjj>\.^ - ri» - r/), 
+ m^m^{p\^ - r} - r,'), 
+ <fec. 
Hence, by transposing, 

^i^i'(^i + m, + <ka) 
+ m^^{m^ + ?»» + <fcc.) 



or, 






332. CoR. I. Combining the result just obtained with that of 
Art 326, we have 
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333. Cob. n. If the oyBtem couaiat of n equ&l particles, then 
the result of Art. 331 becomes 

S.pV. = "-S.^. 
Hence, the turn cf the iquaret of the mutual dittaneet of each pair 
out of n equal particles it equal to n times the mm of the squares of 
the dittaneet of the paiUdes from their common centre of giavUy. 

334. Cob. hi. Cousequeutly, (see Art 329,) if <x, (, <; be the 
sides of an; triaagle, ftnd h, l,m the distances from the ceatre of 
gravity, 

o»+6t+c'=3(P+p + fli'). 

335. CoR. IV. Also, (see Art 330,) \i a, h, c, d, e, f \xi the 
edges of any trinngular pyramid, and Ic, I, m, n the distanoes of 
the vertices irom the centre of gravity, then 

a'+6' + «'+rf' + e'*l-/' = 4{i'+P+m'+M'). 



GULDIN'S PROPERTIEa 

336. If any plane figure revolve about an axit lying in its oum 
plane, the content of the generated solid is equal to the product of the 
generating area into the length of the are deicHAed by itt centre of 
gravity. 

Let ABDC be the generating 
area, and let it revolve about 
the axis CD, through any angle 
6, into the position A'B'DC. 

Let CD bo divided into n 
equal parts, n being an indefi- 
nitely large number, and let 
CD = nil. 

Let MN be any one of these 
divisions, then MN- A. Through 
M and N draw PM and QN, at 
right angles with CD; then FN may be regarded as a rectangle. 
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and the content of the solid generated by the revolution of PN is 
equal to 

h X area of the sector PMF. 

Let PM = y, then if be measured by the ratio of the subtended 
arc to the radius, the area of the sector PMF is equal to ^y'^; 
hence, the content of the solid generated by the revolution of PN 
is equal to 

and therefore 

content of solid = ^S . t/*Oh; 

Again, the area of the rectangle PN is equal to yh, and the 
distance of its centre of gravity from CD is equal to ^y, therefore 
the moment of PN about CD is equal to 

Hence, if y be the distance of the centre of gravity of the area 
ABDC from CD, then 

^ S.yA* 
Therefore, 

content of solid = y6x^.ph. 

But if Q be the centre of gravity of the area ABDC, the arc 
GG' = I/O and 2 . yA is the area of ABDC ; therefore, 
content of solid = GG' x area of ABDC. 

337. If any plane curve revolve about an axis lying in its own 
plane^ the area of the generated surface is equal to the product of the 
length of the curve into the length of the arc described by its centre 
of gravity. 

Let AB be the curve, and let it revolve about the axis CD, 
through any angle into the position A'B'. 

Let AB be divided into n equal parts^ n being an indefinitely 
large number, and let AB ■■= ns. 
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Let PQ be one of these parts, then PQ = s, and since PQ is Teiy 
small, it may be regarded as a straight line; and if VML = y, the 
area generated by the^Tolution of PQ is equal to 

and hence, 

area of ABB'A' = 5.3^*, 

Also, since PQ is small, the distance of its centre of gravity 
from CD may be taken as equal to y, and therefore the moment 
of PQ about CD is equal to 

and hence, if- y be the distance of the centre of gravity of AB 

from the line CD, 

- 5.y« 

y= AB' 
and therefore 

area of ABB'A' = yO . AB. 

If G be the centre of gravity of AB, then GG' = y$, and there- 
fore 

area of ABB'A' = GG' x AB. 



EXAMPLES. 

1. Find the centre of gravity of a segment of a circle; shew 
that the distance of the centre of gravity from the centre of the 
circle is equal to the cube of the chord divided by 12 times the 
area of the segment. 

2. Find the centre of gravity of the crescent formed by two 
arcs of equal circles, when the centre of one circle is upon the 
circumference of the other. 

Let r be the radius, then the distance of the centre of gravity 
from the middle of the common chord of the two arcs is equal to 
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3. Find the centre of gravity of a spherical sector. 

Let the sector be divided into a spherical segment and a cone, 
let T be the radius of the sphere and x the thickness of the seg- 
ment, then the distance of the centre of gravity from the middle 
of the spherical surface of the sector is equal to 

2r+ 30: 

~8 

4. Find the centre of gravity of one-eighth of a sphere bounded 
by three planes at right angles to one another. 

Shew that the distance of the centre of gravity from the centre 
-of the sphere is 3'V3 

5. If a regular polygon of n sides be inscribed in a great circle 
of a sphere, the sum of the squares of the distances of the an- 
gular points of the polygon from any point on the sphere is equal 
to 271 times the square of the radius of the sphere. 

6. The sum of the squares of the mutual distances of each pair 
of angular points in a regular hexagon is equal to the square of 
the periphery of the hexagon. 

7. In a regular polygon of n sides, the sum of the squares of 
the distances of any one angular point from the rest is equal to 
271 times the square of the radius of the circumscribing circle. 

8. Find the centre of gravity of the portion of a sphere con- 
tained between two parallel planes, one of which passes through 
the centre of the sphere; the distance between the planes being 
equal to half the radius. 

Let r be the radius of the sphere, then the distance of the 
centre of gravity from the centre of the sphere is equal to 

2ir 

~8r 

9. Assuming that the area of an ellipse is the product of its 

semi- axes multiplied by tt, find the centre of gravity of an elliptic 

quadrant. 

N 5 
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Let a and b be the Bemi-axes, then the distance of the centre of 
gravity from the major*axis is equal to 

and its distance from the minor-axis is equal to 

4a 

9 

10. Find the centre of gravity of the segment of a prolate sphe- 
roid cut off by a plane at right angles with the axis of revolution. 

Let X be the length of the axis of the segment, and a the 

serai-major axis, then the distance of the centre of gravity from 

the vertex is equal to 

Sax — 3«^ 

i2a — 4x' 

11. Find the centre of gravity of the area contaiued between a 
parabolic arc AQP, and a chord AP drawn through the vertex. 

Let C be the middle part of the chord AP, and let a parallel 
to the axis through C meet the curve in Q ; shew that the centre 
of gravity is in the line CQ, at a distance from C equal to 

2CQ 

■ • 

5 

12. Apply Guldin's Properties to the determination of the con- 
tent and surface of a ring. 

Let a be the radius of the generating circle, and h the distance 
of its centre from the axis of revolution, then the content of the 
ring is equal to 

and the siurface of the ring is equal to 

471^06. 

13. Find, by Guldin's Properties, the content of an oblate 
spheroid. 

Let a and b be the semi -axes of the generating ellipse, the 

content required is equal to 

4^a'6 
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14. The surface of a sphere whose radius is r is equal to j^in^ \ 
determine the centre of gravity of a semi-circular arc. 

15. Find the content of the solid generated by the revolution 
of a triangle alK)ut one of its sides. 

Let a, h, and c be the sides of the triangle, and let c be the 
axis of revolution, then the required content is equal to 

\Tri . (« — a) (« - 6) (« — c) 

16. Shew that the content of the solid generated by the revolu- 
tion of a segment of a circle about the diameter which is parallel 
to its chord is equal to 

^ X (chord)*. 

17. Find the content of the spindle generated by the revolution 
about its chord of a circular segment whose height is equal to 
half the radius. 

Let V be the radius of the segment, then the required content 
is equal to 

- (¥-;-)■ 

18. Find the area of a spherical zone. 

Let T be the radius of the sphere, and c the axis of the zone, 
then the required area is equal to 

27rcr. 

19. Assuming the preceding, shew that the centre of gravity of 
any spherical zone or of the surface of any spherical segment is 
the middle point of the axis. 

20. Shew, from Guldin's Properties, that the content of a 
paraboloid of revolution is equal to the area of its plane surface 
multiplied by half its axis. 

(For the area of a semi-parabola, refer to Art. 318.) 
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CHAPTER VI. 

STATICAL PROBLEHS. 

338. If three forces, not parallel to each other, acting at any 
points in a rigid body are in equilibrium, they will lie in the same 
plane. There must therefore be a point in which their directions, 
If produced, will meet. For let the directions of any two be pro- 
duced till they meet, then their resultant must pass through this 
point, and since there is equilibrium, the third force must also 
pass through this point. Consequently, the triangle of forces will 
apply to three forces in equilibrium, acting at any points in a rigid 
body. 

The triangle of forces will give two of the three equations of 
equilibrium. The third may be obtained by taking the moments 
of any two of the forces about any point in the direction of the 
third force ; and since the resultant of the two must be equal and 
opposite to the third, these moments must be equal. 

339. When more than three forces act at various points of a 
rigid body, many problems of equilibrium may be conveniently 
solved, if all the forces can be brought to act at any two points in 
the body. For then, since there is equilibrium, the resultant of 
one set of forces must be equal and opposite to the resultant of 
the other set, and consequently the resultant of each set must act 
along the line joining the two point& And if at each point a 
force equal and opposite to the resultant be introduced, equili- 
brium will subsist between each set of forces separately. 

340. One extremity of a beam AB is fastened by a pivot at A, 
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and a cord tied to the other extremity B is fastened to a point C, 
lying above A in the same vertical line, required the tension in the 
string. 

Let W be the weight of the beam, acting at its centre of gravity 
G. Let AB = l, AG = a, AC = A, and BC = c. 

The three forces acting upon the beam are the weight of the 
beam, the tension of the string, and the 
resistance of the pivot. Through G draw 
the vertical line GD. Join AD, and let T 
be the tension of the string. T acts along 
CB, and W along GD, consequently the 
resultant of T and W must pass through 
D. But since there is equilibrium, this 
resultant must be equal and opposite to 
the third force, viz., the resistance of the 
pivot, and consequently AD is the direc- 
tion in which this resistance acts. 

The sides of the triangle ACD are severally parallel to the 
directions of the three forces, 

T : W : : CD : AC, 
CD 




or. 



T = W- 



But since DG and AC are parallel, CD : CB : : AG : AB, or 

CD : c :: a : I, 



and 



CD = ^, 



341. To find the pressure on the peg in the preceding problem. 

The pressure on the peg is equal and opposite to the resistance. 
Let R denote this force, then since the sides of the triangle ACB 
are proportional to the three forces acting upon the beam, 

R : W : : AD : AC or A. 
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But CD : CB : : a : ?; therefore, substituting - for n in the expres- 
sion given in the foot note, page 212, we have 

w 

R = Ji'^/aP + (^ - ayih^ - ac")' 

If the beam be of uniform thickness and density, a = ^, and the 
preceding result becomes 

342. As an illustration of the mode of using the general equa- 
tions of equilibrium, we shall apply them to the solution of the 
problem just considered. 

The body is acted on by three forces, R the resistance of the 
peg, T the tension in the cord, and W the weight. 

Let $ be the angle which the direction of R makes with the 
beam, and let A, B, and C be the angles of the triangle ABC. 

Let A be the origin of co-ordinates, and AB the axis of x ; then 
the resolved parts of the three forces, and the co-ordinates of 
their points of application, are exhibited in the following table : — 



X 


Y 


X 


y 


R cos^ 


R siu $ 


o 


o 


- T cos B 


T sinB 


I 


o 


- W cos A 


— Wsin A 


a 


o 



Substituting these values in tiie three equations of equilibrium, 

S.X = o, 

S.Y=o, 

2.(Y«-Xy) = o; 
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and we have for the determination of the three unknown quan- 
tities^ R, 6, and T, the equations 

R co&^-TcosB-WcosA = o. (i.) 

R sin ^ + Tsin B-Wsin A = o. (ii.) 

Tl sin B — Wa sin A = o. (iii.) 

Hence, from equation iiL 

I sm B 

From equations i. and ii., by division, we obtain 

tantf^^J^^J^T^inB 
WcosA+TcosB' 

_ I — a 

~ I cot A + a cot B' 

Hence $ is found. Substituting, in equation ii., the value of sin 6, 
given by the equation just obtained, and we have 

E = ^^J^^{(1 - ay + (^ cot A + a cot B)»}. 

This result differs in form only from that obtained in Art. 341, 
for 

sm^A sin'B smAsmB 



I f,2 a'sin^A . ySinA .. t»\) 

= -t-yt1^ + • 8-p 4-2aZ-^-— .cos(A.f B)h 
sm*Al sm*B sm B ^ 'J 

= -i-|^» + ^+?^^os(A+B)l: 
sin'Al h^ h ^"'^V^-^^^'p 



h"^ sin^A 



(h^P + aV — 2achl cos C). 



But 2ch cos C = c* + A' — ? ; therefore 



hi 
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343. One extremity A of a beam AB {i^g. Art. 340) rests against 
a vertical wall, and a cord tied to the other extremity B is fastened 
at C, a point in the wall above A, to find the position of the beam 
when A is on the point of sliding down the wall. 

Let I be the length of the beam, and — the length of the cord. 

n 

Let G be the centre of gravity of the beam, and let AG : GB : : 

I : «, whenceAG = Since the beam is in equilibrium, the 

line AD must be the dii:ection of the resistance of the wall ; and 
since A is on the point of sliding down the wall, the angle CAD 
must be the complement of the angle of repose. Let c be the 
angle of repose, and let tan c = fi, then fi is the coefficient of 
friction. When the beam is in the position required, let 6 = the 
angle CAB. 

In the triangle ADG, 

DG : AG : : sin DAG : sin ADG, 

: : sin (^ + € — po*') : sin (90® — e), 

: : — cos (^ + c) : cos c ; 

n+ I cos € 

and therefore, since AC : DG : : AB : GB : : n + i : w, 

AC= _ ^ cos(^+c) 
n cos € 

= — (/x sin ^ — cos 6). 
n 

But BC* = AB« + AC* - 2 AB . AC cos ^, and hence 

Z^w* Z* 2 Z* 

__^ = Z* + -- (tt sin ^ - cos ^)* - — (u sin ^ cos tf - cos ^6), 
n* n^ n 
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Whence, multiplying by — , and writing i - cos' for sin' 0, we 



have 



m?-n^-'fjL^ = cos' ( 1 + 2 n - /a') - 2fi ( 1 + n) sin ^ cos tf, 
= coB*^{(i + 2n-fi') - 2fi (i + n)tan^}. 



For cos'tf write ^-7,, then 

I + tan' 6 

{m^ - n' - /a') tan' tf + 2ft ( i + w) tan tf + m' - ( i + n)' = o. 

Whence we obtain 

. «_ - /a(i + n) + {(m' - n') (i + n)' - fr^{7r? - n' - /ll')} * 

rrr — rr — fjtr 



344. Shew that when the beam rests in a horizontal position, 
the length of the cord is equal to 

I 



->/(w' + A 



n 



and that when the beam is inclined at an angle of 45° with the 
horizontal line, the length of the cord is equal to 



-l-j«V(x+M+«)*.f 



345. A beam rests freely upon a peg, with one end against a 
smooth vertical wall, required the position of equilibrium, and the 
pressures on the wall and peg. 

Let AB be a beam resting upon the peg C and against the wall 
AD. Let G be the centre of 
gravity of the beam, and W its 
weight Draw DE, AH, perpen- 
dicular to AD, and GE, CH, pa- 
rallel to AD. Let GA = a, and 
CD = h. When there is equili- 
brium, let CA = a?. 

The resistance of the wall is equal aod opposite to the pressure 
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of the beam against it. Let R denote this resistance, and Q the 
resistance of the peg. The beam then is acted on by three forces; 
by E acting perpendicularly to the wall, by Q acting perpendica- 
larly to the beam, and by W acting vertically. The sides of the 
triangle ACD are severally perpendicular to the directions of 
these forces, and therefore, since there is equilibrium, Q : W : : 
AC : CD, and R : W : : AD : CD ; 

Q = W|, (L) 

and R = W^^^"^'\ (ii.) 

b 

In order that equilibrium may subsist, the iwultant of R and W 
must pass through C; therefore 

RxCH = WxCE. 

But CH = AD = i/(ic'-6'), and since the triangles CEG, CAD are 
similar, 

CE : CG : : CD : AC, 
or, CE : a — x : : b \ x. 

Hence, ^^{x" - 6») = W6 . .?^:i?. (iii.) 



The equations i. ii. and iiL are sufficient to determine the three 
unknown quantities R, Q, and x. For substituting in equation 
iiL the value of R given by equation ii. we have 

X 



3^ = 6^a, or x = h a/ ( t- ]• 
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Substituting this value of 4; in equations i. and ii. we have 
Q.W;/(J)„dE.wl(|)'-..}' 

346. In the preceding example, if the beam, instead of resting 
freely upon the peg C, were fixed by a pivot at any point C, the 
only condition of equilibrium is, that the resultant of E and W 
pass through C. Therefore, if CA = c, the pressure on the wall is 
obtained immediately from equation iil ; whence 

a — c .T» ^rrh a — c 



B.^ic' - 6') = W6^^— T; ;. R = W- . 



347. One extremity B of a beam AB (fig. Art 269) rests against 
a vertical wall, and the other, A, upon a horizontal plane; to find 
the position of the beam when on the point of slipping. 

Let I be the length of the beam, W its weight, G its centre of 
gravity, and let AG be equal to a. Let R be the normal resis- 
tance at A, and Q that at B. Let fii be coefficient of friction 
for the plane, and p^ for the wall ; then the force of friction at 
A will be a horizontal force /ajR acting in the direction of P, 
and the force of friction at B will be a vertical force ft^Q acting 
upwards 

Let be the angle BAG when the beam is on the point of 
slipping. Then, resolving the forces into two sets at A and B, we 
have (X denoting the reaction of A and B), 

/i^R : R^ wlz^ : : COB tf : sin 0. (L) 

pfi : X : : cos : i. (ii.) 

Q : X : : cos : I. (iii.) 

Q : W— - /ijQ : : cos tf : sin ft (iv.) 
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From ii and iii. it follows, that Q = /x^R, whence from L and iv. 

R= ^ 



Substituting this value of R in L we obtain 

Wfiitang W Ty^~<^. 

tang = ^-/^(^"^). 

348. On« extremity of a beam is fastened by a pivot^ and the other 
rests upon a smooth horizontal plane; required the upward vertical 
pressure upon the pivot when the foot of the beam is acted on by a 
given horizontal force, the weight of the beam itself being neglected. 

Let the beam AB (see fig. Art. 269) be fastened by a pivot at 
B, and let a force P be applied horizontally at A Let the angle 
BAG be equal to a. 

The beam is in equilibrium from the force P, the resistance of 
the plane acting vertically at the point A and the resistance of the 
pivot. But when three forces are in equilibrium, any one must be 
opposite to the resultant of the other two; hence, the resistance 
of the pivot will act along the line BA. Let B/ denote the 
resistance of the pivot, then 

R' : P :: sin 90° : sin (90* — a); 

I* = . 

cos a 
The vertical pressure required is the vertical component of R'; 

vertical pressure on B = R' cos ABC; 

a: R' sin a ; 
= P tan cu 

349. Let AC, BC be two beams, of uniform thickness and density, 
resting upon a horizontal plane at A and B, and fastened together at 
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C by a pin; let A and B be connected by a cord: required the tension 
in the cord when a weight w hangs from C. 

Let Wi = the weight of the beam AC, and w, = the weight of the 
beam BC. Then, since the beams 
are of uniform thickness and density, 
we may resolve Wi acting at the centre 
of gravity of AC into two forces, each 
equal to ^w^, acting vertically down- 
wards at A and C; and, similarly, 
W2 may be resolved into two forces, each equal to ^w„ acting 
vertically downwards at B and C. Hence, the whole force acting 
downwards at C is w + ^ (i«^i + w^. Let W = w + J (ti'i + w^. Since 
there is equilibrium, the upward vertical pressures upon C must 
equal W. Let T = the tension in the cord; let the angle CAB = 
C4, and the angle CBA = a,. 

By the preceding article, the vertical thrust of the beam AC 

upon C is T tan a^, and the vertical thrust of the beam BC is T 

tan Oy Hence, 

Ttanai+Ttanas = W; 



T = 



W 



tan Oi + tan a. 



350. To find the horizontal strain upon the hinges of a door. 

Let G be the centre of gravity of the door, and W its weight. 
Let the hinges be at A and B. 

Instead of the hinges, let the door be re- 
garded as supported by a vertical force X, and 
a horizontal force P acting at A, and a vertical 
force Y and a horizontal force Q acting at B. 
It is evident that P and Q must act in oppo- 
site directions. 

Let GC be the vertical line drawn through 
G. Draw BC perpendicular to GC. Let 
BC = a, and AB = 6. 
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Remove the point of application of Y from B to A, of Q from 
B to C, and of W from G to C. 

The resultant of W and Q at C must be equal and opposite to 
the resultant of P and X + Y at A. Each resultant must there- 
fore act along AC. Let E represent the value of either; then 

Q ; W ::BC: AB, 
or, Q : W :: a : 6; 

Q =W| 



also, Q : R : : BC : AC. 

Again, since the forces at A are in equilibrium, 

P: R::BC: AC; 
therefore, P = Q ; 

or the horizontal strain on each hinge is the same in amount, 
while opposite in direction. 




351. To find the position of equilibrium of a beam resting in a 
smooth hemispherical bowl. 

Let AB be the beam, and G its centre of gravity. Let 2I = the 
length of the beam, a = AG, and a' = the 
radius of the bowL The reactions of the 
bowl will act along the radii AO, BO. 
Consequently, in the position of equi- 
librium, the vertical line through must 
pass through G. Let 6 = the angle 0GB, 
and let ^ = the angle OAB = the angle OB A. Then 

AG : AO : : sin AOG : sin AGO, 
or, air ::sin(6-<^); sin $; 

sin {O — tf) _a 
sin ^ ~ r * 

cos ^ - cot ^ sin ^ = - ! 

r 

r sin <^ 



! 
I 
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But r COS <l> = I, and therefore r sin <f>- >/(»'* — > 

I — a 



cot = 



>/(^-0' 



352. To find the position of a beam resting in a hemispherical 
howl when on the point of slipping. 

As in the preceding, let $ be the angle made by the beam with 
the vertical line through its centre of gravity, and ^ the angle 
between the beam and the radius through either extremity. Let f 
be the angle of repose. 

Let AB (fig. Art. 351) be the beam in the position required, and 
let the reactions of the bowl act in the directions AC, BC. Then 
the angle CAB = <^ — €, and the angle CBA = </>+€. As before, the 
vertical line through C must pass through G. Let CG be vertical ; 
then, by hypothesis, the angle CGB = 0, 

: sin ACG : sin CAG, 

: sin (0-<l> + c) : sin (<^ — c). 

: sin CBG : GCB, 

: sin (•^ + €) : sin (^ + <^ + c). 

*■ 

Hence, Bin(0-<l>+^) 8ii.(<^+«) ^ _a_ 

sin (^ +</> + €) sin(^ — e) 21 — a 

sin ^ cos (<^ — c) - cos sin (<f> - c) sin (<^ + c) _ a 
uinO cos (<^ + c) + cos ^ sin (</»+€)' sin (</» — e) 2I — a 

Dividing numerator and denominator by sin sin (^ - c) sin (<^ 4- c), 

cot (<^ — c) — cot ^ _ a 
cot (<^ + c) + cot $ 2l — d 

Whence cot ^ = -j{{2l - a) cot (^ - e) ~ a cot (4^ + c)}. 

21/ 

The value of ^ is known ftoxa the equation r cos ^ = 1^ and c is 
given, therefore is determined. 





AG : GC 


or. 


a : GC 


And 


GC : GB 


or, 


GC : 2l-a 
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353. A beam, leaning against a small cylindrical peg B, rests with 
one end A upon a horizontal plane ; the coefficient of friction is the 
same between the beam and the peg, and between the beam and the 
plane: determine the position of the beam when on the point of 
slipping. 

Let a be the distance of the centre of gravity of the beam from 
A, $ the inclination of the beam to the horizontal plane, and 6 the 
height of the peg above the plane. 

Let Ri be the resistance of the plane, and R, the resistance of 
the peg, and c the angle of repose ; then, 

A 

RjRj =0, 

w\=i8o*'-c. 

Hence, by the triangle of forces, 

P_Wsin(^-€) 
sm 6 

- T» W sin € 

sm u 

Also, taking the moments of B^ and W about A, we have 

& sin c . cos c 



and therefore 



. =acos^; 

sm*^ 

b sin € cos c 



sin'tf cos = 



a 



or. 



• /, A l> sin 2€ 
cos' ^ - cos ^ + = o. 



2a 



354. A bar AB, whose weight is W, rests with one end A upon a 
horizontal plane, a cord fastened to B passes over a fixed pulley 
placed above the plane and carries a weight P ; determine the position 
of equilibrium, and the pressure upon the plane, when A is on the 
point of slipping towards the pulley, disregarding the friction of the 
pulley. 
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Let be the inclination of the beam to the horizontal line, and 
tf> that of the cord. Let R be the resistance of the plane, and € 
the angle of repose; then, 

RW=i8o°-€, 

PR== 9o°-(<^-€). 

Therefore, by the triangle of forces, 

W cos (^ — e) 



P sm € 

R cos <t> 



sin € 



(i-) 



(iL) 



Let I be the length of the bar, and a the distance of its centre 
of gravity from A; then, taking the moments about A, 

Wacos^ = PZ8in(i^-^); 
and therefore 

tan e = — T,j . — (ill- ) 

rl cos </> ^ 

The value of ^ is determined by equation i., and thence the 
value of R is found from equation ii., and the value of from 
equation iii. 



EXAMPLES. 

1. Two weights, P and W, balance each other on a straight 
lever, moveable about a cylindrical pivot, find the ratio of P to W 
when P is on the point of descending; the arms of the lever 
being a and b respectively, r the radius of the pivot, and fx the 
coefficient of friction. 

The ratio of P to W is equal to ^±tL, 

a + fir 
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2. If a beam rest with one extremity A in a smooth hemispherical 
bowl, and with the other projecting beyond the edge, shew that in 
the position of equilibrium, 

gin tf = ^±^A^±3£!2, 

or 

$ being the inclination of the beam to the vertical line, r the 
radius of the bowl, and a the distance of A from the centre of 
grayity of the beam. 

3. What must be the length of a beam in order that, when 
resting within a sphere, its limiting position may be vertical ? 

Le /Li be the coefficient of friction, and r the radius of the 
sphere, then the required length is equal to 

2r 



4. Find the position of equilibrium of a balance when unequal 
weights, P, Q, are suspended from A and B, the extremities of the 
beam. Let AB = 20, W the weight of the balance, 6 the distance 
of AB below the fulcrum, and h the distance of the centre of 
gravity of the balance below the fulcrum. Then, if ^ be the 
angle the beam makes with the horizontal line when there is 
equilibrium, 

(P+Q)6 + WA 

5. One extremity A of a beam rests against a smooth hemi- 
spherical bowl, and the other against a smooth vertical plane 
passing through the centre of the bowl — ^the radius of the bowl 
being greater than the length of the beam — then, if ^ be the 
inclination of the beam to the vertical plane when in equilibrium, 
I the length of the beam, a the distance of its centre of gravity 
from A, and r the radius of the bowl. 
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6. The lower extremity A of a beam rests against a vertical wall, 
a Gord attached to the beam at a point B, between the centre of 
gravity and A, is fastened to the wall at a point C vertically above 
A, shew that if ^ be the inclination of the cord to the wall, and 
that of the beam, the position of the beam when A is on the point 
of slipping down is determined by the following equations : — 

a (cot <^ + /x) = 6 (cot 0^fi)y 
c sin ff> = h sin $, 

a being the distance of B from the centre of gravity, and b the 
distance of B from A. 

7. In the preceding, if the wall be perfectly smooth, and b = a, 
then will c = a, and the beam will rest in any position so long as A 
is below C. 

8. A beam AB rests upon two inclined planes whose inclina- 
tions are a^ and Og respectively, shew that if a be the distance of 
the centre of gravity from A, b its distance from B, c the angle of 
repose, and $ the inclination of the beam to the vertical line when 
A is on the point of slipping up, 

a+b 



tan^ 



b cot (og — c) — a cot (ttj 4- c) 



9. A thin hemispherical bowl is mounted with a cylindrical rim 
formed of a substance whose specific gravity is four times that of 
the substance of the bowl, what must be the height of the rim 
that the bowl may rest upon a horizontal plane in any position ? 

The height of the rim is equal to half the radius of the bowl. 

10. In the preceding, if the bowl be thick, having its external 
and internal radii equal to a and b respectively, shew that the 
height of the rim is equal to 

o 2 
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11. Four balls of equal radii, bat unequal weights, rest within 
a hollow sphere iu such a way that their centres lie in the same 
yertical plane, and each ball is in contact with the sphere, find the 
position of equilibrium. 

Let Wi, Wa, Wj, W4, be the weights of the balls. Let ^ be the 
inclination to the horizon of the line joining the centre of the 
first ball with the centre of the sphere, and let a be the angle 
subtended at the centre of the sphere by the line joining the 
centres of any two adjacent balls, then 

. yj _ "Wi + Wa cos g -f- Wg cos 2a 4- W4 cos 3a 
Wj sin a -I- Wj sin 2a + W^ sin 3a 
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CHAPTER VII. 

ON THB IMPACT OF BODIES. 

355. When any two bodies come into collision, the internal 
disposition of their particles is disturbed to a greater or less ex- 
tent. It is found, by experience, that when any such disturbance 
takes place, all matter possesses the power of retun^ing in some 
measure to its original state. To this property the name elasticity 
is given. Its effect, when one body impinges upon another, is 
to cause them to separate, and the magnitude of the force is 
measured by the ratio which the velocity of the recoil bears to 
the velocity of the approach. The value of this ratio is termed 
the measure or modulus of the elasticity. When this ratio is 
unity — that is, when the velocity of the recoil equals the velocity 
of the approach — the elasticity is said to be perfect; in all other 
cases it is called imperfect 

356. By the impact of one body upon another, a change is 
produced in the motion of both. These changes, though seeming 
to be effected instantaneously, are not so in reality. That a finite, 
though inappreciably small, period of time is required for their 
production is shown by experiments of the following kind. Let 
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two ivoiy balls, one of which is stained with ink, impinge gently 
upon each other, a mere speck of ink will be found upon the 
unstained balL Let the balls impinge with a greater force, and 
the .speck becomes enlarged into a small circular area ; and the 
greater the force the larger is this spot. As two spheres can 
touch each other in one point only, the experiment shews that 
during the impact the form of the balls underwent a change, so 
as to allow certain portions of the surfaces to come into contact, 
and that the centres of the balls approached nearer to each other 
than when the contact commenced. Motion, therefore, has taken 
place over a finite distance ; and as there is no reason for sup- 
posing the velocity has been otherwise than finite, it follows that 
the time of the motion is finite alsa 

357. Definitions. The product of the mass of any body and 
its velocity is called its momentum* ^ 

* Since the miuses of bodies vary both as their yolume and as their density, 
if y, y represent the volumes, p, p' the densities, and M, M' the masses, respec- 
tively, 

M:M'::Vp:Vy, 

whence, if M' «= 1, V = 1, and p' = 1, we have 

the meaning of which is, that the mass of any body contains the unit of mass 
as many times as the product of the number of times the volume contains the 
unit of volume, and the number of times the density contains the unit of density. 
Also, by the third law of motion, 

M/:M'/'::P:P', 

P M / 

whence, if P' = 1, M' = 1, /' == 1, we obtain the equation 

P = M/; 

the meaning of which is, that any pressure P contains the unit of pressure as 
many times as the product of the number of times the mass contains the xuiit of 
mass, and the number of times the force contains the unit of force. 
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The product of the mass of any body and the square of its 
velocity is called its vis viva. 



358. Wlien equal pressures produce motion in different bodies, the 
momenta generated in each are equal. 

Let a pressure P produce motion in bodies whose masses are 
M and M', and let V, V be the velocities at the expiration of any 
time t 

First; Let the pressures be constant during the time t, then the 

velocities generated are uniformly accelerated, and therefore the 

V V 
forces are — and — ; and consequently, by the third law of motion, 

MV M'V jy T, 

• • • |-» • yf • 

t t ' 

and therefore M V = MT'. 

Secondly; Let the pressures, while always equal to each other, 
be variable during the time t Divide the interval t into n equal 
periods, n being an indefinitely large number. Daring any one of 
these periods, the pressures may be regarded as constant; and if 
-»!, v^ &c., t/j, v'2, &c. denote the velocities generated during 

Substituting in this equation the value of M obtained above, we have 

P=Vp/. 

The unit of force is, as ah^ady stated in Part I., the force which generates a 
velocity of one foot in one second; the unit of volume is tiie cubic foot; and 
the unit of density is the density of distilled water. When Y, p^ and/ are each 
unity, Ps=l, or the unit of pressure is the pressure eterted by one foot of dis- 
tilled water under the action of a force which generates a velocity of one foot 
in one second. 

When gravity is the force acting upon a body, the pressure is called weight, 
and hence 

W=Vn>i7, 



296 ON THE IMPACT OF BODIES. 

each Bucceflsiye period, it follows, from what has been established 
above, that 

Mv8 = MVj, 



• • 



Adding these together, we have 

Butvi + V8+ + v» = V, and v\ + i;'j+ + t/» = V'; therefore 

If the pressures producing motion be the mutual action of two 
bodies in contact, the pressures are equal in magnitude but oppo- 
site in direction ; and hence, in such cases, the momenta generated 
are equal and opposite. 



259. Two smooth spherical and inelastic bodies impinge dii-ectly 
upon each other y to determine their common velocity immediately 
after impact 

Let M and M' be the masses of the bodies, V, V their velo- 
cities at the instant of impact, and v their common velocity 
immediately after impact. Since the duration of the impact 
is indefinitely. short, the velocities of the bodies at the instant of 
impact may be taken for the velocities they would have had at 
the moment when the impact ceases, and consequently the dif- 
ference between the velocity after and before impact may be taken 
for the change of velocity produced, or the velocity generated by 
impact. 

Let the positive direction of motion be that of the impinging 
body. Let both the bodies be moving in the positive direction. 
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Then, since M impinges upon M', Y must be greater than Y\ 
Hence, 

t; — V = velocity generated in M by impact, 

v-Y'= „ „ M' „ 

Therefore, by the preceding Article, 

(v-Y)M=-{v-Y')W; 

^_ MV+MT- ... 

M+M' • ^ ^^ 

If the bodies be moving in opposite directions, V will be nega- 
tive, or 

If M impinge upon M' at rest, V = o. Therefore, 

MV ,... , 



360. From equations L and ii. the value of the velocities gene- 
rated by impact in the two bodies may be determined. For 

velocity generated in M = t; — V, 

^ _MXV + VO 
M+M' ' 

and velocity generated in M' = v — V, 

M+M' ' 

the upper signs being taken when the bodies move in the same 
direction, and the lower when they move in opposite directions. 
It will be seen that the velocity generated by impact in the body 
moving with the greater velocity is negative, but in the other 
body is positive. 

o 5 
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361. From equation il (Art. 359) it follows, that when two 
bodies moYiug in opposite directions impinge upon each other, 
there will be rest after impact, if 

MV=MT'. 



362. Two smooth spherical and inelastic bodies impinge obliqueljf 
upon each other, to determine their velocities and the directions of 
their motions after impact 

Let M and M' be the two bodies, moving with velocities V, V in 
directions making with the common tangent at the point of con- 
tact the angles a, a. The mutual pressures during impact act 
along the common normal The velocities V, V may be resolved 
into velocities V cos a, V cos a acting along the common tangent, 
and V sin a, Y' sin a' acting along the common normal. The 
former, since the bodies are smooth, will not be affected by the 
impact; the latter will each become, according to Art. 359, 

MVsina+MT^sina^ 
M+M' 

Hence, if v and v be the velocities of the bodies after impact, 
acting in directions making with the common tangent the 
angles ^, /?', 

i; cos )8 = V cos a, 

M V sin a + MT' sin a' 



v sin j8 = 



M+M' 



Whence t;^ = V^ cos^ a + /MV sin a ^ MJ sin g- X « 



/ MY Sin g 4- MT' singl y 
V M + M' / 



, . o MV sin g + M' V sin a 
and tan B = . 

^ Vco8g(M+M') 



i 
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Qi^-i^^i '2 TT/2 2 / /MV sin a+ M'V sin a'\* 
bimilarly, v^ = V^ cos* a + ( =-j= — z^^; ) , 

\ M+ M / 

and taniS' = ^I^l5^±^X^i5^. 

^ V'co8a'(M + M0 



363. Hence, if V cos a = V' cos a\ P = p, and v = v\ or the 
bodies after impact will both move in the same direction and with 
a common velocity. 

364. Again, if the directions of V and V fall upon different 
sides of the common tangent, a will be negative, and therefore 

^ r, MV sin a - M'V sin a' 
tan P-- 



and tan ^3* = 



Vcosa(M + M') ' 

MV sin g-MT^ sing' 
V cos a! (M + M') ' 



Consequently, if M V sin g = M'V sin g, jS = o, and /S* = o ; or the 
two bodies after impact will both move in the direction of the 
common tangent, and their velocities will be V c6s g and V cos a 
respectively. 

365. Hence, also, if M impinge obliquely upon M' at rest, 
making V = o. 



^f , . M^sin'^g]* 

t;=V^COS*g + rr? iT7-K 

I (M 4- M^r 



, r> M tan g 



, MV sin g 
V = 



M + M' ' 
tan jS* = 00 ; or /S* = 90°. 



300 ON THE IMPACT OF BODIES. 

366. In the last, let M' = oo, and we have the case of a body 
impinging upon an immoveable surface. Dividing numerator and 
denominator of the values of v and tan fi by M', 



v = 



M 






— tan a 

and ■•^ tan p = — . 

M 

But if M' = 00, — — = o ; therefore 

t; = V cos a, 
tan P=o, 

or the body moves along the common tangent with a velocity 
y cos a; and hence, if the fixed surface be a plane, a body im- 
pinging obliquely upon it will, after impact, move along the plane. 

367. Two imperfectly elastic spherical bodies impinge directly 
upon each other, to find their velocities immediately after impact. 

Let the two bodies move in the same direction with velocities 
V, V, and let M, M' be their masses. Let e be the modulus of 
elasticity, and v, v' the velocities of the bodies immediately after 
impact. Then the velocity of approach is V - V, and the velocity 
of recoil v' — v; wherefore 

and by Art. 358, 

(i;-V)M= -(i;'-V')M'; 

^ MV+MT^-eM^(V-V') 

and ,>^ MV..MT--..M(V-V-) 

M + M' - 
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If the two bodies move in contrary directions, let V be negative ; 
then, 

M V - MT' - eM' (V -f V) 

M+M' ' 

and ,., My-MT--f.M(V4.r) 

M+M' 



368. If, in the preceding, M impinge upon M' at rest, V'=o; 
and therefore 

_ V(M-gM) 
^ M + M' 

, MV(i + c) 
V = ^ -, 

M + M' 

If M = eM', then v = o, or the impinging body is at rest imme- 
diately after impact, and v' = eV, or M' moves with the velocity eV. 



369. In the expressions obtained in Art. 367 for the velocities 
after impact of two elastic bodies moving in the same or contrary 
directions, make M' = M, and e = i, then 

,_ V±V'-(VTV') _+y, 

2 - 

,.>_ V±V'+(VTV) _y 

2 

Hence, if two perfectly elastic bodies of equal masses, moving 
in the same or contrary directions with any velocities, impinge 
upon each other, they mutually exchange velocities. 



370. Two imperfectly elastic spherical bodies impinge obliquely 
upon each other, to find their velocities and the directions of their 
motions immediately after impact 



302 ON THE IMPACT 07 BODIB& 

Let M, M' be the two bodies, moying with velocities V, Y', in 
directions making with the common tangent, at the point of 
contact, the angles a, a. Let v, ff be the velocities after impact, 
and ^, & the angles which their directions make with the common 
tangent. 

As in Art. 362, V and V may be resolved into velocities V cos o, 
V cos a, acting along the tangent ; and V sin a, V sin a, acting 
along the normal The former are unaltered by the impact ; the 
latter will become respectively (Art. 367), 

M V sin g + MT^ sin a - eW (V sin a - V^ sin a) 

M+M' ' 

, M V sin a + M' V si n a^+ gM (V sin a-T sin a' ) 

^^^ WT^ ■ 

Hence, 

t; cos ^ = V cos a, 

. ^ M V sin a + M'V sin a' - eW (V sin a - V sin a') 
. sm ^ = .^^^ Z, 

__ V sin g (M - eW) -f WT sin a' (i -f- e) , 

M+M' ' 

. ^,y.eos^,^|Vsina(M-.^) + MT-sina'^ 

^ _ y sin a(M-eM')+ MT' sin a' (i + g) 
^^^ V cos a (M + M') 

Similarly, 

.- VWa'-. |V'sina-(M'-.M)4-MVsina(x^.)|; 

., _ V sin a^(M'-gM)+ MV sin a(i + g) 
*^ ^ V cos a' (M + M') 
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371. If M impinge obliquely upon M' at rest, V' = 



o; 



i^ = V* cos' 



tan $ = tan a . 



a+ ] 



V8ina(M-eMM 



M-fM' 



M-eM ' 
M+M' 



"J 



^ MV sin a (i + e) 

" MTM' ' 

tan $'= 00 j or ^' = 90°. 

372. -4n imperfectly elastic spherical body impinges obliquely upon 
an immoveable surface^ to determine the velocity and the direction of 
the motion immediately after impact , 

In the preceding, let M' be infinitely large in comparison with 

M 
M, then — — is indefinitely small. 



Hence, 



i;» = V* (cos'* a + c^ sin' a), 
tan B— —e tan a. 



Let AO be the direction of the motion of the impinging body, 
the point at which it meets the surface, and CD the common 
tangent. From A, any point in AO, draw ACE perpendicular to 
CD, and take CE = eAC; 

tan BOD = tan COE, 

_CE 
~C0' 

_ gAC 
"■ CO 

= — c tan AOC; 
therefore OB is the direction of the motion after impact. 

373. To determine the motion of the centre of gravity of two 
bodies moving in the same straight line with uniform velocities. 

Let M, M' be the masses of the two bodies, and Y, V their 
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velocities. Let a, a' be the distances of their centres of gravity 

from any point in the line of their motion, and h the distance of 

their common centre of gravity from the same point ; then 

(Art 69), 

Ma+M'a' 



h = 



M + M' • 



Let u be the velocity of the common centre of gravity, then at 
the expiration of any time f, a, a\ and h will become a + V^ 
a' + yt, h + ut respectively. Therefore, as before, 

HTM' • 

Subtracting the former from this, we obtain 

M V + M'V 



w = 



M + M'' 



374. IJ two spherical bodies impinge directly, the velocity of their 
centre of gravity immediately after impact is the same as immediately 
before impact. 

Let M, M' be the bodies, and V, V their velocities of impact 
For the instant immediately preceding these velocities may be 
considered uniform; and therefore, by the preceding, if u denote 
the velocity of the centre of gravity, 

M V + MT' 



M = 



M+M' 



If the bodies be inelastic, it has been already shewn that their 
common velocity, and therefore the velocity of their centre of 
gravity, immediately after impact, is 

MV + MT^ 
M+M' • 

The proposition is therefore true of inelastic bodies. If the 
bodies be elastic, and let v, 'tf be their velocities immediately after 
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impact, these for the instant may be regarded as uniform; and 
therefore if vi denote the velocity of the centre of gravity, 

, , _ Mv + M V 

^"" M+M" 

Substituting the values of v and v\ from Art. 367, 

. ^ M{MV+ M'r-gM'(V- VQ} + M^{MV.f MT^-i- gM(V- Y)} 

(M + M7 

_, (M V + MT') (M + M') 
(M + M7 

^MV + MT' 
M+M' ' 



375. In the direct impact of imperfectly elastic bodies the sum of 
the vires vivae after impact is less than before impact. 
By Art. 367, 



{ MV + M'V'-eM'(V-V') 

M+M' 

I . MV+M'V'+eM(V-V') 

V = 5 i ; 

, M+M' ' 

' .-. M^ + M't-'' = (MV+M'Vy+a'MM'(Y-Vy 

M + M' 

In the numerator, add and subtract MM'(V'*+ V). Then 

' -MV»+M'y'^- (^"^)^^^(^"^y 

M + M' 

CoR. If the bodies be perfectly elastic, e = i, then 

MvV M't;'* = M V' + M'V", 
or the sum of the vires vivce is the same after impact as before. 
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CHAPTER VIIL 

ON GONBTBAINBD MOTION. 

376. If a hody fall down a smooth curve under the action of 
gravity^ its velocity at any point is that due to the vertical height 
through which it has fallen. 

It has already been shewn, that the velocity acquired by any 
body in falling down a smooth inclined plane is that due to the 
vertical height through which it has fallen. Hence, if a body fall 
in succession down a series of inclined planes, the velocity acquired 
will be that due to the total height through which it has fallen, 
provided that there be no change of velocity in passing from one 
plane to another. A smooth curve may be regarded as made up 
of a series of indefinitely small inclined planes, whose reaction, 
being always at right angles to the direction of the motion, pro- 
duces no change in the velocity of a body moving over them. 
Consequently, the velocity at any point is that due to the vertical 
height through which the body has fallen. 

377. To find the time in which a hody falls down an arc of 
a cycloid whose axis is vertical. 

Let the body fall from K down EA, the 
arc of a cycloid whose axis A6 is vertical. 
Let P be any point in KA, and let PQ be 
the distance described in an indefinitely 
small portion of time. Draw the horizon- 
tal lines KD, PM, QN. On AD describe 
the semi -circle AgpD, cutting PM and QN in jo and q. Draw 
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the chords Dp, Dg, Ap, Aq. The velocity of the body at P is, by 
the preceding Article, = ^(2^DM), and since PQ is indefinitely 
small, the velocity in it may be considered uniform ; therefore, if 
t' be the time of describing PQ, 



€ = 



_ PQ 



v(2(7DMy 

It is shewn in works that discuss the properties of the cycloid, 
that if AP be any arc of a cycloid, measured from the lowest 
point ; then AP = 8a . AM, where a is the radius of the generating 
circle, or the semi-axis of the cycloid. Let AB = 2a, then PQ = 
AP - AQ = ^(8aAM) - V(8a AN). 



V(f) 



4a\ v/(AM . AD) - ^/(AN . AD) 
i/)' VPM.AD) 



V(f) 



4a\ Ap — Aq 



g ) Di? 



But since Q is indefinitely near to P, AG may be regarded as 
equal to Aq^ and therefore Ap — Aq- op, and 



'V(f) 



'W 



X angle p^q* 
"^ \y / 

Similarly, 

time of describing RP = a/j 1? J x angle rDp, 

Hence, if the arc KA be divided into indefinitely small arcs, as 
KR, RP, ifrc., then, since the time of describing the whole arc is 
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equal to the sum of the times of describing the several parts, the 
time of describing 

KA = k/1^\ X the sum of the angles KDr, rDP, Ac. 
But the sum of these angles is ^ 

2 

Therefore, 

time of describing K A = v a/ ( - j . 

» As this result is independent of the length of the arc KA, it 
shews that the time of falling to the lowest point of a cycloid 
down any arc is the same in all. From this property, the cycloid 
is called a taviodirofnxmi curve. 



378. If OC, OD be two equal semi -cycloids, whose axis is 2(7, 
and a cord OA, equal in length to OC 
or OD, be fastened at 0, and wrapped a. 

round OC or OD, the point A will, as >/ ! N,^^ 

the cord is unwrapped from the one c^^-*^^ — -j^ — I!:^^^^^ 
semi-cycloid, and wrapped around the ^^^ j ^/ 

other, describe a cycloid CAD, whose ^ — \ ,^^^ 

axis also is 2a. Hence, if OC and OD 

be placed in a vertical plane, and a cord, whose length is 447, be 
fastened at 0, a body suspended at A will oscillate in cycloidal 
arcs, and consequently form a pendulum whose oscillations are 
equal in time, whatever their extent. If I be the length of such 
a pendulum, and t the time of an oscillation, 

,. v(f,). 

If A move over a very small arc on either side of A', the arc 
described does not sensibly differ from the arc of a circle \ and 
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hence, if a pendulum oscillate through very small arcs of a circle, 
the times of oscillation will be the same, and will equal 



w 



^(f)' 



379. It will be seen from the foregoing result, that when the 
force of gravity remains the same, the time of the oscillation of 
a pendulum varies directly as the square root of the length, and 
that when the length is the same, the time varies inversely as the 
square root of the force of gravity. 

380. To find the number of oscillations gained or lost in a given 
periody when the length of a pendvlum is slightly altered. 

Let I be the length of a pendulum making n oscillations in the 
time T. Let the length of the pendulum become l+x{x being a 
very small quantity), and let n' be the number of oscillations then 
made in the time T. By Art. 378, 



T ( l\^ 
J T fl+x\* 



n' _ f I \*_ / x\^ 
n — n' f x\^ 



= — - nearly, since -=- is small : 
2I "" I 



, nx 
n — n = -^, 

2I 
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381. To find the number of oscillations gained or lost in a given 
period, when the force of gravity is slightly altered. 

Let a peudulum, whose length is Ij make n oscillations in a 
time T, when the force of gravity is g, and n' when the force of 
gravity la g+x. Then, 

— =^f— ),and— ^-irf ); 

n \gj n \g + xj 

nf — n f a?\* 



= — nearly; 



, nx 

n —71 = — 



^9 



382. To find the height of a station above the earth by observing 
the number of oscillations lost by a pendulum in a given period, the 
earth being supposed to be spherical. 

Let a pendulum, whose length is I, make n oscillations in the 
time T, under the action of gravity, at the surface of the earth. 
Let the same pendulum make n' oscillations in the time T, when 
at a height h above the surfiEu^e of the earth; let r be the radius 
of the earth. 

The force of gravity varies inversely as the square of the distance 
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from the centre of the earth. Therefore, if G be the force of 
gravity at the height h. 

But n :n' :: »yg : ^G; therefore, 

n _r+h ^ 
_ j 

n T 



in — n')r , 
= i '— nearly. 

n 



383. To find the depth of a mine by observing the number of oscil- 
lations lost by a pendulum in a given period^ upon the supposition 
that the earth is a sphere of uniform density. 

Let G be the force of gravity at the bottom of the mine, and h 
the depth of the mine. Since the earth is regarded as a sphere 
of imiform density, the force of gravity in its interior varies 
directly as the distance from the centre. Therefore, 

G^r-A 
9 r ' 



wh^c i'VdJV^^ 



(n'Y _r-h 
\nj r ' 

* = I- f«Y=£(?L:!0 nearly, 
r \n/ n 



or. 
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384. To find the reaction of the curve when a particle moves 
over a fixed curve under the action of any force. 

Let N be the resolved part of the given force in the direction 
of the normal, and R the reaction at any point. Then the three 
forces N, R, and the centrifugal force must be in equilibrium; 
and, since they act along the same line, their algebraic sum must 
be equal to zero. Let the direction of the centrifugal force be 
taken as the positive direction, then R is positive when the 
particle moves over the convex side of the curve, and negative 
when the particle moves over the concave side ; hence 

+ R+N+- = o. 
P 

In applying this formula, the student must remember that N is 
negative when non-concurrent with the centrifugal force. 

In a similar way the tension in rods or cords may be found, 
when a body, movifag in a curve, is connected with a fixed point 
by a rod or cord. 

The following are examples in illustration : — 

Ex. 1. A body, whose mass is m, is connected with a fixed point 
by an inextensible cord or rod, supposed to be without weight, and 
moves with a uniform velocity v about the point as a centre ; to 
find the tension in the cord or rod. 

As explained in the note to Art. 357, the pressure, when a 
force / acts upon a mass m, may be represented, by the product mf. 
In the present case, / is equal to the centrifugal force ; that is, 

to — , r being the length of the rod or cord ; 
r^ 

tension required = . 

Ex. 2. A body connected with a fixed centre by an inextensible 
rod, supposed to be without weight, moves over the arc of a 
circle under the action of gravity; to find the tension in the rod 
at any point 
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Let m be the mass of the body, r the length of the rod, K the 
height above the lowest point A of the point 
from which the body fell, and x the height 
above A when in any position P. 

If V be the velocity of the body at P, then 



IT* = 2g{h — x); and N = ?^ — ^^ 
■^_ g(r-x) ^ 2g{h-x) 




f ' 

r 

Tension required =^!^!t±.3t:M, 

r 

The tension in the rod will be zero when x = J(r + 2h) ; and if 
the body fall from the highest point of the circle, the tension is 

zero when x = ^. 

3 

Ex. 3. A pai-ticle moves from rest down the convex side of a 
circle whose plane is vertical, from a given point in its circum- 
ference, to find where it will leave the curve. 

Let A be the highest point of the circle, B the point from which 
the particle starts, and P the position of the particle at any 
insts^nt Let a and $ be the angles made with the normal through 
A by the normals through B and P. Then if R be the reaction at 
P, and r the radius of the circle, 

r 
but. Art. 376, v^ = 2g(r cos a — r cos 0), 

R = ^(3 cos tf — 2 cos a). 

Hence, R is equal to zero, or the particle will leave the curve 

when 

cos ^ = -I cos a. 
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Or, if A be the height of B from the horizontal diameter, and x 
the height of P when the particle leaves the curve. 

x = r cos Of 
= ^r cos a, 
= JA. 

Ex. 4. A body fastened by an inextensible cord to a fixed point 
moves aniformlj in a horizontal circle; to find the velocity at any 
point. 

Let m be the mass of the body, and c the length of the cord. 
Let B be any position of the body, C the centre of 
the horizontal circle, and the angle BAC = a. In 
any position the body is in equilibriam under three 
forces; the centrifugal force, the force of gravity, 
and the tension in the cord. Therefore, by triangle 
of forces. 



BC 






sin ABC : sin BAG. 




But BC = c sin a, sin ABC = cos a, and sin BAC = sin a ; 






^;;_ ^C8in'a 
cos a 



CoR. If T be the time of describing an entire revolution, since 
space = velocity x time, 

27rc sin a 



T = 



V 



-"V{-r> 



9 

Hence the time of a complete revolution is independent of the 
length of the cord, and depends only upon the height of the fixed 
point above the plane of the circle. 
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EXAMPLES. 

1. A perforated ball moves over a smooth circular ring \vhose 
plane is vertical, the ball is projected upward from one extremity 
of the horizontal diameter, with such a velocity that it will come 
to rest at the highest point of the ring, shew that the reaction is 
zero when the ball has moved over an arc subtending an angle 
whose sine is f . 

2. In the preceding, with what velocity must the ball be pro- 
jected that the reaction may be zero, when the ball reaches the 
summit 1 

The required velocity is equal to »J{^r), 

3. A circle is placed with its plane vertical, with what velocity 
must a particle be projected vertically upwards, from one ex- 
tremity of the horizontal diameter along the interior of the circle, 
that after quitting the curve it may pass through the centre. 

The reqmred velocity is equal to >/(^'*>/3)« 

4. A body moves from rest over a circular quadrant from its 
highest to its lowest point, the radius at the highest point being 
horizontal and at the lowest vertical, shew that on reaching the 
lowest point the reaction is equal to three times the force of 
gravity. 

5. In the preceding, if the radius at the highest point be verti- 
cal and at the lowest horizontal, the reaction at the lowest point 
is equal to twice the force of gravity. 

6. A particle moves from rest over the convex side of an ellipse 

p 2 



i^w^"'^' 
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whose major axis is vertical from a given point in the curve, to 
find when it will leave the ellipse. 

Let h be the height of the given point above the minor axis, 
X that of the point at which the particle will leave the ellipse, 
then the value of x is determined by the equation, 

eV — ^c^x + 2a^h = o. 

7. An ellipse is placed with its minor axis vertical, with what 
velocity must a particle be projected vertically from the extremity 
of the major axis along the interior of the ellipse, that after 
quitting the curve it may pass through the centre ? 

Let a and b be the semi-axes of the ellipse, the required velocity 
will be equal to 

3V3 i ' 



1^ 



HYDROSTATICS. 



CHAPTER IX. 

ON THE CENTRE OF PRESSURE. 

385. The pressure of a fluid upon any surface varies, as already 
seen, with the depth of each point below the surface of the fluid. 
The point in the surface through which the resultant of these 
several pressures passes is called the centre of pressure. When the 
surface in contact with the fluid is a plane surface, the pressures 
at the different points are all perpendicular to the surface, and 
hence are parallel forces. Hence, if the pressures on the several 
parts of a surface be Pj, Pg, <feo., and k^ h^ &c. be the distances 
of the centres of pressure of these parts from the surface of the 
fluid, and h the distance of the centre of pressure of the whole 
plane from the surface of the fluid (Art. 52), 

" Pi+Pg+Ac. 

But if m^, 97^, <fec. be the areas of the several parts of the plane, 
and ^1, h^ <fec. the distances of their centres of gravity below 
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the surface of the fluid, and w the weight of a unit of the fluid, 
Pi = wmjii^ Pj = tvmji^ (fee. ; 

~ mj^i + wigAg + <kc. 

If the parts into which the plane is divided be indefinitely small 
rectangles, having one pair of sides parallel to the surface of the 
fluid, the centres of pressure and the centres of gravity may be 
regarded as coincident. Whence, 

or, as it may conveniently be written, 



k = 



S.mA 



CoR. If the areas of the several parts are equal, the last expres- 
sion becomes 



h = 



5. A* 



386. To find the centre of pressure of any parallelogram, one of 
whose sides is coincident with the surface of the fluid. 

Let h be the depth of the lower side of the parallelogram. Let 
the parallelogram be divided by lines parallel to the surface into n 
equal parallelograms, n being an indefinitely lai*ge number. Since 
these parallelograms are indefinitely small, the depth of their 
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centres of gravity may be taken as equal to that of their lower 
sides. Hence, 



k = 



(iH'-^hm^ K?)" 



h 




2h 




3^ 






nh 




+ 




+ 




+ ... 


.. + 




n 




n 




n 






n 



1 + 2*4- + n' 



= h- 



n" 



1 + 2 + 4- n 



n» 



= — , since n is large (Art. 317), 
3 

or the centre of pressure is at two-thirds of the depth. 

Hence, the staves of a cylindrical barrel, containing any liquid, 
may be kept in their place by a single hoop placed at two-thirds 
of the depth of the fluid. 

387. To determine the centre of pressure of a parallelogram im- 
mersed to any depth, hut having one of its sides parallel to the fluid. 

Let ABCD be any parallelogram, having its lower side A6 
parallel to the surface of the fluid. Let h be the depth of A6 
below the surface, and h' the depth of the opposite side DC. 
Produce the sides AD, BC to meet the surface of the fluid in 
K and L. Let AB = a = CD, and let be the inclination of the 
plane to the vertical line. 

ah 



Area of ABLK = 



cos^' 






pressure on ABLK-:^ — ;, . — . 

cos ^ 2 



Similarly, pressure on DCLK = . — . 
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Hence, if A; be the depth of the centre of pressure on ABCD, 

ah h 2h ah' h! 2h' 

;^_ co8 ^'2' 3 cos ^'2 ' 3 
ah h ah' h' 

cos ^' 2 cos 0' 2 

^2 A»-A^ 
3*^>-A'»' 

^2 h^^hl^^K^ 
3* hVR ' 

388. To find the centre of pressure of a triangular plane, whose 
vertex is on the surface of the fluid, and whose hose is parallel to the 
surface of the fluid. 

Let ABC be the triangle, and AB its base, 
dicular to the base, and divide it into n equal 
parts. Through these points of division draw 
lines parallel to AB, and upon these lines as 
bases describe rectangles, as in the figure.' 
As n increases, the sum of the pressures on 
the rectangles approaches to the pressure on 
the triangle. 

Let AB = a, and let h be the depth of AB below the surface of 

the fluid. Then the base of the first rectangle is equal to — the 



Draw CD perpen- 




n 



base of the second rectangle to — , and so on; 

n 

area of first rectangle = «. 22, 

n n 



second 

third 
&c. 



99 



99 



_2a CD 
n n 

n ' n^ 
(fee. 
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The depth of the centre of gravity of the first rectangle may be 

taken as equal to -> of the second — > of the third — > and so on. 
^ n n n 

Let k be the depth of the centre of pressure of the triangle, then 
aQD 
k = 



tCD /Ay 2aCD /2Ay ^ TOoCD/wAx* 
w* \n) n' \ w y ' n^ \n) 



aCD A 2aCD 2A . n . aCD «A 

— o- • - + — 5— • — + &c. . + 



l3+ 28+ 4. 7^8 



71* 



i'+ 2^4- + ri^ 



= ^. (Art 317.) 
4 

389. To find the centre of pressure of a triangular plane whose 
base is on the surface of the fluid. 

Let h be the depth of the vertex, k the depth of the centre of 
pressure. The given triangle is the half of a parallelogram, one 
of whose sides is coincident with the surface of the fluid, and 
whose opposite side is at depth h. The centre of pressure of this 
parallelogram is known from Art 386. The other half of the 
parallelogram is a triangle whose vertex is on the surface, and 
whose base is parallel to the surface; its centre of pressiu*e is 
therefore known by the preceding Article. Then, if A be the area 
of the given triangle. 





2AA 


2h 


2kh 


3^ 


k-- 


2 


3 


3 


4, 


" 


2AA 


2AA 








2 


3 






H 


_ 1 

-i 


i^. 





p 5 



r 
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390. To find the centre of pressure of any tHangular plane whose 
vertex is on the surface of the fluid. 

Let ABC be the given plane, and let Aj, h^ be the depths of 
B and C respectively. 

Let BC produced meet the 
surface of the fluid in D. Draw 
BE, CF, perpendicular to AD. 
Then, if a be the inclination of 
the plane of ABC to the surface 
of the fluid, 

BE sin a = h„ 
and CF sin a = h^ 

The given plane is equal to the difference of the two triangles 
ABD and ACD. 

The area of ABD is equal to 4 AD x BE, or j^^_ih; the depth 

2 sin a 
of its centre of gravity is J^ij and the depth of its centre of 

pressure is (Art. 389) JA^. 

The area of ACD is equal to J AD x CF, or ^^-^g. the depth 

2 sin a 
of its centre of gravity is ^h^; and the depth of its centre of 

pressure is ^h^ 

Therefore, if ^ be the depth of the centre of pressure of ABC, 

AD^ Aj Ai^AD^, h^ h^ 
2 sin g 3 2 2 sin g ' 3 ' ^ 

ADA ^^i_ ADA ^8 ' 
2 sin g 3 2 sin g ' 3 

_i V ~ A/ 
'Ai*-A/ 



_, Ai'+AA + V 
Ai4" Aj 



1 
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Cor. If hi is nearly equal to h^ the depth of the centre of 
pressure is nearly 

3^1 




391. To, find the depth of the centre of pressure of a circular 
sector immersed vertically with one of its radii upon the surface of 
the fluid. 

Let AOB be the sector, having the angle AOB equal to a. 
Divide the sector into n equal sectors, a_ 

n being indefinitely large. These sec- 
tors may be regarded as small triangles. 

Let 7»i be the depth of the lowest 
vertex of the first triangle, h^ that of 
the second, and so on. Then the 
depths of the centre of gravity of the 
different triangles are respectively 

2hi 2A3 2h^ 

T' T' T' 

and the depths of the centres of pressure (Art. 390, Cor.) 

3^1 3^ 3^ 

4 ' 4 ' 4- 

Therefore, if k be the depth of the centre of pressure of the 
sector, 

^, i(V + V+ +V) 

i{K +^8 + +AJ' 

But if a be the radius of the sector, 

Ai ss a sm — , 



h^ = a sin 



2a 
n 



h. = a sm — . 
n 
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Therefore, substitntmg these valuefi, 



COS + COB^?— + ... + COB J 

n n n__l 

S . a . 2a - Tia 

Bin - + sin 1- +8in — 

n n n 

OOBj .aWn A 

_3^ ^°« 

sini — ■.— Ism- 

an 

_ 3^ g - C03 g sin a 
8 ' I - COB a 

392. Coa. I. If the sector be a quadrant, a= -, and therefore 

393. Cob. il If the Beotor be a Bemi-circle, a-v, and therefore 

l.-3'ra 

394. Cor. hi. Hence, also, if a sector be immerBed with its 
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plane vertical, its centre upon the sarfe,ce, and' its axis inclined to 
the surface at an angle B ; then a being the angle of the sector, 

, _ 3a 2a — sin (2^+ a) + sin (2^ — a) 

~^* cos («-f) -008(^+1) 



395. Cob. iv. If a semi-circle, having its diameter on the surface 
of a fluid, be divided into small rectangles by lines parallel to the 
surface, and if m denote the area of one of these, and h the depth 
of its centre of gravity, then (Art. 385), 

2 . m/i 

But, k = 3^ and 2 . mh, or the sum of the moments of the 
10 

several rectangles about the diameter, is equal to the moment of 

the whole semi-circle; that is, to — x 4?. or *a^. Substituting 

2 37r 

these values, we have 



2. mh^ = 



8* 



But the centres of gravity of the rectangles all lie in the vertical 
radius, and consequently their distances from the surface of the 
fluid are the same as their distances from the centre of the circle. 
Hence, if a semi-circle be divided into small rectangles by lines 
parallel to its diameter, the sum of the product of each rectangle 
into the square of the distance of its centre of gravity from the 
centre of the circle is equal to 

Hence, also, the sum of a similar product for the whole circle is 
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396. To find the centre ofpre98ure of a circle just immersed in a 
fluid with its plane vertical. 

Let the circle be divided into small rectangles by lines parallel 
to the surface ; then, if m^ m,, &c,, denote their areas, h^, h^ <&&, 
the depths of their centres of grayitj, and k the depth of the 
centre of pressure, 

%.mh^ 



k = 



2 • vfih 



But, since the centres of gravity of the rectangles lie in the 
vertical diameter, their distances from the surface of the fluid are 
the same as their distances from the highest point of the circle ; 
and, consequently, if r^ r^ &c., denote their distances from the 
centre of the circle (Art. 326), 

But, by preceding Article, 2 . mr' = — , and Sm, or the area of 

4 

the circle, is equal to irc^ ; therefore i 

4 

And S . mh is equal to the moment of the circle about the surface, 
or to ira* x a ; therefore 

^,mh 

_ B^ 
4va^ 

4 ' 

or the distance of the centre of pressure below the centre of the 
circle is equal to one-fourth of the radius. 

397. To determine the variation in the position of the centre of 
pressure of any plane figure corresponding to a given variation in the 
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position of the centre of gravity, the same lines in the figure being 
parallel to the surface of the fluid in each case. 

Let the given figure be divided into small rectangles by lines 
parallel to the surface of the fluid. Let m be the magnitude of 
any one of these rectangles, and h the distance of its centre of 
gravity from the line in which the plane of the given figure inter- 
sects the surface of the fluid. Let h^, kj^ be the distances of the 
centres of gravity and pressure of the given figure from the 
same line, and let a be tlie inclination of the plane to the surface 
of the fluid; then hi sin a, h^ sin a are the depths of the centres 
of gravity and pressure; and therefore 

7 . S . mh^ sin^ a 
AT, sm a = , 

2 . mh Bin a 

sin* a S . mh^ 
sin aS.mA 



Also, hi = 



hihi = 



2. mh* 

2 . mh^ 
'JTm' 



But if r be the distance of the centre of gravity of any small 
rectangle from a line through the centre of gravity 9f the figure, 
parallel to the surface of the fluid, then (Art. 326, Note,) 

2.wA' = S.m/^+VSw. 
Consequently, 

and therefore, removing A^' to the other side of the equation. 
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In like manner, if A^, lig be the distances of the centre of 
gravity and the centre of pressure from the surface line in the 
second position, 

K{K'K = -^^' (ii.) 

But, by hypothesis, the line through the centre of gravity, parallel 
to the surface of the fluid, is the same in both cases, and conse- 
quently 2 . mi* is the same in equations L and iL ; therefore, 

GoR. If the figure is cfymmetrical about an axis, and the axis 
is at right angles to the sur&ce line, then since both the centre of 
gravity and the centre of pressure are in the axis, the distance 
k — h\A in each case the distance of pressure from the centre of ; 
gravity, and hence the preceding theorem shews, that if ann 
symmetrical figure he immersed with its axis at right angles to tk 
surface line, the product of the distance of the centre of gravity frm 
the surface line into the distance of the centre of pressure from tht 
centre of gravity is invariable. 



EXAMPLES. 

1. Find the centre of pressure of a triangular plane immerBed 
to any depth, having its base parallel to the surface of the fluid, 
and lower than the vertex. 

Let c be the depth of the vertex, and c+h that of the base; 
then the depth of the centre of pressure is equal to 

6<^ + Sch + sh^ 
6c + 4^ 

2. Find the centre of pressure of a square plane, having one 
of its comers upon the surface of the fluid, and one of its diago- 
nals vertical 
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i Let a be the side of the square, then the depth of the centre 

! of pressure is equal to 

12 

3. Find the centre of pressure of a hexagonal plane immersed 
! vertically, with one of its sides upon the surface of the fluid. 

Let a be a side of the hexagon, then the depth of the centre 
of pressure is equal to 

23«n/3 

4. Find the centre of pressure of a trapezium immersed with 
its base upon the surface of the fluid, and its parallel sides per- 
pendicular to the surface. 

Let Ai and h^ be the lengths of the parallel sides, then the 
depth of the centre of pressure is equal to 



2 r 2 . 1. 1. . Z. 2 • 



h^ 4- Ai^2 + ^1 



2 



5. A conical vessel, filled with a liquid, is placed with its vertex 
upwards, and its axis inclined to the vertical line at an angle 
equal to half the angle of the cone; determine the distance of 
the centre of pressure of the base from the centre of the base. 

Let 2a be the angle of the cone, and r the radius of the base; 
then the distance required is equal to 

r tan^ a 



6. An octagonal plate is immersed in a fluid, so that one of its 
sides is upon the surface; find the distance of the centre of pres- 
sure from the centre of the plate. 

Let a be the side of the plate, then the distance required is 

equal to 

a(i -t- 2^2) 

12 



330 ON THE EQUIUBBIUM OF FLOATING BODIES. 



CHAPTER X. 

ON THE EQUILIBRIUM OF FLOATING BODIES. 

398. It has already been seen that, when a floating body is in 
equilibrium, the weight of the body acting vertically downwards 
at its centre of gravity is equal and opposite to the weight of the 
fluid displaced, acting at the point which was the centre of gravity 
of this portion of the fluid before displacement If then a vertical 
line passing through this last-mentioned point be called the line 
of thrust, one of the conditions of the equilibrium of a floating 
body will be, that the line of thrust pass through its centre of 
gravity. 

399. A body at rest is said to be in stable equilibrium, if after 
receiving a slight displacement it tends to return to its former 
position, but unstable if it tends to recede from it. If neither of 
these happen, that is, if equilibrium be not destroyed by the 
displacement, the body is said to be in neutral equilibrium 

400. If a body in equilibrium be displaced through an indefi- 
nitely small angle, the point in which the lines of thrust, before 
and after displacement, intersect one another, is termed the 
metacentre, 

401. The equilibrium of a floating body is stable, unstable, or 
neutral, accoi*ding as the metacentre is above, below, or coincident with 
the centre of gravity. 
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Let 6 be the centre of gravity of a floating hoij, and M^GMg 
the line of thrust when at rest. Let ^iM^ be the 
line of thrust after displacement, then M^ is the 
metacentre, and falls above G. The body is then 
acted upon by two equal forces, tide weight of the 
body acting vertically downwards at G, and the 
resultant pressure of the fluid acting upwards at g^. 
These forces will rise to a motion of rotation, such as tends to 
restore the line M^GM, to the vertical position, and consequently 
the equilibrium is stable. 

Again, let ^^M^ be the line of thrust after displacement, so that 
the metacentre is below G, then the two forces acting upon the 
body tend to produce rotation in a direction contrary to that in 
the former case, or to cause M^GM, to recede from the vertical 
position; the equilibrium is therefore unstable. 

If the line of thrust after displacement pass through G, the 
body will still remain at rest, and therefore the equilibrium is 
neutral. 



402. To find the depth of the immersed part of any floating lody 
when its form is similar to that of the whole body. 

Let V be the volume of the given body, V that of the part 
immersed, and s the ratio of the specific gravity of the body to 
that of the fluid. Let w be the weight of a unit of the fluid, then 
the weight of the body is equal to 

Ysw, 

and the weight of the fluid displaced is equal to 

Y'w; 
and therefore, by Art. 216, 

Y'w = Ysw, 
and hence, 

^ V 
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Let h be the vertical height of the floating body, and h' that 
of the part immersed. Then, if the body be a plate of uniform 
thickness, 



and therefore, in this case. 






h' = v«- 



Secondly ; if the body be not of uniform thickness, then, since 
by hypothesis, the floating body and the part immersed are similar 
solids, 



and therefore, in this case. 






h'^h^B. 



403. To find the positions of equilibrium of a triangular plate 
floating vertically in any fluid. 

Let ABC be the triangular plate, G its centre of gravity, and s 
the ratio of the specific gravity of the 
floating body to that of the fluid. 

First; let one vertex only be im- 
mersed, as in the figure, and let g be 
the centre of gravity of the displaced 
fluid. Then, by the conditions of 
equilibrium, ^G must be vertical, and 
the weight of the fluid displaced 
must equal the weight of the floating 
body. ^ 

Let AC = o, BC = 5, EC = a?, and FC = y, and let C represent the 
angle ACB ; 

area of ABC = \ab sin C, 
area of EFC = ^ sin C. 
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Hence, if t(? be the weight of a unit of the floating body, and w' 
of the fluids 

weight of ABC = \wdh sin C, 
weight of displaced fluid = \w*xy sin C. 
Therefore, w'xy = wdb^ 



w 



xy = —.ah = sab. 
w 



(i) 



Since g is the centre of gravity of EFC, N is the bisection of 
EF, and N^ = JNC. In like manner, D is the bisection of AB, 
and DG = JDC. Hence, in the triangle DON, DG : DC :: % : 
NC, and therefore DN and G^ are parallel Consequently, DN is 
vertical, or at right angles to EF, and therefore the lines DE and 
DF are equal, 

But DE« = DC* + «2 - 2a;DC cos ACD, 

and DF* = DC* + y» - 2yDC cos BCD ; 

/. or* - 2a:DC cos ACD = y* - 2yDC cos BCD. (ii.) 



The equations i. and ii. are sufficient for determining the values 
of X and y, or the positions of equilibrium, when C only is im- 
mersed. And, in like manner, the positions of equilibrium may 
be foiind when either of the vertices is 
immersed singly. 

Secondly; let one vertex only, C, be 
without the fluid. Then, as before, 
G^ must be vertical ; for since G is the 
centre of gravity of the whole figure 
ABC, and g of the part EFC, the cen- 
tre of gravity of the remainder ABFE 
must lie in the line joining G^. Con- 
sequently, if, as before, CE=^Xf and 
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CF = y, equation iL appliea to this case also. To obtain the other 

equation, 

ABFE = ABC - EFC, 

= i{oh — xy) sin C ; 

weight of displaced fluid = ^w'(ah — xy) sin C ; 

wXah — xt/) sin C = loab sin C, 

ttZ — w I 
w 

= (i — a)a6. 

404. The equations deduced in the preceding Article admit of 

easy solution, if the vertex to which they apply be the vertex of 

an isosceles triangle. Let this angle be 2a, and let each of the 

equal sides be a; then DC = a cos a, and the equations L and il 

become 

xy = sa^, 

and x^ — 2ax cos' a = y* — 2ay cos' a ; 

iK* ~ y' — aa cos' a (a? — y) = o, 

(x — y){x+y — 2a cos' a) = o. 

This equation is satisfied when either of its factors vanisheSi 
Let the first factor vanish, then 

• x-y = o; 

x = y = at^s, 

which gives the position of the triangle when floating with DC 
vertical. Let the second &ctor vanish, then 

«+y— 2a cos'a = o. 

Substituting the value of y, from the equation oey = «a*, 

«* — 2ax cos' a + aa?= o; 
x = a cos' a i a\/(cos* a — *). 



• • 
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If s be greater than cos* a, this expression involves an impos- 
sible quantity, and the only position of equilibrium will be that 
already determined. If « = cos* a, the expression under the radical 
vanishes, and we have 

x = a cos' a = a^8; 

a. cos* a 

which gives the same position as before. If « be less than cos* a, 
the equations will give two real values for x and i/, and there may 
consequently be two positions of equilibrium besides that already 
determined. 

If the vertex be without the fluid, the equations for the deter- 
mination of the position of equilibrium become 

«y=(i-«)a', 

and (a? — y) (a? +y — 2a cos' a) = o. 

Whence x = ay/{ i — «), 

and « = a cos'a + <iiy{cos*a — (i — «)}, 

which may give three positions of equilibrium, if i— « be less 
than cos* a; that is, if « be greater than i — cos*a. 



405. To find the greatest number of positions in which an equi- 
lateral triangular plate will float in a given fluid* 

Since the plate is equilateral, a =- 30^, and therefore cos' a = f . 
Let x^ Xg, x^ y^ y^ y^ be the different possible values of x and y 
when any one vertex is immersed; then 

«?i= a^{9) =yi, 
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In order that x„ x^ y^ y, may be possible, b must be less than 
•f^. The nature of the problem also requires that neither x nor y 
shall be greater than a. No value below -^ given to s will make 
either the first or third expression greater than a. That the 
second expression be not greater than a, « must be so taken that 

f + >/(A" ~ *) ^ ^^^ greater than i, 

OYy s is not less than ^. 

If 8 be less than ^, x^ and y, are both greater than a, and there- 
fore the positions denoted by x^, y^ and by x^ y, are inadmissible 

Again, let a?^ y^ ar,, yj, a^g, y^ be the possible values of x and jf, 
when any vertex is singly above the fluid. Then 

x^= a^(i-s) =y^ 

«5=« {| + N/(«-A)}=y6, 

x, = a {f->/(«-A)} = y5- 

In order that the second and third of these expressions may be 
possible, s must be greater than -^y and that the second may not 
be greater than a, s must not be greater than ^. If « be greater 
than i, x^ and y^ are both greater than a, and therefore the posi- 
tions denoted by Xg, y^, and by x^ y^ are inadmissible. 

Hence we obtain the following results : — 

First: If b be greater than unity, the body will not float at alL 

Secondly: If s lie between i and -^ the body will float in six 
positions; namely, when either vertex is singly above or below the 
surface, and the opposite side horizontal. 

Thirdly : If « lie between ^ and J, each vertex, when singly 
immersed, will rest in three positions, and when singly above the 
surface in one; namely, with the opposite side horizontal; there 
"will therefore be twelve positions. 

Fourthly : If b lie between ^ and ^3^, each vertex, when singly 
above the siurface, will rest in three positions^ and when singly 
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below in one; namely, with the base horizontal; there are there- 
fore twelve positions of equilibrium. 

Fifthly: If s = J, there are also twelve positions only. For 
though it might seem as if this would give three values for a?, both 
when each vertex is singly below the surface and when above, it 
will be seen that when « has this value, either x or y, except when 
one side is horizontal, is equal to a, and consequently one vertex 
is on the surface. Six of the positions, therefore, having one 
vertex singly below will be identical with six having one vertex 
singly above. There will not then be eighteen positions of equi- 
librium, but twelve only. 

Sixthly : If « be less than -j^^, the body will float in six positions ; 
namely, with either vertex singly above or below the surface, and 
the base horizontal. 



406. A square plate, of uniform thickness and density y floats 
vertically in a fluid with one side horizontal; to determine the position 
of the metacentre, and the nature of the equilibrium. 

Let 2a be the length of a side of the plate, and s the specific 
gravity of the plate relatively to that of 
the fluid. Let ABMN be the immersed 
part when the plate is in the position of 
equilibrium, then 

ABMN = 4a3 «. 
Let DEMN be the part immersed when 
the plate has been moved through an 
indefinitely small angle $, in such a way 
that the quantity of fluid displaced after the disturbance is the 
same as that displaced before ; and therefore 

ACD = CEB. 

Let G be the centre of gravity of the plate, g that of ABMN, and 
g' that of DEMN. Let the vertical line through g' meet the line 
^G in 0, then is the metacentre. 
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If z be the distance of ^ from the yertical line through 6, 

GO sin ^=2, 

or, GO = -; — 2 = ^, sinoe & is indefinitely small, 
sm B 6 

The value of z may be found as follows : — 

DEMN = ABMN - ACD + CER 

Therefore the moment of DEMN about the yertical line through 
G is equal to the algebraic sum of the moments of these several 
parts. 

The area of DEMN is equal to 4a^ $, and the distance of its 
centre of gravity from the vertical line through G is, by hypo- 
thesis, z. 

The area of ABMN is equal to 4a^ s, and the distance of its 
centre of gravity from the vertical line through G is equal to 
gG . $, or a${i — <). 

The area of the indefinitely small triangle ACD may be regarded 
as equal to that of a sector of the circle, whose centre is at C and 
radius CA or a ; whence the area of ACD is equal to ^^0, and the 
distance of its centre of gravity of ACD from C is equal to jo, 
and therefore its distance from the vertical line through G is 
Ja-wC. 

Similarly, the area of CEB is equal to ^% and the distance of 
its centre of gravity from the vertical line through G is equal to 
fa + wC. 

Therefore, assuming the left hand side of the vertical line 
through G to be the positive direction, and consequently giving 
the negative sign to the moment of CEB, we have 

4ah .z = 4CF's.e (i -«)-^*^(fa-mC)-^'»tf {i<^ + ^C), 

and therefore, 

y, 6«(i— «)— I 

OS 

Consequently, 

GO = a. ^-iiL^^tll. 

OS 



ON THE EQUILIBRIUM OF FLOATING BODIES. 339 

If this value be positive, falls below G, and the equilibrium 
is unstable. If it equal zero, coincides with G, or the. equili- 
brium is neutral. If it be negative, falls above G, or the 
equilibrium is stable. Hence, the equilibrium is 

unstable if «' — « -r J- be negative, 

r 

neutral ,, „ vanish, 
stable „ „ positive. 

The roots of this expression are 

3 + >/3 and 3~V3 ^ 
6 6 

Hence, the equilibrium is unstable, if the value of 8 lie between 
these limits, neutral if it be equal to either of them, and stable if 
it lie without them. 

407. The method pursued in the preceding Article may be 
easily adapted to the more general case of a plate of any sym- 
metrical figure, and also to that of any solid of revolution. 

To find the metacentre of a plate of any symmetrical figure when 
floating with its axis vertical. 

Let Y be the magnitude of the 
part immersed. Let 2a be the line 
of floatation. Let A be the magni- 
tude of the parts raised and de- 
pressed by the disturbance, which 
are evidently equal. Let p be the 
distance of the centre of gravity of 
either of these parts from 0. Then, 
as in the preceding Article, taking 
the moments about the vertical line through G, we have 

V^.GO = Vtf.iKJ-A (p-mC)-A(p+mC); 
and therefore 

GO = aG-£^ 
Q 2 




^ ■»' 



340 ON THE EQUILIBRIUM OF FLOATING BODIES. 

The parts raised and depressed may, as before, be regarded as 
small circular sectors, whose radius is a and angle 0, Hence, 
A = \a'B^ and p = fa, consequently, 

G0 = <7G-?.-^. 



408. Ex. An isosceles triangular plate floats vertically, with its 
base horizontal and its vertex immersed; to determine the position of 
the metacentre, and the nature of the equilibrium. 

Let 2a be the vertical angle, h the vertical height of the 
triangle, and s the specific gravity of the plate relatively to the 
fluid. 

In the position of equilibrium, the part immersed is also an 
isosceles triangle, whose vertical angle is 2a. Let h' be its height, 
then 

V^A'^tana, 

a = h' tan a, 
and gG = %{h- h'). 

Therefore, GO = f (^ - h') - ^h' tan« a, 



^ \ cos* a) 



But, h' = h^s (Art. 402) ; therefore 

2h 



3 V cos' a/ 



Whence it follows, that the equilibrium is unstable, neutral, or 
stable, according as < is less than, equal to, or greater than coe(^ a- 
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409. To find ike metacentre of any solid of revolution when 
floating with its axis vertical. 

Let V be the magnitude of the part immersed, and a the radius 
of the plane of floatation. 

Let A be the magnitude of the parts raised and depressed by 
the disturbance, and p the distance of their centres of gravity 
from C; then, as in Art. 407, 

The parts raised and depressed may be regarded as parts of a 
sphere (radius = a,) cut out by planes intersecting at the centre, 
at the indefinitely small angle 6; and therefore (Art. 325), 



Also, 



p= 


Sira 
i6' 


A = 


2(^0 



3 

Substituting these values, we have 

GO=gG-i. 



ira* 



Cor. The second term on the right hand side of the equation 
is the distance of the metacentre from the centre of gravity of 
the displaced fluid, or 



410. Ex. 1. To find the metacentre of a right cone when float- 
ing with its axis vertical. 

Let h be the height of the cone, 2a its vertical angle, and s its 
specific gravity relatively to the fluid. Then, if h' be the depth of 
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the part immersedj the radius of the plane of floatation is equal to 

h' tan a, 

and the yolume of the part immersed is equal to 

JirA" tan' a. 

Also, the distance between the centres of gravity of the cone and 
of the part immersed is equal to 

Substituting these values in the general formula 

we have for the metaoentre of a right cone, 

GO = J(^-A')-i;^'tan''a, 

*\ cos* a/ 
But, by Art. 402, A' = A V«; therefore, 

4 V cos' a/ 

CoR. Hence, the equilibrium of a right cone is stable when 

cos* a < X/S', 
.'. when oo8'a<«. 

411. Ex. 2. To find the raetacentre of a circular (rjrlinder when 
floating with its axis vertical 

Let r be the radius of the cylinder, h its height, aud s its 
specific gravity relatively to that of the fluid; then, if A' he the 
depth of the part immersed, 

also, ^ tt = r, 

and gO^^igh-h'). 
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I Substituting these values in the general expression of Art. 409, 

we have 

But K = hiy and therefore 
\ go- 2A^g(i-<)-r« 

CoR. Hence, the equilibrium is stable when 

that is, when ^ ^ / \ 

^>2«(i-«). 

412. Ex. 3. To find the metacentre of a paraboloid of revolu- 
tion. J 

Let y^ = \cx be the equation of the generating parabola, h the 

axis of the paraboloid, and A' the depth of the part immersed; 

then 

a' = 4cA', 

and V = 2ircK^, 

Also (Art 322), ^G = f (A - A'); 

therefore GO = f (A - A*) - 2<s. 

To find A', let t^ be the weight of a unit of the fluid; then, 
since the weight of the body is equal to that of the displaced fluid, 

whence h' = hy/s. 

Consequently, for the metacentre of the paraboloid, we have 

G0 = fA(i-^/«)-2c. 
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CHAPTER XL 

ON THE ATMOSPHERE AND THE MEASUREMENT OF HEIGHTS BY THE 

BAROMETER. ' 

413. To find the height of the atmosphere when supposed to be 
throughout of the same density as at the surface of the eai'th. 

Let h be the height of the barometric column, and w the weight 
of a cubic unit of the mercury. Let h' be the required height of 
the atmosphere, and w' the weight of a cubic unit of air of the 
mean density at the surface of the earth; then 

w'h' = whf 

or, h' = h — . 

w 

But if s and s' be the specific gravities respectively of mercury 
and air, 

w_ 8 

h' = h -. 

8 

The mean value of h is 30 inches, 8= 13 '58, and «'= '0012277; 

^, 30 X 13.58 
•0012277' 

= 5x6-79 J, 

•0012277 

= 5'i8 miles. 
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414. Common observation teaches that the atmosphere is not of 
uniform density, but the air being a compressible fluid, its density 
decreases as we rise from the surface of the earth. 

The atmosphere cannot, however, at least in the sense of a mass 
of gaseous matter revolving with the earth, be of unlimited extent. 
For each particle is acted upon by the centrifugal force, tending 
to draw it away from the centre, and by the force of gravitation, 
tending to draw it towards the centre. As the distance from the 
earth increases, the centrifugal force increases, but the force of 
gravitation diminishes. There must, consequently, be a point at 
which these two forces are in equilibrium; and beyond this, the 
centrifugal force being greater than the force of gravitation, will 
cause all particles to fly off. 

415. To find the distance from the earth at which the centrifugal 
force is equal to the force of gravity. 

Let F be the centrifugal force for a particle on the surface of 
the earth at the equator, and F' that for a particle at any height z 
above the surface. Since the time of revolution of each particle 
is the same, the centrifugal forces will be as the circumferences 
described, and therefore as the radii. 

Let r = the radius of the earth, then 

F : F :: r+2 : r; 

F = F ^ "^^. 



r 



But if G be the force of gravity at the equator (or 32-125), then, 
by calculating F from the known values of the earth's equatorial 
radius and the time of its rotation, it will be found that 



F=^ 



F = G 



289 
r-^z 



289 . r 
Q 5 



^-^- 
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But if G' be the force of gravity at the height z, 

I I 



G' : G : : 



(r+z)» * r*' 



»'-°-(^)' 



But F and G' must be equal. Therefore, 



r+a_s 



r 



^V^Sp; 



0=rf^289-i) = 5-6i .n 

Or the greatest possible height to which the atmosphere can 
extend is about five-and-arhalf times the earth's radius; that is, 
about 22,000 miles. 



416. To find the height of a station hy means of a barometer^ 
when the temperature and force of gravity are supposed to he the 
same at all altitudes. 

Let z be the height of the station, and let the atmosphere 
between the station and the earth be supposed to be divided into 
an indefinite number n of strata of equal thickness. Let r be 
the thickness of each strata^ then nr - z. Let p be the density of 
the atmosphere at the surface of the earth, and pi, p^, pg, <&a, the 
density at each of the fiuccessive levels. Let p, p^, p^^ <S^., iu 
like manner, denote the atmospheric pressures at the surface and 
at the different levels. 

The difference between p and p^ is the weight of a column of 
the lowest stratum, having a square unit for its base ; and, since 
the stratum is indefinitely thin, its density throughout may be 
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regarded as uniform^ and equal to that at the lowest poiut. 
Therefore, 

But (Art 248) p = A;p (i + ofi), and Pi = hp^{i + aO); therefore 

^ ^'-kii + aoy 

Pi- J- 9r 
Let c stand for the fraction _ , ^ — — , then 



Similarly, ^ = i — cr. 

Pi 



P% 



Pn-i 

Multiplying these expressions together, 

P« / \« W'C^— l)j_2 ^•(**~i)'(^~2) ,_3 . .^ 

P 2 2.3 

= I -c.+ i:^rL)c»-i:^Zl):^::^)c»+ &c. 
2 2.3 

But the more r diminishes, the more is the error arising from the 
supposition that the density is uniform throughout the strata 
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diminished also. As r dirainishes, the more does the right -hand 
side of the ahove equation approach to 

1—CZ+ + &c. 

2 2.3 

or, to €'", Hence, ultimately, 

P 

ioge==-o.= -^^^. 

Let hf be the height of the barometric column at the station, 
and h its height at the earth's surface; 



then 



^' _Pn^Pn, 

P P 



h-~-~' 



log^=- ^' 



h A (1 + ady 



, h qz 

or, log ^,^ ^ 



417. Hence, if h^ be the height of the barometric column at a 
station whose altitude is z^ and h^ that at another station whose 
altitude is 2^3, 



or, 



z,-z^= _ILt?L){ log A2 - log h^}. 
g , 



ON BAROMETRIC MEASUREMENT OF HEIGHTS. 349 

418. The formula deduced in Art. 416 gives an approximation 
only to the altitude of any station, since the conditions under 
which alone it is strictly applicable are in no case fulfilled ; for the 
temperature of the atmosphere is not uniformly diflfused through 
aU altitudes, nor does the force of « gravity remain the same. The 
law of the diffusion of temperature is not known, and the formula 
cannot be corrected for this cause of variation; the temperature, 
therefore, when the stations are not greatly distant, is commonly 
treated as uniform, and taken as the mean of the temperatures at 
the two stations. The expression in Art. 416 as corrected, for the 
variation in the force of gravity, is 



K A?(i + a^) (r+g/ 
where r = the radius of the earth.* 

419. In order to apply the preceding formula to the practical 
determination of heights, it is necessary to calculate the value of 

the constant K By Art. 248, ^ = -^ when p is the density of the 

9 
atmosphere at the freezing point, under a standard pressure jo. 

When the barometer stands at 30 inches, the density of atmos- 
pheric air at the freezing point is found to bear to that of mercury 
the ratio of i : 10462. Let « be the density of mercuiy, and 
g . the force of gravity, then 

V = sogs, 

s 



and p = 



10462' 



h 

- = 31 3860 inches, 

9 
= 87x8-33 yards. 

Substituting this in the formula of Art. 417, 

2i - 2a = 87 18-33 (i + aC) (log K - log Aj). 

* It must be carefully noted, that the logarithms employed in Arts. 416, 417, 
and 418 are Napierian logarithms. 
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Let Ti and rg be the temperatures at the two stations^ expressed 
in degrees above the freezing point. Substituting ^ (ri + rg) for 
^f ihF ^^^ ^f '^^ using common instead of Napierian logarithms, 
we obtain 

where M is the modulus of the common system of logarithms, or 
'43439* Hence, 

2i-si=3oo75^i + I^«j (log^-log^i)- 

The pressure of vapour in the atmosphere renders some slight 

change necessary in the numbers here given, and values somewhat 

higher than the above are, in consequence, usually given to k and <l 

These are 

h 

-=20117 yards, and = ^^; 

whence 2^-28= 201 17(1 + -!-t^j (log Aj - log Aj). 



420. To correct the barometric column for the rise or fall of the 
mercury in the cistern. 

When the mercury rises in the tube of a barometer, the variation 
in the height of the column, as denoted by the accompanying 
scale, does not express the entire amount of variation; since, 
while the mercury has risen in the tube, it has fallen in the cistern, 
and the true variation in the barometric column is the observed 
variation + the depth the mercury has Mien in the cistern. In 
like manner, when the mercury falls in the tube it rises in the 
cistern, and the observed variation is greater than the real varia- 
tion by the height over which the mercury has risen in the cistern. 

Let h be the observed variation in the barometric column^ and 
X the depth the mercury has risen or fallen in the cistern. Let A 
be the area of a horizontal section of the cistern, a^ that of the 
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I tube, Oa that of its bore. The quantity of mercury that has been 
i» gained or lost by the tube is ha^ and that which has been gained 
i or lost by the cistern is (A — aj) x\ therefore, 

(A — Oi) a? = Aag, 

or, iP = --^-..^. 

A— ajL 

i 

421. To correct the barometric column for the change of tempera- 
ture. 

As the temperature changes, the density of the mercury changes, 
t and consequently the column which denotes a given atmospheric 
I pressure will vary as the temperature varies. A correction there- 
fore must be made in the observed height of the column for the 
expansion or contraction of the mercury resulting from the change 
of temperature. It is found that, for each degree Fahrenheit, 
mercury expands . ^^^j^^ of its bulk at the freezing point. Hence, 
if T be the temperature of the mercury expressed in degrees above 
the freezing point, h the observed height of the barometric column^ 
and h' the corrected height for the standard temperature, 

\ I 0000/ 
A' = Af ! + _!_) 

\ 10000/ 

^h ( 1 - — '^ — I nearly: 
\ 10000/ 

whence, to correct the column for the temperature, from the 
observed height, subtract its ten-thousandth part as many times 
as there are degrees of temperature above the freezing point. 



-1 
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MISCELLANEOUS EXAMPLES. 

L The plane surface of a spherical segment is the base of a 
cone ; what must be the height of the cone, that the solid may 
rest with any point of its spherical surface in contact with a 
horizontal plane, the axis of the segment being equal to half its 
radius? 

Let r be the radius of the segment, then the height of the 
cone is equal to 

^ (4 + >/52) 



2. A cylindrical vessel, filled with liquid, is divided into four 
equal portions by two vertical planes through its axis at right 
angles to each other; find the resultant pressure upon either 
portion of the cylindrical surface. 

Let a be the height of the vessel, r the radius of its base, and 
w the weight of a unit of the liquid, then the required pressure is 
equal to 



2 



3. Two balls of equal weight are fastened together by a cord of 
given length, one of the balls is placed on the ground, and the 
other projected vertically upwards with a given velocity, to what 
height will the second ball rise? 

Let I be the length of the cord, and the velocity of projection 
that acquired by a body falling freely through the height h, then 
the required distance is equal to 

h-l 
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4. Find, by Guldin's Properties, the surface of the spindle gene- 
rated by the revolution of a circular arc about its chord. 

Let r be the radius of the arc, and 2a the angle subtended by 
the arc at the centre of the circle, then the surface of the spindle 
is equal to 

\Tri^ (sin a — a . cos a). 

5. A hemispherical bowl, filled with a fluid, is divided into two 
parts by a vertical plane through the centre, find the resultant 
pressure upon one of the parts. 

Let r be the radius of the bowl, and t^; the weight of a unit of 
the fluid, then the pressure required is equal to 

\wr'\l (w^ + 4). 

6. A body is projected with a given velocity along a rough 
horizontal plane \ find the space described by the body before 
coming to rest. 

Let ft be the co-efficient of friction, and the velocity of projec- 
tion that acquired in falling freely through the distance A, then 
the space required is equal to 

h 

7. A body is projected in a horizontal direction along a smooth 
inclined plane with a velocity equal to that acquired in falling 
freely through the distance h ; shew that the path described is a 
parabola, and that if a be the inclination of the plane, the latus 
rectum of the parabola is equal to 

4^ 
sin a 

8. Find the velocity acquired by a body in falling down a rough 
inclined plane. 

Let v^ Vg be the velocities acquired by a body in falling freely 
through distances equal to the height and base of the plane 
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respectively, and let /a be the co-efficient of friction, then the 
required velocity is equal to 

9. An imperfectly elastic ball is projected at a given inclination 
against a horizontal plane ; determine the velocity of projection 
that the ball after its rebound may strike a given point in a 
vertical walL 

Let e be the modulus of elasticity, a the angle at which the ball 

strikes the horizontal plane, a the distance of the wall from the 

first point of impact, and h the height of the second point, then 

the velocity of projection is that acquired in falling freely through 

a distance equal to 

a* 



2ae sin 2a — 46 cos^a 

10. In a cylindrical vessel filled with air, a cone exactly fitting 
it is placed with its vertex downwards, to what depth will the cone 
sink, supposing it to come to rest before its vertex touches the 
bottom of the vessel 

Let a be the height of the cylinder, h that of the cone, < the 

specific gravity of the cone relatively to that of mercury, and A 

the height of the barometric column ; then the required depth is 

equal to 

h8{a - h) 

h+bs ' 

11. A lever of equal arms, bearing equal weights P, P, is move- 
able about a rough cylindrical axis; find how far one of the 
weights may be moved towards the fulcrum without disturbing the 
equilibrium, disregarding the difference between the radius of the 
axis and that of the hole in which it works. 

Let w be the weight of the lever, r the radius of the axis, and 
fjL the co-efficient of friction, then, if tan c = /x, the distance re- 
quired is equal to 

r sin c (2P -f w) 
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12. Detenuine the velocity with which a body must be pro- 
jected up a rough inclined plane so that it may just reach the top^ 
the inclination of the plane being equal to the angle of repose. 

Let k be the height of the plane, then the required velocity is 
equal to 

13. A thin conical vessel, when floating in a certain fluid with 
its vertex downwards, is immersed to half its depth, determine 
the nature of the equilibrium. 

Let h be the height of the cone, then the equilibrium is stable 
if the radius of the base is greater than 



14. A body falls down an inclined plane which is partly smooth 
and partly rough, what must be the inclination of the plane, that 
the velocity acquired in falling down a given distance on the 
smooth plane shall be just sufficient to carry the body over an 
equal distance along the rough plane? 

Let /A be the co-efficient of friction, then the inclination of the 
plane is equal to 

tan-.(^). 

15. Two planes of equal inclination meet in their lowest points, 
a perfectly elastic ball falling vertically strikes one of the planes 
at a given point, and, after rebounding from the second plane, 
rises vertically, from what height did the ball fall on to the first 
plane % 

Let a be the inclination of the planes, and a the distance of 
the first point of impact from the lowest point of the plane, then 
the height required is equal to 

a cos a 
sin 4a' 
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16. A perfectly elastic ball falls into a hemispherical bowl from 
a given height, determine the position of the first point of impact, 
in order that the second may be the lowest point of the bowl. 

Let h be the given height, and r the radius of the bowl, then, 
if be the angle subtended at the centre by the arc contained by 
the two points of impact, 



-^=T"M^"i> 



17. A circular plate just immersed in a liquid is divided by a 
horizontal diameter; find the centres of pressure of the upper and 
lower semicircles. 

Let r be the radius of the circle, then the distance of tbe centra 

of pressure of the upper semicircle from the highest point of the 

plate is equal to 

r i57r'-32 

and that of the lower semicircle is equal to 

r 15^-^-32 
4' 3^^+ 4' 

18. An elastic ball is projected with a given velocity from a 
point in a horizontal plane; at what distance from that point will 
it finally rest ? 

Let € be the modulus of elasticity, s/{2gh) the velocity, and a 
the angle of projection, then the distance required is equal to 

2h sin 2a 
I — e 

19. The axis of a thin hemispherical bowl, when on the point 
of slipping down an inclined plane, is inclined to the vertical line 
at an angle of 45°; determine the coefficient of friction. 

The coefficient of friction is equal to 

2v^2+ I 



J 
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20. An elastic ball is projected from a point in one of two 
parallel vertical walls, and strikes against the other; compare the 
intervals between the times of the successive impacts. 

Let t be the time between projection and the first impact, then 

the required intervals are 

t t t , 

-y -9 -of aiid so on. 

€ er e^ 

21. A hemispherical bowl, of given material, just floats in a 
given fluid ; determine the thickness of the bowl. 

Let a be the specific gravity of the material of the bowl relatively 
to the given fluid, then, if a be the external radius, the internal 
radius is equal to 



"l/C-r)- 



22. A particle moves from rest over the convex side of a para- 
bola whose axis is vertical; shew that when the particle starts 
from the vertex, the square of the reaction at any point varies 
inversely as the cube of the distance from the focus. 

23. A particle moves from rest over the convex side of a para- 
bola, whose axis is horizontal and whose plane is vertical; shew 
that when the particle starts from a point whose distance from the 
axis is equal to three times the semi latus rectum it will leave the 
curve at the extremity of the latus rectum. 
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I. To find the length of a perpendicular (/>) drawn to the tangent 
of an ellipse from any point (S). 

Let ay + 6V = aW be the equation to the ellipse, the centre 
being the origin of co-ordinates, then the equation to the tangent is 

a^yi/ 4- h^xaif = a^6^; 
and /. if ar', y, be the co-ordinates of S, 

_ , « Vy' + ^'^^ ~ ^^^ . 

CoR. 1. If S be at the centre, a/=o, and ^ = 0, 

a6 



P = 



VK)' 



Coa 2. If S be at the focus from which r is measured, 
a/ = — ae, and y' = o. 



-'y(p> 
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Cor 3. If S be at the extremity of the major axis^ or a?'= -a, 

and y* = o, 

h(x+a) 6.SM 

Cor. 4. If S be at any point on the ellipse, then a^y'^ + hh^' 
= a'6*, and since ay + 6 V = aW, 

^ , 2a'y/ + 26'a:a?' — 2a^h^ 

2aby/{?T) 

the negative sign being taken because S is on the same side of 
the tangent as the origin. 

Substituting for 2a^6', the value given above, we have 

^ 2ah^{rr') 



II. To find the length of a perpendicular {p) drawn to the 
tangent of a parabola from any point S. 

Let y* = 4ca? be the equation to the parabola, the vertex being 
the origin; then the equation to tangent is 

y}f —2CX — 2CX\ 

and therefore, if x\ y\ be the co-ordinates of S, 

xy y'-2cx'-2cx 

_ I yy — 2CX — 2CX 
Cob. 1. If S be at the focus, x' = c and y' = o, 
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Cor. 2. If S be at vertex, a/ = o and y = o, 

Cob. 3. If s be any point on the parabola, then y*^ = 4caf, and 

III. To find the length of perpendicular {p) drawn to the 
tangent of a hyperbola from any point (S). 

Let ay-6V= — a'6* be the equation to the hyperbola, then 
the equation to the tangent is 

«'yy ' — 6'aaf ' = — a'6*, 
and .*, if «', y\ be the co-ordinates of S, 

_ -L <3K^yy' — ^'^^ + <»'6' 

Coa 1. If S be at the centre, x' = o, and y' = o, and hence 

ah 



P = 



^{rr'y 



Coa 2. If S be at the focus from which r is measured, 3if= —ae, 
and y' = o. Hence, 



-y(p> 



Coa 3. If S be any point in the hyperbola, then ay'-JV 
= — a'6^, and proceeding as in I. Cor. 4, we have 

the upper sign if S and P are on the same branch, the lower 
sign if they are on different branches. 

R 
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RADIUS OF CURVATURE. 

Dbp. If P and Q be any two points in a curve, and the circle 
be drawn which passes through P and Q, and has its centre in the 
normal at P, then the limiting value of this circle as Q approaches 
more and more nearly to P, is called the circle of curvature, and 
its radius the radius of curvature. 

Let p be the radius of curvature at any point P (fig. Art. 177), 

then p is the limiting value of PC, the radius of the circle VQq. 

But 

PQ^=2PC.PX, 

= 2PC.QR, 



PC = 



_PQ^ 



2QR' 



P = limit g. 

IV. To find the radius of curvature at any point (P) of an 
ellipse. 

Let X, y, be the co-ordinates of P, xf, y*, those of Q ; then 

PQ^-(a?-a:')+(y-yy; 

and since QR is the perpendicular from Q to the tangent at P, 
then (I. Cor. 4), 

2.QR ^^ ' b\x-xy + a^{y-y'f' 

6- \x-x) 



i 
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1 

But limit of ?- — —,, as found in deducing the equation to the \ 

SC *"" X 

tangent, is - — -, 

a^ y 

i + — — 

ay 

V. To find the radius of curvature at any point of a parabola. 

As in the preceding, 

PQ»=(«-a;7+(y-y')», 
and by II. Cor. 3, 

;OR- (y-y)' . 



=^^^-HC-^T^4- 



But the limit of , = -^; hence 



P = V(«-)((£)%i}. 



=- 2^(cr) . -— , 

=2C. f - 



(^) 
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y I. To find the radius of curvature at any point of a hyperbola. 

As before, 

PQ» = (ar-a:')'4.(y-y)', 

and by III. Ck)r. 3, since P and Q are on the same branch. 






PQ 

2QR "vv /• JJ(^_a,')._a«(y-y') 

\ x-x J 



= - oJ^Ot') . 



ZvT** 



\x — x J 
But limit of ^=S 

I + 



x — x' a^y 






ay 

(r/)t 
a6. 
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